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PREFACE 

I hope that this book will be of use to university under- 
graduates and to advanced students in schools, who have already 
learned to study simple properties of lines and circles by means of 
co-ordinates. * 

The text covers the usual course for an honours degree and 
gbes some way further in preparation for a study of the general 
theory of algebraic curves. 

The initial developments of the theory are presented in a 
manner which may appeal to students who require a careful 
account of the basic ideas in elementary algebraic geometry but 
who are unable to find time for, or wish to defer, a critical study of 
the axiomatic foundations of geometry. Those who are interested 
in a more sophisticated approach will naturally consult H P 
Baker’s Principles of Oeometry and his later Plane Geometry, 
Veblen and Young’s Projective Geometry, and Veblen and White- 
head’s tract on the Foundations of Differential Geometry. 

This book starts from the famihar ideas of a real euclidean 
plane and describes the modifications which must be made f>o 
that the algebra of complex numbers and of homogeneous 
polynomials may be used in a logical manner. The main subject 
matter is to be summed up as a study in projective trans- 
formations, especially of lines and conics, and in the geometrical 
dnd numerical invariants relating to these transformations 
Metrical geometry is treated as a branch of the projective theory 
m which special significance is attached to two particular points 
The last chapter introduces the reader, through the theory of 
rational curves, to methods and ideas which are used in the 
general theory of algebraic curves. 

Certain simple properties of equations, determinants and 
'matrices are assumed as occasion arises , the reader will normally 
be familiar with these by the stages at which they are reached, 
but he would do well to read as early as possible the elements of 
those branches of algebra. 

A very few new terms and slight modifications of old terms 
have been introduced ; I hope that they may be acceptable 
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CHAPTER 1 

FOUNDATIONS 

1. Introduction. The real euclidean plane 

(I) The approach to the subject. — In presenting a theory of' 
algebraic geometry we have to choose for our starting j>oint 
between a formulation of geometry which is non-algebraio in 
character — the so-called pure geometry — and one which is wholly 
algebraic. 

Here we are guided by the normal attainments and outlook 
of the readers for whom the book is intended. We therefore base 
the theory on a knowledge of the pure geometry of a euclidean 
plane, there being some advantage in starting within the boun- 
daries of the readers’ present knowledge. 

It is reasonable to assume that those who are beginning to 
make a serious study of algebraic geometry have already a back- 
ground of experience in the elementary treatment of the geometry 
of lines and circles by means of co-ordinates. Accordingly, this 
first section deals with some particular aspects of this background 
and goes into more than usual detail on some matters which are 
frequently left to intuition. 

(II) One-one correspondences and co-ordinates. — ^A funda- 
mental mathematical concept is that of a one-one, or (1, 1), 
correspondence between two sets of objects. This is a rule which 
associates with every obj'ect of 
either set one and only one 
object of the other set. 

•The basis of the algebraic 
geometry of a euclidean plane 
IS the fact that it is possible, in 
many ways, to set up a (1, 1) 
correspondence between the 
points of the plane and the 
ordered pairs of real numbers. 

As 18 familiar (see Fig. 1), this 
may be done by selecting yj/ 

arbitrarily two intersecting Fio. l. — D istanck-Co-obdinateb. 

lines X-PX, YpY, called 

the axes of co-ordinates, and some standard length as unit of 
distance ; then we associate with every point P the ordered pair 
of numbers x, y, where x is the number of units of distance of P 

1 
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from YfiY, measured parallel to X^OX, and is positive or 
negative according as P, X do or do not he on the sj^me side of 
F,Or, and y is similarly defined The numbers x, y are called 
the dtsiance co-ordinates of P relative to the selected axes and 
scale of measurement. In virtue of the (1,1) correspondence, we 
refer to P as the point (*, y), bearing in mind to which axes and 
scale the two numbers r^er 

A rotation m the plane about the origin 0 in the sense in 



Positive 


Negative 


Fio 2 — Senses of Rotation 


which a half-hne OP would occupy in turn the positions OX, OY 
is called positive ; a rotation in the opposite sense is called negative 
(Pig 2). 

(ill) The distance between two points. — Let (x^, and (xg, y^) 
be the co-ordinates of two points P^, P^ and let the line through 
Pj parallel to the axis X^OX meet the line through P^ parallel 
to the axis Y^OY at Q (Pig. 3); then Q is the point {x^, yj) 



Denoting by [PiPa], or equally by lPjPi|, the number of units 
of distance between Pj, Pg, and similarly for any other pair of 
points, we have : 

(PiQl = e(Xi Xj), |PgQ| = e'(yi — y^, 

where each of e, e' is either -f 1 or — 1. 


§1 


FOUNDATIONS 


3 


By the extended form of Pythagoras’ theorem, 

+ lAQI* + ^P,Q\ . €'\PM cos «, 

• 

where co is the least angle such that a positive rotation through 
(0 brings the half-line OX to the half-hne 0 Y\ at is called 
angle between the axes. 

Hence 

|-Pi-P2|* = (*i - *2)* + (Vi — + 2 (a:i — — y^) cos at. 

If CO = 77/2, the axes are said to be rectangular, the distance 
formula just given then takes the simpler form 

IP1P2I* = {Xt - %)* + (yi - Vi)*- 

It is chiefly on account of this simplification that rectangular 
axes are generally much more convenient in practice than are 
oblique (non-rectangular) axes 

It should be remarked that |PjP2l is a non-negative number 
of units of distance but is not itself an actual distance. Never- 
theless, for brevity, we often speak of IPiPgJ as the distance 
between Pj, Pj ; there is no ambiguity, since the abbreviation is 
used only in circumstances where a single scale for measuring 
distances is employed 


(Iv) Sensed distances. — (a) It is very convenient in euclidean 
geometry to refine the notion of distance so as to take account 
of the order m which points lie on a Ime. Intuitively the basis 
of the refinement is simple to appreciate, and is oxjiressible by the 
view that a pomt may move along a line AB in the sense from 
A towards B or in the sense from B towards A We do not here 


eqter into full detail, but assume that the idea of one point lying 
beteveen two others is understood 

On this matter the reader is re- A. B CD 
commended to consult H. F. 


Baker’s Principles of Geometru, 
Vol I, Ch. II 

If . 4 , B, C, D are four points 
in hne such that B lies between 
A and C and C hes between B 


DCS A 

Fio. 4 — Successive Points, A, B, 
C, D. 


and D, we say that these points are successive m the order A, B, 
C, D or in the order D, C, B, A (Fig 4 ) 

Let P, Q be any two points on the line AB. We define as 


follows a number PQab, called the distance from P to Q in the sense 
from A to B. If the four points are successive in any of the 
ordersP, P,A,Q,B; A,P,Q,B-, A,P,B,Q, A,B,P,Q, 
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we take PQab to be -f |PQ| . If the four points are not successive 

in any of these orders, we take PQab to — l-PQl • , 

Intuitively, we have said that PQab = + \PQ\ if a point moves 
from P towards Q in the same direction as from A towards B, 

and that PQab = — l-PQI if point moves from P towards Q in 
the opposite direction to that from A towards B (Fig. 5). 

. ^ -P f ^ P ^ A 

Tza 6 — Senses Distance. 


Bx 1. PQab — — QP ab- 

ABab — — BAab — 

Ex. 2. If P, Q, B are points on the line AB, then 

PQab + QEab == PRab> 
which is equivalent to 

PQab + QBab + RPab = 0. 

’ Ex. 3. If P is the point (*, 0) on X-fiX, then 

OPoz = x\ 

and if Q is the point (x', 0), then 

PQox = x' —X. • 

(b) It is frequently undesirable to refer explicitly to the points 
A, B which serve to determine a sense on the line. We then use 

the notation PQ in place of PQab, calling PQ a sensed distance', 
it should, however, be borne in mind that this convention implies 
a prelimmary choice of two points such as A, B ‘ generally the 
context indicates such a pair For example, in the case of points 
• ■ > 
on the axis XfiX one would naturally mean PQox when wnting 

Ex. 4. If P, Q, B, S are ooUinear points, prove that 
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(v) Joaehlmstars seetion-fonnulae.— Let P be a point on the 
line AB and let At * : PB = X : /t. P is said to divide AB in the 

ratio X : y,. There is no position of P for which AP — BP ; 
therefore X+y =t= 0. 

JoachimataTa formulae express the co-ordinates (x, of P in 
terms of X, y and the co-ordinates (x^, of A and (Xg, y^) of B ; 
they are (with axes oblique or reotangulax) 

X ^+yjSi .. _ Xy, -f yyi 
X -h y ’ X -j- y • 

The proof is trivial if AB is parallel to either axis of co-ordinates 
and is left to the reader. Let us suppose then (as in Fig. 6) that 



AB is not parallel to either axis and let the parallels to TjOT 
through A, P, B meet at A', P', B' resi^ctively. Then 

also A'P' : P'B' = X:y. Since A'P' = x — P'B' = Xj — x, 
we have 


giving 


X — Xj : Xj — X = X ; ft, 
y(x — Xj) = X(Xg — x) 


or 


Similarly 


~ X+y * 


Ay, + yvr 

~ X + y • 


Putting 9 — X/(X + m)> 9 + = 1, 

Joachimstal’s formulae t^e the form, sometimes more convenient, 

x — ext + ^ 1 , y = 9y^ + 1 = 9 + ^. 


6 THE ALGEBRAIC GEOMETRY OF A PLAJfE §1 

(vl) The equation of a line. — ^We prove that, whatever may be 
the angle between the axes, the co-ordinates of the points on any 
given line are those and only those which satisfy an equation of 
the form • 

1* + wiy -}- n = 0, 

where I, m, n are real numbers with I, m not both zero. 

Let us select two distinct points on the line and let the co- 
ordinates of these be (aij, y^), Let (a:, y) be any point 

on the line. By the preceding part of this section there are 
numbers 6, ^ such that 


X = 0x^ + 

i = e + ^ 

From the first pair of these equations in 0, <f>, we have : 


0:^: I = xyi — x^: x^y — xy^ : x^y — x^y^ 


and therefore, substituting in the last equation, 


(a^i - Xyy) + (x^ - xy^) = x^y - Xyy^. 

Thus the co-ordinates of every point on the line satisfy the 
equation 


*(yi - yj) + y(*2 - ®i) + (xyyz - x^y) = o 


which is of the required form ; for the simultaneous vanishing of 
yy — 1/2 and ®2 — would imply the identitv of the point 

(Xy, yy) With the point {x^, y^) 

The left-hand side of the equation last written is usually 
expressed in the form , 

X y \ 

Xy Vi 1 
Xi y<z 1 

This expression is called a determinant. Those who are as yet 
unfamiliar with determmants should be content for the moment 
to regard the determinant as synonymous with the left-hand side 
in question and to note that the elements in the first two columns 
are just the co-ordinates of the points {x, y), (xy, yy), (a^, y^). 
Those who are familiar with determinants will already have 
observed that the vanishing of this determinant may at once be 
inferred from the three equations involving 0, if>. 

Conversely, let us consider the set of points whose co-ordinates 
(t, y) satisfy an equation lx + my + n = 0, with I, m not both 
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zero. There is clearly an infinity of points in the set ; let two of 
these be y^), {x^, y^). Then 


, tel + mt/i + » = 0, 

tej + my* + » = 0 

and therefore 

1 : m : n = yi — yj : — Xj : _ x^y^. 

Thus the points of the set are those which satisfy the equation 

*(^1 — Vi ) + * f(*2 — ® i ) + (* 1^2 — * 2 ^ 1 ) = 0 • 

and are therefore just those which belong to the line joining the 
points (xi, yi), (Xa, y^). 

The equation lx -j- my + » = 0 is called the equation of ffie 
line. It is of fundamental importance that it is linear in x, y, 
that is to say of the first degree in x, y. 

Ex. 6. The equation of the line jo inin g the origin to the point 
(®ii Vii is “ ®i2/ = 0- If *1^1 + 0) this equation is conveniently 
remembered in the form x/xj = yjy^. 

Ex. 6 The equation of the line joining the points (o, 0), 
(0, 6), where 06 + 0, is xja + y/6 = 1. 

(vii) Co-ordinates of a line. Tersets. — ^The equation te + 
my + n = 0, with I, m not both zero, represents the same line 
L as does the equation Ate -f- Amy + Aw = 0, where A is any real 
number except zero Any ordered set AZ, Am, An is called a set 
of distance co-ordinates of L relative to the axes of co-ordinates 
already selected In this sytem of co-ordinates we refer to L as 
the hne (Z, m, n) or as the line (AZ, Am, Are) for any real value of 
A except 0. 

• The word “distance” is used in the term “distance co- 
ordinates ” simply to mdicate that these co-ordinates are associated 
with the system of distance co-ordinates which have been used to 
determine the positions of points 

The aggregate of ordered triads of numbers (Ao, A6, Ac), where 
a, 6, c are fixed real numbers not all zero, and A takes all real values 
except zero, is called a real terset and is denoted by [a, b, c]. 
Clearly [o, b, c] and [te*, kb, te] denote the same terset, for all 
i + 0. The essential feature of a terset is that it depends on 
the ratios but not on the actual values of a, b, c. , 

A terset [a, b, c] for which o, 6 are not both zero is here called 
affine. 

The importance of the notion of terset lies at present in the 
fact, which is evident, that the lines L in a plane are in (1, 1) 
correspondence with the real affine tersets [Z, m, re]. 
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• 

(vlli) Distance of a point from a line. — ^We suppose here that 
the axes of co-ordinates are rectangular. 

We seek a formula for the shortest distance between a given 
point P (Xg, ^o) and the points of a line L {I, m, n ) ; tjiis distance 
is called the distance of P from L (Fig. 7.). 



Fio. 7. — ^DiaTANcs or a Point raoH 
A Linx. 


ment will be similar if 2 = 0, tn 


In effect, we have to find 
the’ mimmum value of the 
function of x, y 

(® — ®o)* + — Vo)* 

subject to 

lx + my + n=:0. 

At least one of 2, m is not 
zero; since these numbers are 
r'^al, an equivalent statement 
18 that 2* -f- m* + 0. Let us 
suppose that 2>4> 0; the argu- 
^ 0. Then 


and therefore 


X — — {my -f »)/2 


(* — ®o)*+(y — yo)* 

= {( 1*0 + my + »)a -f- {ly — 2yo)*}/2» 

= {{2* -f m*)y* + 2y{m{lXo -f n) — 1%) + ( 2*0 + »)* + 

2* -f m* f.. , m(2a:o + n) — 2*yol * 

- p -t- 2* -f m* / 

+ ^ {(i.. + »). + IW - 

l* + m* f.. , »?i(2a:o + n) — 2*yol * , + "ly© + »)* 

-- l* la-l-m* 2»-l-m* 

The minimum value of (* — ar,)* -f- (y — yo)* is thus . * , 
(2a;o + myo -f- n)« 

2* -h m* 

and this number is the square of the distance sought. 

The analysis just given is not the shortest possible, but it 
lends itself to further considerations which will be mentioned in 
Ex. 8 and in Ex. 10 below. 

^ The number 

fep + myo + n 

. V2* -I- m» ’ 

where the positive square root is meant (throughout the book) by 
the symbol y/, is called the algebraic distance of the point (Xq, 
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from the line {I, m, n). Regarded as a function of x^, j/q it is 
continuous, and vanishes onfy for points lying on the Ime. ^he 
points of the plane which are not on the line thus fall algebraically 
into two sets : those on one side of the line have a positive 
algebraic distance from the line and those on the other side have 
a negative algebraic distance from it. Which side is “ positive ” 
and which “ negative ” evidently depends on which triad of the 
terset [1, m, n] is used to name the line. 

Ex. 7. The co-ordinates (x, y) of a point are the algebraic 
distances of the point from the lines (1, 0, 0), (0, 1, 0) respectively. 

Ex. 8. The point on the line (1, m, n) which is nearest to the 
point (»o. Va) is 

/»!% — l{myo + n) iVo — m (kp + 

\ + + r 


(lx) Parallel lines. Principal angles.— Relative to oblique or 
rectangular axes, the equations 

liX + tniy + = 0 , 

Zj® + -f- n, = 0 

represent different hnes if and only if 

: m2 : n2. 

When this inequality is satisfied, the two lines meet in the point 
given by 

X :y : 1 ~ — »»2«i : »iZ2 — n^i : ZiW»2 ~ k'>^i 


except and only except when Zjmj — Zgmj = 0, in which case the 
lines have no point in common. Thus a necessary and sufficient 
condition for the two lines to be parallel is 


or 


ljm2 — ZgWi = 0 

Zj z nil Zg - wig. 


Now let us suppose the axes to be rectangular and consider any 
line L (Z, wi, n) not parallel to either axis. The parallel line L' 
through the origin has the equation lx -f my = 0, by what has 
just been said. 

Let P(xi, yi) be a point on L' for which y^ > 0. Let 0 be the 
least angle such that a positive rotation through 8 brings the half 
line OX to the position of the half-line OP\ then $ is called 
the principal angh from X^OX to L (Fig 8). Any angle 0 + hir, 
where k is any integer, positive or negative, is called an angle from 
XjOX to L. Evidently 0 < 0 < w. 



10 


§1 


THE ALGEBRAIC GEOMETRY OF A ^LANE 
We have 

*1 : — i, 

together with 

yi > 0. 

Hence 6 is determined by the equations 

em . „ — el 


cos 6 = 


Vi^ + 


m* 


=, sin 0 = 


VP + ni®’ 


where e is assigned that value 1 or — 1 which makes — el 
positive. 

Farther, we have 

tan 6 = — l/m. 

We call the number — I jm the gradient of L. 



In the case of a line parallel to XfiX, we define the principal 
angle to be 0 ; and in the case of a hne parallel to Y Y to be 
IT 12. These principal angles are given by the above formulae for 
cos 9, sin 6 provided that m the first case e is assigned that value 
+ 1 or — 1 which makes em positive and that in the second case 
e is determined as for L 


(x) The angles between two lines. — The axes being rectangular, 
let Lj (li, m^. Til) and Lj (l^, m^, n^) be two given hnes, 0j, ^^e 

corresponding principal angles from XiOX, e^, e^ the correspond- 
mg values of e. 

If $2 ^ 9i, we call 9^ — 9^ the principal angle from to Lj 
and denote this by {L^, Lj}. If 9^ < 9^, we define {L^, L^} to 
be w 4- “■ Thus if is parallel to L^, {L^, Lj} =0; and 

if Lj, Lg intersect, at B say, {L^, Lg} is the least angle through 
which Lj must be rotated positively about R to reach the position 
of Lg (Fig. 9). For non-parallel lines we have 

{^1* ^i) = w. 
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Any number of the form { Lj, LJ + kTr, k being any positive 
or negative integer, or zero, is called an angh from to L, and 
is denoted by <Li, Lj), whatever the value of k. For any pair 
of lines we Jiave 


<Li, La) + <L 2 , Li> s 0 (modir). 

From the formulae m part (ix) we have at once that, if $2 

cos {Li, La} = + mima) 

' ^ Vih^ + + m2^)’ 


and 


sm 


!\ t \ ~ 

^ V(Zi2 + mM* + ma*)' 


tan {Li, Lj} = 

hk + 



and, if 02 < ^i> i'be formulae are the same except that a minus 
sign must be put before the first two nght-hand sides. 

The two sets of formulae may be combined into a single set. 
Let 612 = + 1 if 02 ^ e^a = — 1 if < 9 ^. Then 


cos {Li, Lj} = 


V(h^ +'toi 2)(/2® + nia*)’ 


sin {Lj, La} = 


f 12* 1 

V(ii* + Wli®)(la* + Wla®)’ 


tan {Li, La} = 


+ TOjWlg’ 


and 
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The diaoussion so far is rather unconventional, particularly in 
regard to the use of the symbols e, but it is considered worth while 
to go into enough detail to specify a well-defined angle. 

It may be proved directly or deduced immediatdy from the 
above formulae that a necessary and sufficient condition for the 
lines Li, L, to be perpendicular is 

l-J^ 4- tn^mx = 0. 

Ex. 9. Prove that every line perpendicular to the line 
lx -\-^y = 0 has an equation of the form mx — ly + p = 0, 

and conversely. 

Ex. 10. !l^ferring to Ex. 8, prove that the point on (1, m,n) 
nearest to (Xg, y^) is joined to the latter point by the line 
(m, — I, — mxo 4- Z^g) which is perpendicular to (Z, m, »). 

(xl) Pencils of lines. — ^The lines which pass through a given 
point 0 are said to form a point-pencil with vertex at the point 
(Fig. 10). 



Fia. 10. — ^Foint-PencHi asd FARAixEi.-PBirciL. 


If two of the lines have the equations 

Zj® 4 - 4- ni = 0, Zg® -f 4. TOj = 0, 

then the equation 

A(Zi® 4 - mij/ 4- ni) 4 - + »»2J/ 4 - «a) = 0 

clearly represents a line through 0. And, in fact, every line 
through 0 may have its equation represented in this way , for if 
P(®g, yg) is a point other than O on such a line, the equation of 
OP is obtained by choosing A : /[« so that 

A(Zi®o 4 - + »i) + + fNUe + *2) = <>• 

The lines of the point-pencil thus have co-ordinates of the form 
(AZj 4- /LiZg, Ami + y-mt, 4 - 

and vtce versa. 

The lines parallel to a given line are said to form a parallel- 
pencil (Fig. 10). If the given line has the equation Zx -f my 4- n 
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= 0, then every line of the penoil has an equation of the form 
lx 4- my + 6 — 0, and viee versa. The rea^ will also verify 
easily that if two lines of the parallel-pencil are (Z^, n^) and 

(Zj, m 2 , n 2 ),*then every line of the penoil has co-ordinates of the 
form 

(AZi + /tZ,, Ami -t- /*mj, Anj + (in^), 

and viee versa. 

The following interesting and useful deduction may be made. 
Let the equations of the sides BC, CA, AB of a triangle be 
respectively Li = 0, Z 2 = 0, Lj = 0, where Zj = Zj® + tiny ^ Ut. 
Then the equations 

* — *'•^8 ~ ^-^8 — AZi = 0 , AZi — /^2 ~ ® 

represent lines through A, B, C respectively These lines are 
either all concurrent or aU parallel, for the third equation may be 
expressed in the form 

(fiLj — j»L,) -H (vLg — ALi) = 0, 

shotring that the third line belongs to the point- or parallel-pencil 
determined by the other two lines. 

(xll) The equation of the bisector of {Li, LJ. — Let the axes 
be rectangular. We refer back to part (x) and consider two lines 
Li, Lj winch intersect ; this implies Zimg — Zgmi 0. 

Every line L through the common point of Lj, Lg has an equa- 
tion of the form 

A{Zi* + m^y -h ni) + -f + ?ig) = 0. 

We determine the particular line L, of this system such that 
{Lj, Lg} = {Lg, LJ and call this the bisector of {L^, Lg}. 

* Let Cg, e^g, Cgg be defined as in part (x). Then it is easy to 
see that if dg €jg ^ 02 , and if 6^ 6^, c^g ■" Cgg. 

We have 

La} = sin{Lg, Lg>, 

giving 

*io*i^o{^i(^^i ~l~ /*^2) — (^1 ~H 

V (Zi» + mi*){(AZi 4- /iZg)* + (Amj + 

*o2*o^2((^i 4* — l2{Xmi -j- ^mg)} 

V(Z2* 4 - »»2*){(^i 4 - /*^2)“ + (^'"1 + 

Hence, after a little straight-forward reduction, 

\ . .. _ *1 0^1 . *02** 

VZ,*-f mi*'\/Z2*-hmg** 
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The equation of the bisector of {L^, LJ is therefore 

+ m^y + tij) ejl^ + + n,) _ ^ 

Vii* + mi» ^ Vi** + 

where the positive sign is taken if &2 > And the negative sign 

15 taken if dg < 

Whichever equation is taken according to this rule, it is easy 
to see that the other equation represents the bisector of { Lg, Lj}. 
The two bisectors are perpendicular. 

JP®. 11 . A, B, C are the points (2, 2), (0, 0 ), (6, 0) respectively. 
Take Lj, Lg, Lj to be BG, CA, AB and verify that the interior 
angles at A, B, C are respectively {L3, -L^}, {Li, Lj}, {Lj, -i-i}. 
Prove that the bisectors of these angles are concurrent, using the 
result at the end of part (zi) of this section. 

Prove also that the bisectors of (Lj, L^}, {Lj, LJ, {Lg, LJ are 
concurrent; and obtain two similar results. 

(xili) Change of axes. 

(o) Let XfiX, Y^OY and XJO'Z', Y^'O'Y' be two pairs of 
rectangular axes and let a point P have distance-co-ordinates 
(x, y) relative to the first pair and (x', y') relative to the second 
pair. We seek formulae expressmg ®', y' in terms of x, y. 



Fio. 11. — Chanob of Rbotanouiab Axes. 


Positive rotations of the plane relative to the two pairs of axes 
may have the same sense or opposite senses ; in the first case we 
say that the two pairs of axes have the same sense, and in the 
second case that they have opposite senses (Fig. 11 ). 

Let the equations of Xy'O'X’, Y^O'Y' relative to the first pair 
of axes be respectively lx + my + n = 0, I'x + m'y -f »' = 0, 
where, of course, W -|- mm' = 0. We choose e, e' each to be 1 
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or — 1 in such a manner that Y* is on the positive side of 
{el, em, en) and X' is on the positive side of {eT, e'm', e'n'). Then 
z' is the algebraic distance of P from {eT, e'm', e'n ') ; therefore 

tt 

x' = e'(l'x + m'y + n')lVl'^ + to'». 

Similarly, 

y' = e(lx + my + n)l\/l* + 

These formulae are called formulae for change of axes. They 
may evidently be put in the form 

x' = ke + fiy + v, 

, y' = X'x + n'y + v', 

with 

AS + /X* = 1, A'* + = 1, XX' + fiy.' = 0; 


(6) Next, let XfiX, Y^OY be a pair of obUque axes and let 
XiOX, H-fiH be a pair of rectangular axes, with H, Y on the same 
side of X-fiX (Fig. 12). Relative to either pair of axes, let a 
positive rotation through an 
angle m carry OX into OY. 

Then, if a pomt has distance- 
co-ordinates {x, y) relative to 
the fiist pair of axes and (5, y) 
relative to the second pair, we 
have at once the relations : 

5 = a: -f y cos oi, 

17= y sin <a, 

which are equivalent to 

a: = 5 — ij cot to, 

* , 3/ ~ ■'? cosec to. Yi 

, , Fig. 12 — Change fbom RectanguiiAB 

(c) We now combine the to Oblique Axes. 

results of (a) and (6). 

Let X-fiX, Y^OY and X-^'O'X', Y^O'Y' be two pairs of axes, 
with the same or opposite senses, and each oblique or rectangular. 
Let any point P have distance-co-ordinates (x, y) relative to the 
first pair and (x', y') relative to the second pair. 

Let X^OX, HfiH be a pair of rectangular axes associated with 
X-f)X, YiOY as in (6); and let the distance-co-ordinates of P 
relative to these new axes be (C, t)). 

Then, if the lines Xi'O'X', Yi'O'Y' have the equations 

lx + my + n = 0, 

I'x + m'y n' = 0 
B 
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respectively relative to XiOX, TiOY, they have the equations 

Z(5 — T) cot to) + in{r} cosec to) + » = 0, 
i'(5 — rj cot to) + cosec to) + n' = 0 , 

respectively relative to XiOX, H-fiH. 

Now the perpendicular distances of P from X-^0'X\ F^'O' F' 
are respectively \y' sin to'| and \x' sin to'| , where a positive rotation 
through an angle to' relative to the axes Xi'O'X', Yi'O'Y' carries 
O'X' into 0'Y'\ hence 


X sin to 


— T) cot to) + m'(ij cos ec to ) + n'} 
Vl'* + (— I' cot to + m' cosec to)* 


giving 

simUarly 


e'(Vx + m'y + n') sin to . 
Vi'* — 2i'm' cos to + m'* ’ sin to" 

, ^ e(te + my -\-n) sin to . 
Vi* — 2im cos to + m* ’ sm to" 


and in these formulae e, e' are given each the value + 1 or — 1, 
which makes the co-ordinates of X', Y' positive. 

The importance of these formulae in regard to further develop- 
ments is that y' are expressed linearly in terms of x, y. This 
fact alone, if granted a priori or proved otherwise, shows at once 
that, since *' is zero along Yi'O'Y', x' is proportional to 
Vx -|- m'y -t" n' ; and similarly for y'. 


(xlv) Change of distance-scale. — ^The axes being oblique or 
rectangular, let the distance co-ordinates of a point P be x, y. 

The equations x' = ax, y' = by, where a, b are non-zero real 
numbers, determine a new (1,1) correspondence between the points 
of the plane and the ordered pairs of real numbers. We refer to 
x', y' as a pair of algebraic co-ordinates of P. , * 

In speaking of distance co-ordinates we have hitherto assumed 
the existence of one scale for measuring all distances. The 
introduction of a system of algebraic co-ordinates is equivalent to 
the choice of new units of distance for measurements of sensed 
distances parallel to X^OX and Y-fiY. Thus, if is the point 
given by * = 1, y = 0, and A' is the point given by x' = 1, 

y' == 0, we have OA'ox = aOAox- 

• With a system of algebraic co-ordinates, the equation of a line 
is still linear in the co-ordinates, and vice versa. In fact, with the 
present notation, the line represented byfa:-j-»ray-f» = 0is also 
represented by Vx' -f m'y' -|- »' = 0, where V ; m' :n' = 
lla : m/b : n. We call V, m', n' a set of algebraic co-ordinates of 
the line and refer to the line as (2', m', n') in the new system. 
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(XV) Change of algebraic eo-ordlnate systems— Let X^OX, 
YiOY and Xi'O'X', Y^O'Y* be two pairs of axes, oblique or 
rectangular ; with certain scales of measurement let a point P have 
algebraic co-ordinates (a:, y) relative to the first pair and {x', y') 
relative to the second pair. We express x', y' in terms of x, y. 

Let the equations of Xf*0'X', Y-^O'Y' relative to the first paii- 
of axes and scales of measurement be respectively 

he my n = a, I'x -\- m'y + n' = 0. 

We choose a standard scale of measurement for all distances , 
with this and the first pair of axes let P have co-ordinates (5, ^and 
with this and the second pair let P have co-ordinates {V, rj'). Then 

• x = ai, y = b7]> 

x' = aV, y' = b'ri' 

for some o, b, a', b' The equations of X^'O'X', Y^’O'Y' relative 
to the first pair of axes and the new scale become respectively 

ia? + mbri -f » = 0, Z'c5 + m'br) -f »' = 0. 

By part (xiii) (c) of this section 

5' = k'd'a^ -f- m'b-q + n'), 
ij' = k{la^ -{■ mh-q + n), 

for some k, k'. 

Hence 

x' = a'k'{Vx + m'y n'), 
y' — b'k(lx -|- my -f n) 

Thus y' are expressed linearly m terms of x, y. 

Conversely, every transformation of the form 

x' = A'a: -|- yfy + v\ 
y' = Xt y.y v, 

wi^h real numbers, where A/x' =t= A'/a, A® + /a* + 0, A'® -f /a'® #= 0, 
represents a change of algebraic co-ordinate systems 

Let X, y be algebraic co-ordinates relative to axes X-fiX, Y-fiY 
and certain scales of measurement. Then the equations 
Xc yy -\- V = 0, X'x + y'y -j- v' = 0, with the conditions im- 
posed, represent two intersectmg hnes, on these we take points 
X^', O', X' belonging to the first and Y-^', O', Y' belonging to the 
second, the common point O' being between X,', X' and betwem 
Y'. 

With X-^'O'X' and F,'0'F' as axes and arbitrary scales of 
measurement let 5', q' be the co-ordmates of the point represented 
by (*, y) relative to X^OX, YfiY. Then, as we have seen above, 

5' = h;{\'x + y'y + /), 
q' = h(Xx + yy + v). 


for some h, V. 
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Hence *' = t/h', y" = ij'/A; and therefore x', y’ are algebraic 
co-ordinates relative to Z/O'Z', Y^O'Y'. 

(xvi) Distance as an Invariant, (a) If two points P^, P^ have 
respectively the distance co-ordinates {x^, Pi), (xg, yg) relative to 
one pair of rectangular axes, and {xg, y^\ (Xg, yg') relative to 
another pair, then 

(*i - *2)® + (yi - 2^2)® = (»i' - *2')* + iyi - y*')®i 

both sides of this equality being equal to [PiPgl*. 

The two sets of co-ordinates are related by formulae of the form 
(see part (xiii) (a) of this section) 

x' = h: + fty + v,y’ = X'x + fi'y + v\ 

where A* + /i* = A'* -f /i'* = 1, AA' + mi' = 0. 

From an algebraic point of view, we say that [PiPgl , and equally 
the function {Xi — Xg)^ + (i/j — y^)*, is an invariant with respect 
to the transformation expressed by the above equations. 

(6) We prove now the converse theorem that if the function 
— Xg)* -f (yi — yg)* is mvariant with respect to the trans- 
formation 

x" = cfx + ?>y + y, y’ = a!x + p'y + /, 

then, if (x, y) are taken to represent the distance co-ordinates of 
any point relative to one pair of rectangular axes, (x', y') represent 
the distance co-ordinates of the same pomt relative to another 
pair of rectangular axes. 

We have 


(Xj' — Xg')* -f (1/1' — yg)* 

= {a(Xi - Xg) + p(yi - yg)}* -f {a'(Xi — Xg)* + p'(yi — yg)*} 

= (a* -f a'*)(xg - Xg)* + (p* -t- p'*)(yi - yg)* 

-f 2(«p 4- a'p')(xi — X2){yi - yg). 

Therefore, by the invariance property. 


a* + a'* = 1 
p* + P'* = 1 
ap + k'P' = 0. 


Hence, 

'a* = a* 

and, similarly, p* = a'*. Therefore 


a* = a*(P* + p'*) = a*p* + a*p'» = a'*p'* + a*P'* = p'*(a* -f a'*) 

= P'*. 


a* + p* = 1, 
a'* + p'»= 1. 
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Sl.2 

Further, 


80 that 
Also, 


(ap' - a'p)* = (a* + a'*)(P* + p'*) - (ap + a'p')* 

= 1 . 


ap' - a'p = ± 1. 


(oa' + pp')* = (a* + p*)(a'* + p'») - (ap' - a'p)* 

= 0 . 

Therefore 

aa' + pp' = 0. 


The coefficients in the equations of transformation thus satisfy 
the conditions that the equations represent a change of distance 
co-ordmates from one pair of rectangular axes to another. 


(c) Some simphhcation of all the relations appears by the use 
of trigonometric functions. 

Since a* + p* = 1, we may define a number 0, < 27r, 

by the equations cos 0 = a, sin 0 = P; and smce a'* + p'* = 1, 
we may define a number <f), 0 ^if> < 2n, by the equations 
cos <f> ~ a', cos <l> = P'. 

Then cos {<f) — 0) = aa' + PP' = 0, sin {^ — B) = ap' — a'p = 
± 1. Taking the positive sign, ^ — B = 7r/2, and the equations of 
transformation become 


*' = X cos 0 + y sin 0 + y, 
y' — —xsiaB + y cos 9 + y'. 

Taking the negative sign, <f> — 6 = — it 12, and the equations of 
transformation become 


x' = X cos 0 -{- y sin 0 + y, 
y' = a: sin 0 — y cos 0 -j- y'. 

\ transformation of the first kind is called positive ; one of the 
second kind is called negaUve, The distmction between the two 
kinds of transformation hes geometrically in the fact that in the 
positive case the two pairs of axes have the same sense, whereas 
in the negative case the two pairs of axes have opposite senses ; 
the proof is straightforward. 


2. The complex euclidean plane E^. 

(i) Explanatory remarks. — ^The preliminary aspects of geo* 
metry so far encountered have involved linear equations. How- 
ever, much of geometry involves the study of non-linear equations 
and in connection with these we meet a difficulty which may be 
illustrated by the following example. 
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THE ALGEBRAIC GEOMETRY OF A PLANE 

In seeking the points, if any, common to the circle x* + y*= I 
and the line x = k, we are led to the equation in y, obtained by 
eliminating x from these equations, y* = 1 — A:*. Remembering 
that we are restricted to real numbers, we see that tibere are two 
common points i^AI 1, these coinciding in the case |&| = 1, and 
none if |A:| >1 (Iig 13). 

The algebraic theorem involved is that an equation of degree 
n, with real coefficients, has n or fewer real roots. The continued 
application of this theorem leads to many complications con- 
sequent on the words “ or fewer.” It is therefore considered 
woith while to take advantage of a form of the so-called Funda- 



Fio 13. — ^VabiabIiE Nvmbeb or Intebsectiomb or a Real Limb 
WITH A Beal Cibcle 

mental Theorem of Algebra that every equation of degree n, with 
real or complex coefficients, has precisely n real or complex roots, 
these being properly counted 

In order to have this advantage, we introduce new entities, 
called unreal, into geometry , the existing entities are called real. 
It then becomes possible, for example, to say that every line meets 
a circle in two points, real or unreal. 

(ii) Unreal points. — ^Let Eahe & euclidean plane. With any 
sjrstem of co-ordinates, S say, every (real) point in Es can be 
represented by an ordered pair of real numbers x, y, its co- 
‘ordmates in t^t system. 

Every ordered pair of real or complex numbers, at least one 
of which is not real, is caJed an unreal element attached to Eg 
through S. The two numbers are called the co-ordinates of the 
unreal element relative to S. 

Consider now any two co-ordinate systems S, S'. The (real) 
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co-ordinates (x, y) and (x’, y') of a point relative to S, S' re- 
spectively are connected by equations of the form 

*' = A® -f jny -f V, y' = X'x + ii'y -f v', 

where A, fi, v, A', /*', v' are real numbers such that A* -f + 0, 
A'* -f- /*'* + 0, Xjj,' + A'/x. 

The unreal elemente {x^, y^) attached to Er through S and 
(® 2 i y^ attached to Er through S' are called equivalent when 

*2 = + H-Vi +v, yt = X'xi + li'yi + v'. 

It is simple to prove that every unreal element attached to Er 
through S is equivalent to one and only one unreal eleAent 
attached to Er through S', and vice versa ; the proof is left to the 
reader. 

The aggregate of all unreal elements attached to Er through 
all co-ordmate systems and which are equivalent to a given unreal 
element is called an unreal point attached to Er. If {x, y) is the 
unreal element thus associated in S with an unreal point P, we 
call X, y the co-ordinates of P relative to S. 

The points of Er are called real points to distinguish them from 
the unreal points. 

The set of (real) points of Er plus the set of unreal points 
attached to Er is called the complex euclidean plane Ec covering Er ; 
Er is said to be embedded in Ec. Er is called a real euclidean plane 
in contrast to Ec- 

(ill) Lines in the complex euclidean plane.— The set of real 
and unreal points in Ec whose co-ordinates relative to a given 
co-ordinate system S satisfy an equation of the form 

lx -f my -f » = 0, 

where I, m, n are real or complex and I, m are not both zero, is 
called a line. The linear equation is called here affine in virtue of 
the restriction on I, m. 

The reader will observe that the word “ line ” is here used in 
a new sense and has a different meaning from that which it stands 
for in the case of a real euclidean plane. And it is worth noting 
that, with complex numbers, the inequality 1* -(- + 0 is not 

equivalent to saying that I, m are not both zero. 

The definition of a line, just given, is expressed with reference 
to a particular co-ordinate system S. It is most significant that 
the definition is unaltered if we replace S by any other co-ordinate 
system S' ; and this we now prove. * 

The co-ordinates (x, y) of a point, real or unreal, relative to 
S are related to its co-ordinates (x', y') relative to S' by equations 
of the form 

X == ax' -f py' -h y, y = x'x' + p'y' -f- /, 
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« 

where a, y, a', -/ are real and a, ^ not both zero, a', not 

both zero, and ap' — a'p + 0. 

Hence, the co-ordinates relative to S' of the points on the line 
-f my -f n = 0, are those and only those which satisfy the 
equation 

(al -f- ot'm)*' -f- (pi “1- p'm)y' -f- yl -|“ y'm -f- to = 0, 

which is linear and affine, since if al -f a'm = pi -|- p'm = 0 we 
should have ap' — a'p = 0. 

Moreover, the points whose co-ordinates relative to S' satisfy 
thetaffine equation 

Vx' -|- m'y' + to' = 0 

a 

are those and only those whose co-ordinates relative to S satisfy 
the equation 

(p'Z' — flt'm')* + (am' — pi')y -f- (py' — p'y)l + (a'y — ay')m + 

(aP' — a'p)TO = 0, 

which is also afiine; this last equation is obtained by reversing 
the equations for change of co-ordinates. 

Thus, just as in the case of a real euclidean plane, an s£Bne 
linear equation represents a line in any co-ordinate system, and 
vice verso. 

The numbers I, m, to are called a set of co-ordinates of the line 
relative to the co-ordinate system S, and we refer to the line by the 
ordered triad (I, m, to). Defining a complex terset in a similar 
manner to a real terset, we observe that the lines of Ec are in (1, 1) 
correspondence with all complex affine tersets. 

(Iv) Joachlmstal’s formulae.— Formulae analogous to those of 
Joachimstal for a real euchdean plane are obtained below for a 
complex euclidean plane. It should be remarked that the notion 
of distance is not used. The same reasoning may be employed in 
regard to a real euchdean plane but the interpretation of the results 
wfil then be less specific than in the Joachimstal formulae already 
given. 

Let (Xj, yi) and (Xj, y%) be any two distinct points in Ec- 
There is just one line containing these ; its equation is 

Zx -|- my TO = 0, 

'where 

+ myj TO = 0, 

+ wiyj -f TO = 0, 

and therefore 

Z : m : TO = yi — yj : *2 — : a;iy 2 — x^yj. 
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The equation of the line may therefore be put in either of the 
equivalent forms 

- Vi) + - *i) + - *2^1) = 0. 


X y 

*1 y\ 
y^ 


1 

1 

1 


* 0. 


We have, further, for all (real or complex) values of A, ja. 


i{Aari + luc^) + m(Ayi + iiy^) + »(A + /a) = 0. 

Now I, m are not both zero ; suppose Z + 0 (the argumqpt is 
similar if m + 0 ) Then, for any given point (x, y) on the line, 
we jnay choose A /a so that 


y = (A2/1 + /ay 2 )/(A + /a) ; 

this evidently involves A + /a #0. With such a ratio for A : y,, 
we have 

lx{\ + /a) = Z(Aa:i + 


and therefore, since I =t= 0, 


aj = (Ati 4- (iXz)l{X 4 - y). 

Thus, the co-ordinates (x, y) of every point on the line may be 
expressed m the form 

_ A.Ct + /aarg _ X y^ 4 - y-Vi 
A 4 - /a ’ A + ^ ’ 

with A + /I 4 = 0 . These are analogous to Joachimstal’s formulae 
It is left to the reader to verify that one and only one point 
on the line corresponds to a given value of the ratio A : /a (exclud- 
ing 1 : — 1 and 0 0), and vice versa, that the point {x^, y-^ arises 
when A • ja = 1 . 0 ; and that the point {x^, y^) arises when 
A |a = 0. 1 

Ex 1 . A necessary and sufficient condition for the points 
(®i. 2/1). (®2. yzh (*3. ya) to be in line is 


*1 Vi 
*2 yt 
*3 Vs 


1 

1 

1 


= 0. 


(v) Parallel lines. Pencils of lines. — In any co-ordinate 
system for Ec, the equations * 

l^x + m^y + = 0, = 0 

represent different lines if and only if 

Zj • TTlj ■ Tlj 4* Zg * 7W'2 • rV^m 
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When this inequality is satisfied, the two lines meet in the point 
given by 

» ; y ; I = minj — mjnj ; nil^ — n^i : ZiWij — 

except and only except when Ijtn^ — = 0. If Lrn^ = Igmi 

the two lines have no point in common and are said to be parallel. 

PoitU-pendla and parallel-pencils of lines are defined as for a 
real euclidean plane. It may be proved as there that the lines of 
a point- or parallel-pencil determined by the lines {l^, n^), 

co-ordinates of the form 

-}- yl%t An^ 

and vice versa. 

(vl) Conjugate points and lines. — ^We follow the usual notation, 
using a, a to denote conjugate complex numbers. 

It is easy to verify that if two points have co-ordinates of the 
form (x, y), {x, y) in one system of co-ordinates, then they have 
co-ordinates of the same form in any other system of co-or£nates. 
Two such points are called conjugate. A point of Ec is self- 
conjugate if and only if it belongs to Er. 

^Similarly, if two lines have co-ordinates of the form (1, m, n), 
(I, m, n) in one system of co-ordinates, then they have co-ordinates 
of the same form in any other system of co-ordinates. Two such 
lines are called conjugate. 

A line (I, m, n) is said to be real if I, m, n are proportional to 
real numbers ; otherwise the line is called unreal. A real hne of 
Ec must however not be confused with a line of Er; a real line 
of Ec contains all the points of a hne of Er but contains besides 
a set of pairs of conjugate unreal points of Ec. For example, the 
real line x = 0 of Ec contains all the real points which constitute 
the y-axis of Er and also all unreal points of the form (0, y' -f iy”), 
where y', y" are any real numbers (y" + 0). A real hne is oelf- 
conjugate. 

Two real points of Ec are joined by a real line ; so are two 
conjugate unreal points. Two non-parallel real lines of Ec meet 
in a real point; so do two non-parallel conjugate unreal hnes. 
The proofs are trivial. 

Equally simple to prove are the following statements. If an 
unreal point lies on a real line so does its conjugate unreal point. 
If an unreal line contains a real point so does its conjugate unreal 
line. The real lines of Ec are in (1, 1) correspondence with, and 
cover, the lines of Er. 

(vU) Perpendicular lines. — ^In any co-ordinate system, the lines 
X — 0, y — Oof Ec contain the axes of the subsidiary co-ordinate 
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system in Er. These lines are called the axes of the co-ordinate 
system in Eo and are said to be rectangular when the correspond- 
ing axes in Eg are rectangular; the co-ordinate system in Ea is 
then also called rectangular. 

Let us now suppose that two lines have co-ordinates (I^, mi, nj), 
(I 2 , m,, Wj) ^ ^ rectangular co-ordinate system in Ec. If 
minij = 0 the Unes are said to be perpendicular. Then it is 
clear that if these lines are real, the lines of Eg which they contain 
are also perpendicular and vice versa. For the definition to be 
significant we need to show that, if two fines are perpendicular 
relative to one rectangular co-ordinate system S in Ec, the^ are 
also perpendicular relative to any other rectangular co-or^ate 
system S'. 

The equations for transforming pomt-co-ordinates from those 
in S to those in S' are (by section 1, part (xiii)) of the form 

a: = Aa:' -f /ly' + V, y = X'x' + p'y' -f r', 
where A* + /i® = A'® + /x'* = 1, AA' -f- fip' = 0. 

If then the lines have co-ordinates (Ij, mj, n^), (Zj, m,, n*) 

relative to S, they have co-ordinates (Zj', mj', n^), (Z^', n^') 

relative to S', where 

Zi' = ZiA -I- miA', m/ = Ijji + ffiTji', n^ = vZj •+• v'nii + n^, 

Z2 ZgA n%2^ , rni2 ™ Z2jx -j- , n^ “ i^Z2 -|- v m2 -|- 712* 

Therefore 

l^y -I- mi'mj' 

= (ZiA miA')(Z2A -f- miA') -f- {Igi -j- m.iiJi/){l2ii -f- m^p') 

— ZiZgCA* -f p’^) + (Zimj -f Z2mi)(AA' -f pp') -f niim^iX'^ + p'*) 

= Z 1 Z 2 + rrijm^, 

and from this our theorem follows. 

• 

It is worth remarking that in Ec, but not in Eg, a fine may 
be perpendicular to itself. Every such line is easily shown to have 
an equation of the form 

y -yo = *■(* - * 0 ). or y - yo = - t(a: - * 0 ); 

the two lines whose equations are written are called the isotropic 
lines through the point (xq, y^. All the isotropic fines form two 
parallel-pencils : those for wMch Z : m = t : 1 and those for which 
Z : m = — i : 1. 

(viii) Distance-funetion. — ^The general concept of distance 
(unsensed) between two points in an abstract space is as 
follows. 
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A real number d{P, Q) is defined, if possible, for every pair of 
points P, Q in such a way that 

(а) d{P, Q) — d{Q, P), so that the number is independent of 
the order in which the points are named ; 

(б) d{P, (2) = 0 if and only if P, Q denote the same point ; 

(c) d(P, Q) + d(Q, E) > dip, E) for any three points P, Q, E. 
It follows then that 

d(P. Q) = WiP. Q) + d{Q, P)} > idiP, P ) ; 

and therefore, since d(P, P) = 0, d(P, Q) ^ 0. 

Tne number d{P, Q) is called a distance-function. 

In the case of a real euclidean plane Er such a distance- 
function is determined by taking 

d(P. Q) = V(a:i - -f (i/i - yj)*, 

where P, Q have distance co-ordinates (* 1 , y^), (x^, respectively 
in any rectangular system. 

It is natural to seek a distance-function for the complex 
euclidean plane Ec. The formula just given for Er does not 
determine a distance-function for Ec since, for example, the 
second requirement for a distance-function is not fulfilled, as 
may be seen by taking P, Q to be respectively the points (1, 0), 
(0,*i). 

A distance-function for Ec may, however, be determined 
relative to any particular co-ordinate system S as follows. Let 
the co-ordinates of P, Q be respectively {xf + ix-f', y^ -f- iyx'), 
{xf -t- ixf, yf + iyf), where Xy, x ^', , . ., yf are real numbers. 
We then take 

rf(P. «) = 

V(*i' - xfY + (®i" - + ( 2 / 1 ' - Vzf + (j/i" - 

The first two requirements are obviously satisfied by d(P* Q) 
That the third is satisfied follows from the inequahty for real 
numbers 


Vo® + 6® + c® + d® + VA® + 5® + (7® -f P* 

> V(a + A)® + (b + £)® -I- (c + C)® + (d + D)® 

by putting a = x^ — xf, A = zf — x^', etc 

It may be accepted that the notion of distance-function is both 
more complicated and less useful in the case of a complex euclidean 
plane than in the case of a real euclidean plane. We do not 
develop the idea here, nor do we need it in what follows. 
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8. The modified euclidean plane (real or complex) 

(i) Ey planatory remarks. — In section 2 we mtroduced the 
concept of unreal points in order to facilitate the geometrical 
interpretation of algebraic equations. There is still, however, a 
limitation on the interpretation of such equations which applies 
equally to the real and to the complex euclidean plane. Geo- 
metrically this limitation corresponds to the possibility of lines 
being parallel instead of intersectmg , algebraically it corresponds 
to the fact that every point has finite co-ordinates. 

In order to avoid this limitation, we find it convenilht to 
amplify in a new way the basic set of geometrical entities thereby 
cr&ting a new kind of plane in which it may be said, with due 
regard to the extended meaning of certain words, that every line 
intersects every other line. 

In this section we use the letter E to denote a real or complex 
euclidean plane , if we regard E as real, the correspondmg algebra 
refers only to real numbers ; and if we regard E as complex, the 
algebra refers to real and complex numbers. 

(11) Inaccessible points. — ^The aggregate of aU lines parallel to 
and including a given line of E is called an inaccessible point. 
The points of E are, for distinction, called accessible. 

An inaccessible point is determined equally well by any line 
of the aggregate. It is said to lie on every such hne ; and every 
such line is said to pass through the inaccessible point. 

The aggregate of accessible and inaccessible points is called a 
modified euclidean plane and denoted by ^jr. E is said to be 
embMed in Eu, and Eu to cover E. 

Every line of E together with the inaccessible point which 
it determines is called a line of Em- It follows that any two 
lines in Em have just one point, accessible or inaccessible, in 
common; and that any two pomts of lie on just one line, 
unless both points are inaccessible. To remove this exception, we 
caU the set of inaccessible points a line also and name this the 
inaccessible line of Em 

(ill) Modified co-ordinates. — Our object is now to set up a 
system of co-ordinates m Em which apply simultaneously both to 
accessible and inaccessible points. 

Let S be any system of co-ordinates in E ; relative to S let tjjie 
co-ordinates of any point P of be (x, y). Then any ordered 
triad of numbers {X, Y, Z), such that 

Z + 0, x = XIZ, y=YIZ, 

is called a set of modified co-ordinates of P relative to S. Given 
P, these triads are all determined and differ only in respect of a 
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factor of proportionality ; and, given any such triad, one accessible 
point is determined, namely the point {XjZ, YjZ) relative to S. 

We must obviously arrange that the triads (X, Y, Z) for which 
Z = 0 should be attached to the inaccessible points/ We shall 
find that the triad (0, 0, 0) is left over : there is no point, accessible 
or inaccessible, with modified co-ordinates (0, 0, 0). 

To determine an inaccessible point it is enough to specify the 
line through the origin which belongs to its aggregate of parallels ; 
and for tlm it is enough to give the co-ordinates y of any point 
on this line other than the ongm, thus x and y are not both 
simultaneously zero. If we multiply x and y by a common factor, 
the point {x, y) varies on the selected line through the origin 
Thus only the ratio x : y depends on the inaccessible point and 
vice, versa. We therefore define the triad (x, y, 0) to be a set of 
modified co-ordinates for the inaccessible point relative to S. 

We have thus an algebraic means of determming any point of 
Em irrespective of whether it is accessible or inaccessible, namely 
an ordered triad of numbers (X, F, Z), which are always finite 
and not all zero, and which can be varied by a common multiplier 
without the point being changed. The accessible points are dis- 
tinguished from the inaccessible points only by the fact that for 
the former 2/ + 0, while for the latter Z — 0, 

The points of Em are, in fact, in (1, 1) correspondence with all 
the tersets [X, Y, Z], excluding [0, 0, 0]. 

(iv) The equation of a line in E^. 

(a) The co-ordinates (x, y) of every accessible point on a line 
in Em, excluding the inaccessible line, satisfy an equation of the 
form 

lx + my -f 71 = 0, 

with I, m, not both zero ; and vice versa. The modified co-ordin- 
ates of these pomts therefore satisfy , 

IX -|- 771 Y -|- 71^ = Of Z 4= 0. 

A triad of modified co-ordinates for the inaccessible point on 
the line is easily seen to be (tti, — I, 0) ; and these satisfy 

iX -j- wiF nZ = 0, Z = 0, 

• The equation 

ZX -|- mY -j- 71^ = 0 

thus represents the whole line in Em- 

When Z, tti are both zero, but ti is not zero, the equation 
ZX ‘mY'+ nZ = 0 becomes Z = 0, which is the equation 
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satisfied by tbe co-ordinates of the inaccessible points and these 
only. 

Hence, every line in Ey is represented by an equation of the 
form • 

IX -f- mY -f «Z = 0, 

with I, m, n not all zero ; and vice versa. 

We call the triad (I, m, n) a set of co-ordinates oftiie line relative 
to the system of modified co-ordinates for points. Evidently, 
then, in the lines are in (1, 1) correspondence with all the tersets 
[Z, m, n\, excluding [0, 0, 0]. 

(6) If, in the equation ZX -f mF -f »Z = 0, we regard Z, m, n 
aifd X, Y, Z both as given triads, we have the condition of 
incidence of a certain line and a certain point. 

If we regard only Z, m, n as fixed, we have the equation 
satisfied by the co-ordinates of every point on a certain line ; we 
call it the point-eqvation of the line (I, m, n). 

If we regard only X, Y, Z a& fixed, we have the equation 
satisfied by the co-ordinates of every line through a certain point ; 
we call it the line-equation of the point (X, Y, Z). 

Because {kX, kY, kZ), k =¥ 0, are co-ordiinates of (X, Y, Z), 
independently of the value of k, we speak of (X, F, Z) as a set 
of hcnnogeneous co-ordinaies of the point. Similarly, we speak of 
(Z, m, n) as a set of homogeneous co-ordinates. 

(c) The following results for Ey may be proved much as are 
the corresponding results for E. 

Ex. 1. The point-equation of the line joining the points 
(X^, Fj, Zj), (Xj, Fj, Z) is 

X F Z = 0. 

Xi Fi Zi 

Xj F2 Zj 

Ex. 2. The points (X^, Fj, Zj), (Xj, Fj, Zj), (X3, F3, Z3) 
are in line if and only if 

Xi Fj Z, =0. 

X, Y, Z3 
X3 F3 Z3 

• 

Ex. 3. The line-equation of the point common to the lines 
(Zj, Kj), (Z2, wij, M-j) is 


1 

m 

n 

h 



h 

tttg 

n 


= 0 . 
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Ex 4. The lines (l^, m-^, n-^, (l^, m^, n^, (ij, mj, are ' 
concurrent if and only if 




n 

h 

m2 

n 

h 

rtii 

n 


(v) The parametric equations of a line and of a point. 

(а) The discussion here is on the same hnes as in section 2, 
part (iv). 

Let (Zi, ZJ, (Zj, y,, Z,) be any two distinct points in 
Eu ‘If (Z', y, Z) 18 any point on the line joimng these, there 
exist I, m, n, not all zero, such that 

IX -j- wy nZ = 0, 

IX j wi y j -j- nZy^ = 0, 

IXi 4- wiZz + = 0, 

and, therefore, such that 

l(XXi + /iZj) + tn{XY I + ~ 

for all A, li. 

If 1 + 0 (the argument is similar if t/i 4 = 0 or n 4= 0), we choose 
A : u so that 

Y .Z = XYi+iiY^ XZ^+fiZ^. 

Then 

lX(XZi + (j-Z^) = lZ{XXi + ^^ 2 ), 

and therefore 

X , Z = AZj / 1 Z 2 ' AZj “h 

Since Z, Y, Z are not all zero. A, /ti cannot both be zero. 

Thus the modified co-ordinates of every point on the hne may 
be expressed in the form 

Z . y . ^ = AZ^ -j- 1^X2 I XY^ fiY 2 XZi -f- IJ-Z2 

with A, n not both zero 

In these equations the ratio but not the absolute values of 
A, fi is significant The ordered pair of numbers (A, /a) is called a 
pair of homogeneous parameters of the point (Z, Y, Z), and the 
equations themselves are called parametric equations of the line. 

The point (Zj, Y^, Zi) arises when A ; ju = 1 : 0 ; the point 
(Zj, 72, Z 2 ) arises when A : p. = 0 1 ; and the inaccessible point 
on the line arises when A ■ p = — Z 2 : 

We have proved mcidentally that the points of the line may 
be put in (1, 1) correspondence with all bisels [A, p], excluding 
[0, 0], a biset being defined analogously to a terset. 

(б) In Eu, the set of hnes which pass through any given point 
is called a pencil with vertex at the point. 

We may prove exactly as above that the co-ordinates of every 
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line in the pencil determined by the two lines (Zi, m^, n^), 
(l^, mg, Tig) expressed in the form 

Z ^972f • Wf — AZg "1“ “f“ fJLTTi^ ! “1“ pTIrg, 

and vice versa. These equations are called the parametric eqmtums 
of the vertex or of the pencil. 

Ex. 5 The point where the line aX + 67 + cZ = 0 meets 
the line jommg {X^, Y^, Z^), (X^, Tg, Z,J has parameters 
given by 

A : p. = — (d-X^ + 672 + c^Zg) : (oXi + 67j + cZi). 

Ex. 6 The line common to the pencil lA + mB + nC = 0 
and the pencil determined by (Z^, m^, nf), (Zg, mg, Tig) has para- 
meters given by 

X i fi = — (Zg.^ + vfi^B + WgO) . (liA + rfi-^B + n-fi'). 


4. Groups and fields. 

(i) Groups. — It is convenient at this stage to refer briefly to 
certain algebraic concepts which are of importance in algebraic 
geometry. 

Let G denote a set of objects, called the elements of G, and let 
these be denoted by symbols o, 6, c, . . If two symbols, say 
a, 6, denote the same element we say that they are equal and 
indicate this by writing a = 6.» It is clear that equality is 
reflexive (that is • a — b imphcs h = a) and transitive (that is • 
a — b and 6 = c together imply a = c). 

Let A denote a rule by which with every ordered pair of 
elements a, 6 of G is associated a unique object denoted by a o 6. 
The objects a o 6 and boa may be different 

f IS said to be a group with respect to A if, for every a, 6, c 
of G, 

(1) Oo 6 IS an element of G ; 

(2) o o (6 o c) = (a o 6) o c, where the brackets signify that 
the object associated with the pair of elements within the 
brackets is associated with the remaining element ; 

(3) there exist elements a;, y of G such that 

aoX = b, yoa — b. • 

Ex. 1. Let G denote either the set of all (flnite) real numbers 
or the set of all (finite) complex numbers and let A denote addition, 
so that o means +. Then G is a group with respect to A. 

Ex. 2. Let G be the set of transformations given by equations 
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of the form where ^r', a;, a are real numbers and Ihe 

number a, called a parameter, is fixed for each transformation. 
Let Ta denote the element of G with parameter a. If A is defined 
by TaoTt^Ta + b, show that G is a group with respect to A. 

The equation of T, may be taken to represent a displacement, 
in a real euclidean plane, along the a;-axis through a distance a. 
Then we are asserting that the set of displacements is a group with 
respect to the rule A. 

Alternatively, we may interpret the numbers as the angular 
co-ordinates of lines l3dng in a given real euclidean plane and 
pasimg through a fixed point. T, then represents a rotation in 
the positive sense through an angle a. These rotations form a 
group with respect to the rule A. . 

Ex. 3. Let G be the set of transformations of which a typical 
element T{a, b, c, d) is given by 

, _ oa; 6 
ex d' 

where the numbers involved are all either rational or real or 
complex, and ad % he. Such transformations (which include 
those of Ex. 2 as a special case) are of fundamental importance 
in this book and will later be treated under the heading of 
projective transformations. 

Let A be defined by the relation 

T{a, b, e, d) o T{p, q, r, s) = T(pa + qc, pb + qd, ra + sc, rb sd) 

and show that G is a group with respect to A. 

Ex. 4. A set of six transformations of the type specified in 
Ex. 3 is the set H 

x' = X, *' = 1/*, 

x' = 1 —X, z’ = 1/(1 — x), , 

x' = xl{x — 1), *' = (» — l)lx. 

• 

Show that H is a group (called a svhgrmip of G) with respect 
to the rule A of Ex. 3. 

The expressions on the right hand sides of these equations will 
be encountered in the theory of cross-ratio. 

Ex. 6. Let G be the set of ail transformations of the form 

x' =■ Xx,-\-iiy -{-v, 
y' = A'* + fi'y + v', 


involving real numbers, where 


A* -f-/** = A'» -}-/» = 1, AA' -f w*' = 0. 



FOUNDATIONS 


33 


4^ 

.Denoting the transformation just written by T(X, y., v; 
A', /*', v'), we define A by the relation 

r(A, fi, V ^ X , fi ,v )o T(Xi t /*! I Vi ! Aj , /*! , Vj ) 

= T(AAi + A'/ij, /nAj + /iVn *'Ai + »'Vi + >'i ; AAj' + X'yi, 

A' + y'yi, vAi' + + Vj')- 

Show that G is a group with respect to A. 

G is the set of equations representing the change from distance 
co-ordinates relative to one pair of rectangular axes to distance 
co-ordinates relative to another pair of rectangular axes in a 
euclidean plane. * 

Ex. 6. Let G be the set of all transformations of the form 

Xq : Xi : . . . : X^' = S ^ i . . . i S OnfXf, 

j-O i-o i-0 

where the numbers involved are all real or all complex and 

®oo ®oi • • • ®o« 

®10 ®11 • • • ® 1 " 


OnO • • • ®»n I 

Denoting the transformation just written by T{a), we define 
A by the relation T{a) o T{b) = T(c), where 

* n 

Cjt = 2 Onjbjh, i, k = 0, f n. 

j-O 

Prove that G is a group with respect to A. It is called the 
projective group. If n. = 1, the group is a restatement in terms of 
homogeneous co-ordinates of the group mentioned in Ex. 3. If 
n = 2, the group is that of the projective collineations of a modified 
euclidean or of a projective plane which form an important subject 
for later discussion. If n has any value greater than zero, the 
groifp is that of the projective collmeations of a projective apace of 
n dimensiona. 

(11) Some elementary aspects of group theory. 

(а) Let the set G be a group with respect to a rule A. The 
number n of elements of G may be finite or infinite ; in the first 
case G is called a finite group and n is called its order, and in the 
second case G is called an infinite group. 

A subset H of elements of G is called a subgroup of G if H is a 
group with respect to A. 

(б) Let G, G' be sets which are groups with respect to the rules 
A, A' respectively; and let o and - denote the corresponding 
symbols of association 
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A (1, 1) correspondence C between the elements of G, G' such 
that, for every pair of elements o, 6 of G, 

C{aob) = C{a)^ C{]b), 

where C{x) denotes the element of G' corresponding to the element 
a: of G, is called an equivalence or simple-isomorphtam between the 
groups. 

Equivalent groups are formally distinct but have the same 
group-properties. 

Sx. 7. If Cr^y') denotes the element of G corresponding to the 
element y' of G', prove that, if G, G' are eqiuvalent, 

C-i(a' .. h') = C-i(a') o C 

Ex. 8. Let G be the set of aU real numbers and A be addition ; 
and let G' be the set of aU real powers of a non-zero real number 
X and A' be multiplication. Show that G, G' are groups with 
respect to A, A' respectively and that these groups are equivalent. 

Ex. 9. The group of Ex. 3 is equivalent to the group of Ex. 6 
in the case n = 1. 

(c) If G' IS G and A' is A, an equivalence of the group with 
itself is called an automorphism. Clearly every group is auto- 
morphic under the identity automorphism which consists in making 
every element correspond to itself interest arises when other 
automorphisms exist 

Ex 10. Define a rule of association with respect to which the 
set of automorphisms of a given group is itself a group. 

Ex 11. If G is the set of all rational numbers (positive, 
negative and zero) and A is addition, G is a group with respect 
to A. A (1, 1) correspondence may be defined by C(a) = no, 
where a is any element of G and n is a given positive intjeger 
Show that C is an automorphism of the group. 

(d) A group with the property that o o 6 = boa, for all a, b, 
IS called commutative or abelian. In such a case it is often con- 
venient to replace the symbol o by the symbol -f- and to describe 
the rule A as addition ; with such a convention the group is also 
called additive 

Ex. 12. The group of Ex. 1 is commutative ; the group of Ex, 
^ is not commutative. 

(e) We prove that every group possesses a unique element, 
called the identity element and denoted by e, such that, for every 
element a. 


Hot = to Of = H* 



§4 


FOUNDATIONS 


36 


By the third characteristic property of a group (see part (i) of 
this section) there exist elements e, / such that, given a, 

CL o €> f o CL (L» 

9 • 

For the same reason, given b, there exist x, y such that 
b = aoX — yo a. 

Therefore 

boe = (yoa)oe = yo(aoe) = yoa = b, 
and, similarly, /o i = 6. 

Taking b — f, b = e m turn we infer f = foe = e. Thife an 
element e exists such that, for all 6, 6 o e = c o 6 = 6. This 
element is unique, for if e' has the same property, we obtain, by 
taking b = e', b = e m turn, e o e' = e' o e = e = c'. 

If the group is abelian and the additive notation is used, it is 
customary to denote the identity element by 0 and to call it the 
zero element’, then, for every element a, we have 

o + 0 = 0 + a = o. 


Ex 13. In Exs. 1, 2, 3, 4, 5 and 6 the identity elements are 
respectively 

(i) The number 0 ; 

(u) 1 

(m) > The transformation = x. 

(iv) I 

(v) The transformation x' = a;, y' = y. 

(vi) The translormation 


(/) We prove that there is associated with every element a of 
a group a unique element, ealled the inverse of a and denoted by 
o"\*8uch that 

a o a ^ — a ^ o a — c. 

By the third characterising jirojicrtv of a group, there exists 
an element a"^ such that a o a”^ = e Then 


whence 

Therefore 


o (a o a"^) — a~^oe = a'\ 

(a‘^ o a) o a~^ = a'^. 
a'l o a = c. 


The uniqueness of a"^ follows from the fact that the rel"tion 
a o 6 = e implies 

6 = e 0 6 = (a *^ o a)ob — ar^o(aob) = a'^oe = a'\ 
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In the case of an additive group, we use the notation — a to 
denote the inverse of o; then we have o4-(— a) = (— <*) + 
0 = 0. The notation is abbreviated by writing o — 6 for a + (— (6 
or (— b) + a. • 

Ex. 14. Ifoox = 6andyoa = &,thenx = ar^ob,y = 6oO'^. 

Ex. 15. Find the inverse of the elements named in Exs. 2-6 

(ill) Fields. — Let the set F be an additive (abelian) group with 
respect to a rule A and let there be a second rule M, called mvUi- 
plicqj'Xon, for associating the pairs of elements in such a way that, 
for all o, 6, c of F, 

(1) M associates with a, & a unique element of F called*the 
product of b by a and denoted by ab ; 

(2) ab = ba\ 

(3) a{be) = {ab)c , 

(4) o(6 + c) = ob -f oc ; 

(6) given a, different from zero, and b there exists an cle- 
ment of F such that ax = b. 

Then F is said to be a field with respect to the rules A, M 

The non-zero elements of F clearly form a group with respect to 
M. The identity element of this group is c^led the unit element 
of F and denoted by 1. Thus, for all o in F, we have ol = la = a. 
Further, the inverse of any element a of the group just men- 
tioned is called the reciprocal of a and denoted by o~^ ; we have 
aar^ = ar^a = 1 . 

Ex. 16. The sets of all rational numbers, of all real numbers, 
and of all complex numbers are fields with respect to the ordinary 
rules of addition and multiplication. 

Ex. 17. Let F be the set of real number residues modulo p, 
a prime number, and let A, M respectively denote addition and 
multiplication modulo p ; then F is a field with respect to A, M 

(iv) Some elementary aspects of field theory. 

(o) We prove some important properties of the elements of a 
field. 

First, for all o, oO = Oa = 0. Since 0 + 0 = 0, we have 
aO + oO = a(0 -f 0) = oO ; moreover 0 is the unique solution of 
aO X = oO') hence 0 — aO. Similarly 0 = Oa. 

• Next, for all a, b, a(— b) ~ (— «xb) = — (ab). We have 
0 = aO = o(6 — b) = ab a(— b); moreover — (ab) is the unique 
solution of 0 = ab + x; hence o(— 6) = — (ab). Similarly 
( — o)6 = — (ab). It follows that ( — o)( — 6) = ab. 

If ab = 0 then at least one of a, b is 0. Let us suppose the 
conclusion to be false; then a * 0, b * 0. Since a =*= 0, ar^ 
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exists and is non-zero and we have 6 = 16 = (a~^a)& = <r^(a6) 
= a~^ = 0, which contradicts the supposition. The conclusion is 
therefore true. 

Ex. 18. Denoting xy^ by xjy, for all x and for all y 4 > 0, 
prove that 

{alb){bla) = 1, 

c/a 4- dib = (6c + ad)l{ab), 

{ka)l(kb) = afb, 

where a, b, h are non-zero. 

• 

(6) Let C be a (1, 1) correspondence between the elements of 
twe fields F, F such that (with the notation of part (ii) (6) of this 
section) for every pair of elements a, 6 of F, 

C(a -f 6) = C(a) C(6), 

C(a6) = C(o)C(6). 

where, on the left, addition and multiplication are defined by 
rules A, M respectively for F, and, on the right, are defined by 
rules A', M' respectively for F'. Then C is called an equivalence 
between the two fields, which are themselves called equivalent. 

Equivalent fields are formally distmct but have the same 
field-properties. 

Ex. 19. I*rove that 

C-i(o' -f 6') = C-i(a') + C-V6'). 

C-i(o'6') = C-V)C-Mh'). 

where a', V are any two elements of F', and, on the left, addition 
and multiplication are by A', M', and, on the nght, by A, M 
respectively. 

If O', r denote respectively the zero and unit elements of F', 
prove also that 

• C(0) = O', C(l) = 1', 

C-HO') = 0, c-Hi') = 1. 

(c) A subfield K of a field F is a subset of F which is a field 
with respect to the rules A, M of F. The zero and unit elements 
of F belong to every subfield. We say also that F is an extension 
of K. 

Let F', K be fields, with no elements in common, such that F' 
contains a subfield K' equivalent to K. We prove that the:^ 
exists a field F, equivalent to F', which is an extension of K. 

Let A', M' respectively the rules for addition and multiplica- 
tion for F' and Aj, M^, be the corresponding rules for K, 

The set F is defined to be the set of elements of K together with 
the set of elements of F' which are not in K'. 
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Addition A and multiplication M are defined for F thns : let 
p, qh& any two elements of F ; rS. p, q both belong to K, define 
p q and pq by Aj, ; if p, q both belong to F' but not to K', 
de^e p + ? and pq by A', M' ; if p belongs to K an^ q does not, 
let p' in K' correspond to p in K and define p + g to be p' + g 
relative to A' and pq to be p'q relative to M'. 

Evidently F is a field with respect to A, M and is equivalent 
to F'. 

(d) The field F' of (finite) complex numbers is usually defined 
to be the set of all ordered pairs (a, b) of real numbers, with addi- 
tion defined by 

(a, b) -1- (c, d) = {a + c,b + d), 

where a c,b -{■ d are ordinary arithmetical sums, and multiplica- 
tion is defined by 

(a, b)(c, d) = (ac — bd, ad + 6c), 

where ac, bd, ad, be are ordinary arithmetical products. The zero 
element is (0, 0) and the unit element is (1, 0) 

The subfield K' of all complex numbers of the form (a, 0) is 
equivalent to the field K of all real numbers. We may construct, 
as above, an extension F of K which is equivalent to F'. Since 
F, F' are equivalent, it is not uncommon to find either F or F' 
referred to as the field of (fimte) complex numbers. 

(v) The number qo . 

(a) Let F be the field of all complex numbers defined in part 
(iv) (d) of this section. Let F„ denote the set whose elements are 
all those of F together with one other element, called infinity and 
denoted by oo . 

Rules of addition A„ and of multiplication are defined for 
F„ as follows. If a and b are both in F, o -|- 6 and aft are defined 
as for F For every o in F we define o-f-oo = oo = oo +o and, 
except for a=0, ooo =cx3 =ooo. We define oo + oo , 0 oo and 
oo 0 to be indeterminates, that is, symbols each capable of denolbing 
any element of F„ ; and we define oo oo = oo . 

In making these conventions it is necessary to give up some 
familiar properties of the relation =. A statement that a == b 
in F^ means (as in F) that there is an element in F„ representable 
both by a and by 6. But none of the statements (i) a + c = 6 -f- c, 
(ii) oc = 6c with c + 0, (iii) a = c together with b == c, necessarily 
implies that a =b, unless a, 6, c all belong to F , for example, 
(i) 1 -+- 00 = 2 + 00 , (ii) 1 00 = 2 00 , (iii) 1 = 0oo,2=0oo. 

With o, 6 in F„ , let a — 6 denote any element x such that 
o = 6 + a:, and ajb any element y such that a = by. Then 
0 — oo = 00 = (— 1) 00 ; and oo — oo is indeterminate. Also 
1/0 = 00 , l/oo = 0 , and oo /co and 0/0 are also indeterminate. 
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If a, h, c belong to F and a 4> 0, h ^ c, the equations 
Ox + o = 0 and ax = <ix c are each satisfied uniquely in 
by ® = 00 • The equation Ox® + ox + 6 = 0 is satisfied by 
X = — bja and by x = oo . The equation Ox® + Ox + o = 0 is 
satisfied only by a; = oo ; we agree to say that oo is a double root 
of this equation, to conform with the convention that 0 is a double 
root of 0 + 0® + ®®® = 0- 

The set is not a field with respect to A„ , M„ , With respect 
to these rules we call F^ the modified system of compkx numbers. 
The set consisting of oo and the real numbers of F is the modified 
system of real numbers. 

• 

(5) Let /(s) be a single-valued function defined over a domain 
in the vmues of /(z) being in F ; and let a be in F. If « exists 
in F so that \f( 2 ) — u| is made arbitrarily small by taking any z 
in the domain for which the positive number \z — a\ is small 
enough, we define lim /(z) =u. If |/(z)| is made arbitrarily large 

by such z, we define lim f(z) — oo , FmaUy, we define lim /(z) 

i^a z-^oo 

to be lim/(l/w) if this exists. 

10 -»0 


(c) The extension of F by adjoining the element oo allows us to 
extend, as we shall need to do, the range of definition of the 
function /(z) = {az -f h ) /(cz d), where a, b, c, d are in F and 
ad ^ be. 

If cv -f d = 0, we define f{v) = lim /(z) = oo ; and we define 
f{ix) ) = lim /(z) = o/c(=oo rfc = 0) The function /(z) is now 
defined all over F„ and has the property that lim /(z) —f(w) 


for all M) in F„ . 

Similarly, the symbol {o, & ; c, d}, which denotes 

I f defined for any set of unequal numbers a, 
b, c, d in F and when a = c. 

When b = c, we define {a, b; b, d} = lim {o, b; z, d} 

X-¥-b 

= lim {a, X ; 6, d} = 00 , and similarly for other equalities among 

x-^b 


a, b, c, d. (It will be noticed that {o, a ; a, d}, for example, is in- 
determinate.) And then we define {oo , 6 ; c, d} = lim {x, b; c,d} 


= (d — 6)/(c — 6) , and {oo , 6 ; oo , d} = lim {x, 5 , x, d} = 0 ; and 


so on. 

Again, if we have parametric equations of a line in in the 
form (section 3(v)) 


X : y Z — XXj -1- /*^2> 
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with A, in F and not both 0, we now see that, by the substitution 
A//X = 0, it is possible to express the equations in the form 
X : r : Z = flJCi + Z, : + 7* : + Z*. 

where 6 ranges through F„, and vice versa, provided that we 
interpret the latter equations when 6 = co es meaning the same 
as * the first when n = 0-, that is, the value of 6 assigned to 
(Xi, Fi, Zi) is 00 . We call d a rum-homogeneoua param^r. 

Lastly, in regard to tersets, if a, b, e, d, e, / are in F and a, c, e 
are not all 0, we define 

lim [az + b, cz + d, ez +f] = [o, c, e], 

5. Terminology. 

(1) Tangential co-ordinates. Points at infinity.— The historical 
development of geometry has produced various names for what 
are essentially the same things Thus equations involving I, m, n 
arose from the consideration of what condition is satisfied by the 
co-ordinates of a line in order that it should touch a given curve ; 
and, in this way, these equations came to be known as tangential 
equations and I, m, n as tangential co-ordinates. 

Inaccessible points are still often called points-at-infirnty. This 
name, which is misleading without explanation, arose through the 
following considerations. 

Let E denote a real or complex euclidean plane and Eu the 
covering modified plane. Let L denote a line in E and Ljr denote 
the covering line in E^- Relative to any algebraic system of 
co-ordinates in E, let L have the equation + my -j- w = 0. 
Then a set of modified co-ordinates of any point P on L may be 
taken in the form (m5, — (K 4- »). wi). The point P has no limit- 
ing position on L when 5 — >■ w ; on the other hand the terset 
[»^, — (Z5 + n), m] has a limit, namely [m, — I, 0], which is 
the terset for the ina.coessible point on Ljf. We can, if we 
wish, extend the geometrical significance of the word “ hmit ” by 
defining P„ to be the limit in Eji of P as 5 — >■ <» . And we niay, 
if we wish, carry a suggestion of this hmit for 5 by providmg for 
P„ the alternative name of point-at-infinity on Lif. In accordance 
with this nomenclature we should then give the inaccessible line 
the alternative name of line-at-infinity. We prefer, however, to 
use the term “ inaccessible ” ; and would warn the reader against 
imagining that P„ is some very distant point in E : it is not. 

' (ii) Extendon of the meanings of familiar terms. Circular 
points. — ^Names associated with configurations in a real euclidean 
plane are often used to describe related configurations in a complex 
or modified euclidean plane. We have already met examples of 
tills usage in regard to the words “ point ” and “ line.” 
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As a further example, let us consider a circle in a real euclidean 
plane Er. With rectangular axes and distance co-ordinates the 
circle has an equation of the form 

* {x — a)® + (y — 6)® = r®. 

The modified co-ordinates of the points of the circle satisfy 
the equation 

{X -aZ)^ + (Y - bZ)‘ = r*Z*. 

This equation defines a locus m the covering modified complex 
euclidean plane Eu which we also call a circle.. 

It IS important to remark here that all circles in Em me9t the 
inaccessible line in the same pair of distinct inaccessible points 
given by 

Z® -(- 7® = 0, Z = 0. 

These points therefore have modified co-ordinates (1, t, 0), 
(1, — i, 0), which may easily be shown to be the same for all 
pairs of rectangular axes. The points are called the circular or 
absolute points of Em- It will appear later that the eircular points 
are of fundamental importance m relation to the metrical geometry 
of Eb, when we regard Eb as embedded in Em- 

A circle for which the radius r is zero is called a point-circle. 
In Eb the equation of such a circle represents a single point, 
namely {a, b) with the above notation. In Em, however, the 
equation represents two lines, namely those with the equations 

Y -bZ = i(X - aZ), Y -bZ= - i(X - aZ), 

which join the point (a, b, 1) to each of the circular points. These 
lines are called the isotropic lines through the point. The isotropic 
lines in Em form two pencils with vertices at the circular points. 

As in the case of a complex euclidean plane, we say that the 
two lines in Em with modified distance-co-ordinates n^), 

(Zg , »» 2 , n^ are perpendicular when l^l^ -j- = 0 Every 

isofropic line is perpendicular to itself. 

(iii) Algebraic curves and envelopes. 

(a) In a modified complex euclidean plane the set of points 
whose co-ordinates satisfy an equation of the form 4>n{X, Y, Z) = 0, 
where is a homogeneous polynomial of degree n in X, Y, Z and 
has real or complex coefficients, is called an algebraic curve of order 
n. A line is thus an algebraic curve of order 1. Algebraic curves 
of orders 2, 3, 4, . . . are known as contcs, cvbics, quartics ' 

If the polynomial ^ is reducible, in the field of complex num- 
bers, the curve is called redveible ; otherwise it is called irreducible. 
If an irreducible factor ^ occurs r times in the irreducible 
curve ^ = 0 is said to count r times as part of the curve ^ = 0. 
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Thus a reducible conic consists of a pair of distinct lines or of a 
single line counted twice. A reducible cubic consists of a line and 
an irreducible conic, or of three distinct lines, or of one line, 
counted twice, and another hne, or of one line, counted three 
times. 

In particular, the name ctrcZe is used further to describe any 
conic, reducible or irreducible, which passes through both circular 
points. 

(6) Algebraic curves are similarly defined for any of the other 
types of plane which we have considered In the case of an 
unmodified plane, the defining polynomial is, however, a non- 
homogeneous polynomial y) of degree n in the variables 
X, y. This may be expressed in the form ^„(x, y) = (}>n(x, y, 'l), 
where <f»n{x, y, z) is homogeneous and of degree n in x, y, z. 

The reducihility of an algebraic curve is defined relative to the 
field of numbers appropriate to the plane considered. In this 
connection it should be pointed out explicitly that while the poly- 
nomial Y, Z) may be reducible relative to the field of complex 

numbers, it may not be reducible relative to the field of real 
numbers. We have already had an example of such a poly- 
nomial, namely Y^\ in connection with this the come 

Z* -f y® = 0 is reducible m the modified complex euclidean 
plane and consists of two isotropic Imes but the come is irreducible 
in the modified real euchdean plane and consists of the single 
point (0, 0, 1) 

(c) In a modified complex euclidean plane, the set of lines 
whose co-ordinates satisfy an equation of the form ^(1, m, n) — 0, 
where is a homogeneous polynomial of degree n in I, m, n and 
has real or complex coefficients, is called an algebraic envelope of 
class n. Thus a pencil of hnes is an algebraic envelope of class 1. 
Algebraic envelopes of classes 2, 3, 4, . are known as conic- 

envelopes, cubic-envelopes or class-cubics, quartic-envelopes or class- 
quartics, ... * 

Reducible envelopes are defined in the same way as reducible 
curves. Thus a reducible conic-envelope consists of two distinct 
pencils or of one pencil counted twice. 

The definition may also be applied, like that of an algebraic 
curve, to the other types of plane. 

6. The principle of duality. 

In a modified euclidean plane, every statement regarding the 
incidences in a configuration of points, lines, curves, envelopes 
amounts to a statement regarding the algebraic relations between 
certain sets of point co-ordinates (X, Y, Z), sets of line co-ordin- 
ates {I, m, n), polynomials ^(Z, Y, Z), pol3momials tji{l, m, n). 
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If we now choose to regard each triad {X, Y, Z) as a set of 
co-ordinates of some hne, and each triad (Z, m, n) as a set of co- 
ordinates of some point, these algebraic relations amount to a 
statement regarding the incidences m a configuration of lines, 
points, envelopes, curves. Thus every theorem of the first kind 
is associated with a theorem of the second kind; each of these 
theorems is called a dwil of the other, and they are characterised 
by the fact that, except for their dual phrases, the same algebra 
proves both theorems. 

To proceed from a theorem to its dual, all that is necessary 
IS to substitute for certain phrases their dual phrases, according 
to the following scheme, in which the dual of any phrase is the 
one opposite. 

Tabu of dual phrases. 

Point. Line. 

Points of a line. Lines of a pencil. 

Line joining two points. Point common to two lines. 

Collinear pomts. Concurrent hnes. 

Curve. Envelope. 

Some examples of dual theorems have already occurred in the 
text. Two important examples are the following. 

There are precisely n points of There are precisely n lines of 
an algebraic curve of order n on an algebraic envelope of class n 
any line. in any pencil. 

Each of these theorems is an expression of the fact that, if 
is a homogeneous polynomial m the co-ordinates of degree n, the 
equation in A/ja 

^n(®iA + a.ji, -j- bgp, c^A + cji) = 0, 
has precisely n roots. 

If A, B, C are three points of If A, B, C are three lines of 
onejine, and A', B', C are three one pencil, and A', B', C' are 
points of another line, then the three lines of another pencil, 
three intersections BC ' . B'G, then the joins .of B C' to 
CA\C'A,AB'.A'B9Xo<io]Iaa.o&x. B' . C, of C . A' to C' . A, of 

A . B' to A' . B are concurrent 

The theorem on the left is well known as due to Pappus. A 
proof is given in section 12 (ii). 

A triangle is a figure of three points and the hnes joining these 
in pairs , the dual of a triangle is a triangle. • 

7. Review of Chapter I. 

It is worth while to pause here and remark on the general 
nature of what we have done so far. 
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Foremost is the fact that we are applying algebra to the study 
of geometry. It is therefore natural to stress most those aspecte 
of geometry which are represented by simple algebraic processes 
and also to seek to interpret geometrically any interestmg piece 
of algebra. 

The chapter is essentially devoted to laying the foundations 
on which to build a theory free, as far as possible, from statements 
of exception to generahty. 

In section 1 we have considered some aspects of the geometry 
of a real euclidean plane which are both of wide mterest and of 
basiR application later. 

In section 2 we extended the geometrical domain of discussion 
with a view to the mterpretation of complex numbers ; ultimately 
this permits us to make the important generahsation that two 
algebraic curves, of orders m and n, meet in mn points, when these 
are counted in a specified way. 

In section 3 we extended the geometrical domain further in 
order to avoid statements of exception in regard to parallelism 
and we introduced homogeneous co-ordinates, these being natur- 
ally adaptable to the new domain. 

In section 4 it was convenient to present the elementary ideas 
connected with the important algebraic concepts of gmup and 
field. The idea of group will frequently arise in later discussion 
where we shall find that we have to deal with various types of 
transformation, those of any one type sometimes forming a group. 
And we shall study the invariants of such a group, namely, the 
entities, numerical or geometrical, which are unchanged by 
effecting any of the transformations of the group. For example, 
at the end of section 1 we saw that distance is an invariant of 
the group of transformations defining the change of distance 
co-o^nates from one pair of rectangular axes to another. 

In dealmg with a real or complex euchdean plane, it is import- 
ant to appreciate that we are concerned with numbers drawn 
from the field of real numbers in the first case and from the 'field 
of complex numbers in the second case. In dealmg with a 
modified plane, the same statement applies so long as we restrict 
ourselves to homogeneous co-ordinates , but here, if we wish (and 
we shall do so) to use non-homogeneous co-ordinates or parameters, 
it becomes necessary to employ the number oo in addition to the 
numbers of the field. 

We are not obliged, from an algebraic point of view, to work 
relative to the particular fields of real and of complex numbers. 
A new kind of geometry arises if we work relative to a different 
field, as, for example, the so-called geometry, mentioned later 
in this book, which is associated with the field of residues modulo 
p, a prime number. 



CHAPTER n 

PROJECTIVE TRANSFORMATIONS. LINEAR 
GEOMETRY 

8. Bonds. 

(a) We consider here a modified real or complex euclidean 
plane, bearing in mind the appropriate number-system. 

•Let A, B \t6 two given points with respective triads of co- 
ordinates (Xi, y,, 2 i), (Xg, Vi, Zj) in an assigned co-ordinate system. 
(There is no longer any need to distinguish homogeneous co- 
ordinates by capital letters.) Every point P on the line AB may 
be assigned a triad of co-ordinates in the form (Ax^ -f- /ux,. 
Aj/i -|- iiy^, Azj -|- /iZj). We symbolise the relation between these 
three triads of co-ordinates by writing 


and call this relation a bond ; other writers say syzygy. 

(Note that we are now proposing to use a capital italic letter to 
denote either a point or a specific triad of co-ordinates of a point, 
and to put the symbol -f to a new use ; the context will always 
make clear which meaning is intended.) 

More generally, let P„P„...,Pn be any set of n points in 
the plane with the respective triads of co-ordinates (x^, y^, Zj), 
(* 2 , y 2 , 22 ). • • • . (*». yn, Z«). The triad 

(OiXi -f OjXj + ... + chfCn, a^i -f Ojt/a + . . . + o„y«, 

OjZi + a^Zz + ... + a«sfn) 

is eijbher the triad (0, 0, 0) or else is a triad of co-ordinates for 
some pomt P. In the first case we write 

OiP J -f- 02^2 H" • • • + OjiPn ^ 0, 

calling this relation a nul-bond ; and in the second case we write 

OiPj -f a^z + • - + OnPn ® P, 

caUing this relation also a bond. 

For brevity, we write A — B for A + {— l)B. Clearly, if 
A s B, then A — B ^ 0, and vice versa. And if A + B = C, 
then A s C — B, and vice versa. 

Three points A, B, C are in line if and only if they are in bond. 
For, if the points are in line, there exists a bond C a AA + pB, 
whence XA + pB — C ^ 0. Conversely, if XA + pB + vC m 0, 

45 
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we have C s —(X[v)A — showing at once that C is on the 

line AB. This is a most useful result. 

Ex. 1. Any four points are in bond. 

Ex. 2. If P = 6J3 — cC, Q = cC — aA, B = aA — bB, then 
P, Q, R are in line. 

(6) The concept of bond may also be applied to the triads of 
co-ordinates representmg hnes in an obvious manner. 

A most useful result is that three hnes are concurrent if and 
only if they are in bond. 

r 

9. Projeetivities. 

(i) Bilinear equations. 

(a) In this part of the section we draw numbers from the 
modified system of real or of complex numbers. 

An equation of the form 

QiXp, -j- bX “1“ (yx “1“ dt = 0, 

where the coefficients a, b, c, d are finite and not all zero, is called 
bilinear since it is hnear m each of A, ja. 

To every value of A corresponds a value of /x given by 

_ 6A + d 

^ ~ oA + c‘ 

This value of ft varies with A, and is different for every value of A, 
unless b’ d = a:c, when the value is fixed except when A = —cja, 
m which case the value of /x is arbitrary. Similar remarks apply 
when A is expressed in terms of ft. 

The bilmear equation is called singular when ad = be, non- 
singular when ad =t= be. Unless it is explicitly stated otherwise, 
we shall consider only non-singular bilinear equations. 

Ex. 1. If o + 0, then ft = — bja when A = « , and A = — c/o 
when ft = 00 . If o = 0, then A = oo when /x = oo . 

(6) The homogeneous equation in 9, <f> and 6', <ft' 

0' : f = -{bd -f d^) : {a9 + c^) 

where the variables range through the field of real or complex 
numbers, is equivalent to the bilinear equation written above 
when we put 

A = 9i<f>, ft = 

We may call this equation the homogeneous form of the non- 
homogeneous bilinear equation. 

(c) Let pfij + Sl + r7j-|-« = 0 
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® « 

be another non-singular bilinear equation, so that ps 4= qr. When 
^ = A, let Tj = A' ; and when ^ = /*, let = p. We prove that 
A', fi' are connected by a non-singular bilinear equation, 
which is sai(J to be the hayisform of aXp -|-6A-l-cji*-|-d = 0by 

Ph + 

We have 

^ _ rA' -f s _ r/t' + s 

therefore 

a(rA' -1- s){rp -|- s) — b{r\' + s)(jp.' -|- q) 

— c(pX' + -!-«) + d(pX’ -f q){pp’ -f g) ^ 0; 

that is ^X'p* -f- JiX' -|- Cp* Z) = 0 

where 

AD — - BC = (ar* — bpr — cpr -f dp^){a8^ — bqs — cqs + dq^) 

— (ars — bqr — cps + dpq)(ars — bps — cqr + dpq) 

= (ad — bc){p6 — qr)^ 

4 0 

(ii) Projectivity on a line. 

(a) We coiihider here a modified real or complex euelidcan 
plane. 

Let.^, jB be two points with co-ordinates (a^i, yj, Zj), (x^, ijz, s-i) 
respectively Every point on the Ime AB has a triad of co- 
ordinates of tlic foim (Bxi + + ^ 2 , Ozi -f z^), where 0 is a 

non-homogeneous parameter , tWe is one value of 6 to every point 
and vice versa. 

Let aXp -j- bX -(- cp -|- d = 0 

be a non-singular bilinear equation in the variables A, p. 

Then the point P, of parameter Op, may be said to be trails- 
formed, by means of the bihncar equation, into the point Q, of 
parameter 0<j, when tlie bilinear equation is satisfied by A = Op, 
p — Oq Every point on AB is transformed in this way into just 
one ^omt on tlie line and, conversely, every point on AB is the 
transform of just one point on the hne. The (1,1) transformation 
of the set of jioints on the hne mto itself thus estabhshed is called 
a projective travsjor motion or projcctxvity. Denoting the trans- 
formation by the symbol T, we indicate the relation between P 
and Q by writing T(P) = Q 

Further, the point P may be said to be transformed in the sense 
inverse to T, by means of the bilmear equation, into the point E, 
of parameter Op, when the bilinear equation is satisfied by /x = 0/, 
X- - Op Another projective transformation is thus estabhshed 
which we call the inverse transformation to T and denote by T~^. 
The relation between P and R is indicated by writmg T~\P) = R 
Clearly, T is the inverse transformation to T ~^ ; that is to say 

(y-lj-l jf, rp 

c 
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The parameters of T{JP) and of T~\P) are respectively 
— {bOp 4- d)l{a6p + c) and — (c6p + d)l{a6p + b). 

The definition of projectivity appears at first sight to depend 
on the pair of points A, B‘, we prove that this is not the case. 

Let C, D be any two points, with specified co-ordinates, on the 
line AB. There exist bonds 

A s a.fi -{■ ajZ), B s PjG -t- ^2-®* 
with ai : Oa + Pi ‘ P 2 ' Hence 

P s 6pA B= {Opct-i Pi)C -(- (flpoca + Pa)/), 

I Q = OqA -{■ B= (0q<Ki Pi)C (0e«2 -|- PalP- 
If, therefore, the symbols 0p'O -f- Z), 0q'O 2) also represent the 
points P, Q respectively, we have 

6p'(dpci2 + P 2 ) == -f Pi, 

0q'{0(1«^ + P 2 ) = ^(i“i + Pi* 

The bilinear equation 

T](ict2 4- Pa) = f«i + Pi 

is non-singular; hence, by part (i) (c) of this section, 0p', 0 q' are 
connected by a non-singular bilinear equation 

The projectivity T is thus expressed by a non-singular bilinear 
equation no matter which two points are taken to determine a 
parameterisation on the line. Moreover, by taking C at A and 
D at B, we see that T is expressed by a non-singular bilinear 
equation no matter what triads of co-ordinates, amongst those 
possible, are taken for the two points chosen to determine the 
parameterisation. 

(b) Since a bilinear equation is determined by the ratios of 
three of the coeificionts to the fourth, it follows that there is a 
unique projectivity m which throe given points, say with para- 
meters Ai, Aj, Ag, correspond to three given points, say with 
parameters pg, pg respectively. One form of the equation of 
this projectivity is obviously 


Ap 

A 

A* 

1 

= 0. 

AiPi 

Ai 


1 


A2/X2 

Aa 


1 


A3/X3 

A3 

/*3 

1 



A more useful form of the equation is obtained as follows. A 
liilmear equation m which A^, Ag correspond to pj, fi^ respectively 
is clearly of the form 

■^(^1 — ^)(P — P2) = -B(A — AalO*! — p) ; 
it makes Ag correspond to pg if and only if 

A(A, — Ag)(pg — Pa) = B(\^ ^)(Pi — Pa). 
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The required equation, obtained by eliminating A, B, is therefore 

(Aj — A3)(A — A 2 ) _ (^1 — /*3)(/* M 2 ) 

• (A3 A2)(Ai A) (/l8 M2)(/^1 m) 

It is often useful to take /ij, to bo 0, 00 , 1 respectively ; 
then the equation becomes 

(Ai - A3)(A - A, ) 1 
(A3 — A2)(Ai A) fi 

(iii) The group property of projectivlties. • 

(a) A projectivity has been defined by means of a bilinear 
equation connectmg two non-homogeneous parameters. It is 
more convenient here to use homogeneous parameters, all with 
reference to one specified pair of base points, and to regard a 
projectivity A as defined equivalently by an equation 

6 ”1" "I” ®22^' 


The point {6, <j\) is transformed by A into the point {S', <(>') ; 
we indicate this by writmg (S', ^') = A{d, <f>). The condition of 
non-singulanty is 

®13 I 

®2l ®22 I 

Let B be the projectivity defined by 

6 : = biiO -f- : b^iS -}- b^^^. 

Let A{^, 7i) = (!', 1 ,'), B{^', r}') = d", r,") ; 
then 

: 7}" = (fciifflii + ^i2®2i)f (^ii®i2 "t" ^ 12 * 22 )’? 

: &2202l)^ “H (^21®12 "I" ^22®22bj* 

Thus (f, Tj) is transformed into (f", t/") by the transformation C 
defined by the equation 

6 (f) = CiiS -f- : c^iS -j- 

where 

~ ^ 11®11 + ^ 12 ® 21 > *^12 ~ ^ 11®12 “ t " ^ 12 ® 22 > 

Cji = ^21®!! d" ^22®21> *'22 ~ ^21®12 ^22®22 

and 


Cll 

Cia 

= 


^12 

• 

“ii 

O 12 

■0 

C 23 


b^i 

^28 


®21 

®22 


=(= 0. 


Thus C is a projective transformation. It is called the product 
of A by B and is denoted by BA. 
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It is to be observed that the matrix of the coefficients of C is 
the product (in the sense of algebra) of the matrix of A by the 
matrix of B Note the order of the letters in BA. • 

The elements of a matrix of coefficients may aU be multi- 
plied by any common multiplier ( + 0, oo ) without altering the 
projectivity. 

(b) We now prove that, with respect to the rule of association 
just defined, the set of all the projectmties on the given line is a 
group. 

Sirst, the rule ensures that the product of two projectivities 
is a projectivity. 

The second group property to be demonstrated is that, for any 
three projectivities A, B, D, 

A(BD) = {AB)D. 

Let the matrix of D be 



Then it is easily verified that both A{BD) and (AB)D have the 
matrix 



where 

Cy =“ -(- 612^27) "1“ 

= (fillbli “H (®<1^12 ®I2^22)^27- 

The third grou}) property to bo shown is the existence of a 
projectivity X such tliat AX — B, that is to say that x^, 

Xji, *22 exist so that for some 6 ( + 0, 00 ), 



Forming the product matrix, we obtain the equations 
®ll^ll “h ®12®21 ~ ®11®12 ®12*22 ~ 

®21^11 ”1” ®22®21 ~ db^D ®21®12 H” ®22^22 ~ ^^22* 
These equations are satisfied by 

*11 ~ ® 22^11 ® 12 ^ 21 > *12 “ ® 22^12 ® 12 ^ 22 > 
, *21 — ®21^11 " I " ®11^21> *22 ~ ®21^12 " I " ®11^22' 

Hence X is the projectivity whoso matnx is the product 

/ ®22 — ^wV^ll ^12^ 

\ ~ ®21 ®11 A ^11 ^22 / 
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The first of these two matrices is proportional to the inverse of 
the matrix of A. 

Similarly, there exists a projectivity Y, with matrix 

/ fill fiia w ^22 “ ®i2 y 

\ ^21 ^22 l \ — ®21 ®11 

such that YA — B. 

(c) The identity element I of the group is the projectivity 
6' : <f>' = 6 : <f> with matrix 

(I n 

The inverse of the projectivity A (as defined in group theory) 
IS given by 

S ■ ^ “j~ ^11^ 

with matrix / Ojg — O 12 \ 

\ — ®ii /• 


(d) The group of projectivities is not abelian. In fact the 
product AB has matrix 

( ®ll^ll + ®12^21 ®llfil2 + ®12^22 \ 

\ ®21^11 + ®22^22 ®2lfil2 + ®J2^22 / 

which, in general, cannot be reduced to the matrix of BA by 
multiplying each element by any common factor 


Ex. 1 Taking projectivities to be defined by bihnear 
equations, show that 

( 1 ) the identity projectivity is given by A = ft ; 

• ( 11 ) the inverse of the projectivity given by the equation 
aXfi + fiA + Cft + d = 0 is given by aX/j, + fi/t + cA + d = 0, 
and is thus the same as the inverse defined in part (ii) of this 
section 


Ex, 2. The inverse of the projectivity given by the equation 


ji = 


pA + g 
rA + 5 


is given by /t = 


— sX + q 
rX — p 


Ex. 3 The equation of the projectivity T, in which the points 
with parameters 0, At, 00 correspond to the points with parameters 
0, m, 00 (two points thus remaimng unaltered) is A/i| = X^i. Show 
that the inverse of Ti is AA< + jxfi, = 0 and that the projectivities 
T„ Tj are commutative. 
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Ex. 4. The aggregate of projectivities on a line in which two 
given points correspond to themselves is a sub-group of the group 
of all projectivities on the line. 

Ex. 5. The projectivity given by aXfi -|-6A-|-qft-l-<i = 0is 
its own inverse if and only if 6 = c. 

(iv) The united points of a projectivity. — Since we have to deal 
here with a quadratic equation, possibly having complex roots, 
we consider only a modified complex plane ; but the reader will 
have no difficulty in decidmg how much of what is said apphes 
to %, modified real plane. 

A point which corresponds to itself in a projectivity on a ^ven 
line is called a united point of the projectivity. If the projectivity 
IS defined by the bihnear equation 

oiXfi b\ -f- Cjx -}- d = 0, 
the united points are given by the equation 

-f- (6 -|- c)A -|- d = 0 

In general, therefore, a projectivity has two distinct united 
points If (h -f- c)* = 4ad, there is only one united point and the 
projectivity is called parabolic ; both because the quadratic in A 
has a repeated root and because the parabohe case is a limit of 
the general case, we say that the united point counts twice for a 
parabolic projectivity or that there are two coincident united points 

A particular case, as regards the algebra, arises when a — 0 
The equation giving the united points is then to be taken as 
0 . A® -f (6 -f c)A + d — 0, the roots of which are oo and — d/(6 -f- c). 
If also b c = 0, the united points are given by 0 . A® -f 0 . A + 
d = 0 , the point for which A = oo counts twice as a umted point 
This interpretation may be seen to follow at once if the pro- 
jectivity IS defined in the homogeneous form by d' : =- 

— {bd -|- d<f>) ; (ad -)- c^). 

The quadratic in A winch gives the umted points is satisfied 
identically if and only ifa = 6-t-c = d = 0, that is if and only 
if the projectivity is identity. Hence, a projectivity with three 
or more umted points is necessarily identity 

Ex. 6. The equation of a projectivity having just two distinct 
united points with finite parameters a, p has the form 

A - p - - p 

with 4= 0, 1 or oo . 

If one united point has finite parameter a and the other has 
parameter oo , the equation has the form 

A — /* + k(fji — a) = 0, 


with k +0, 1 or 00 . 
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Ex. 7. The equation of a parabolic projectivity whose united 
point has finite parameter a has the form 

A — a fjL — OL k 

with k 4= 0, 00 . 

If the united point has parameter cso , the equation has the form 

A = /i + i 

with k + 0, 00 . 

Ex. 8. If U, V are distinct united pomts of a projectivity in 
which A, B correspond to A', B' respectively, there is another 
projectivity, also with U, V as united pomts, in which A, A' 
correspond to B, B' respectively. 

Ex. 9. If U IS the united pomt of a parabolic projectivity in 
which A, B correspond to A', B' respectively, there is a parabolic 
projectivity, also with united point at U, in which A, A' corre- 
spond to B, B' respectively. 

Ex 10. Two projectivities with the same pair of distinct or 
coincident united points are commutative (c/. Ex. 4). 

Ex. 11. A parabolic projectivity can have its equation ex- 
pressed in the form A/i -f- (a -|- P)A -f (a — p)/* -f a* = 0, the 
parameter of the united point being — a. 


(v) Periodic projectivities. 

(o) Let n be a positive integer. The nffe power of a projectivity 
T is defined inductively by the equalities 

yi = y, yn = yy* - ^ for « > i. 

Clearly y* is also a projectivity 

We prove that also yn = - ly for n > 1. This is obvious 

when » = 2 ; and when » = 3 we have y® = TT^ = T(TT) — 
{TT)T = y®y. We proceed inductively and now assume that 
the statement is true when n = m — 1 , then 


ym + 1 — yyiB — y^yym - IJ _ - V^p _ pmp 

Thus the truth of the statement when n = m — \ implies its 
truth when n = to + 1 ; it is true when » = 2, 3 and is therefore 
true for all n > 1. 

We define y® to be the identity projectivity I. Then — 
yyo _ yoy_ 

We define y'” to be the projectivity inverse to y", so that, 
yny-B _ p^pn _ / YfQ prove that y-“ = (y‘®)". This is true 
when » = 1 ; we assume that it is true when n = to — 1. Since 




- 1 


- X) — 




we have 
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Therefore 

Jt-m _ - lJl-1 _ 

The statement therefore follows by induction. > 

It may now be left to the reader to prove that, if r, « are any 
integers, positive, negative or zero, 

T" = (T'Y = 


{fh) A projectivity T such that T’^ = I, n being a non-zero 
integer, is said to be periodic If m is the least positive value of 
n for which T" = I, we call m the period, of 3’ 

Let — I , we prove that m divides k We may express k 
in the form qm r, where q, r are integers and 0 r < m. Then 
we have 

I = T* — T*™ '*■ ' = — pl'pr _ 

By the definitions of m and of T® it follows that r = 0 ; that is 
m divides k 

Thus every integral power of T is one or other of the pro- 
jeotivitios / = T“, T, T®, . . . , T'" ■ ^ This set of projectivities is 
clearly a sub-group of the sot of all the projectivities on the Ime 
It IS called the cyclic, sub-group generated by T , its order is m 


Ex 12. A necessary and sufficient condition for the pro- 
jectivity defined by aXp, 6A 4- c/x -f d == 0 to be (i) of period 
2 is 6 = c, (ii) of period 3 is 6^ + c® = ad -j- be 

Ex 13. A necessary and sufficient condition for the pro- 
jectivity defined by 6' <^' = -f 022<^ to be (i) of 

period 2 is -)- tt22 = 0, (u) of period 3 is ayya^^ + 

® 12®21 ~ ® 

Ex. 14 Let oj be a comjilex pth root of 1, where p is a prime 
number Prove that the piojectmty given by , 


has period p 


A — V. 


ft — a 
p — (i 


Ex 15 There is no periodic parabolic projectivity. 
easily proved by moans of the result of Ex. 7.J 


[This 18 


(vl) Involutions. 

' (a) A projectivity T of period 2 is called an involutory pro- 

jectivity or involution. It is self-inverse and is characterised by the 
property that if T{P) ;= Q then T{Q) = P for all points P. It is 
given by a bilmear equation of the form 

aAji -j- 6(A -{- /a) d — 0, 
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with b* 4> ad. Therefore it is determined by two pairs of corre- 
sponding points, which are now called mates in the involution. If 
the two pairs of mates have parameters Ai, ni and Aj, /ag the 
equation of J;he mvolution which they deterrnme is 

A/x. A + /X. 1 =0 

Aj/xj ^+H-2 1 

or (Mi — ^i) (A] /X2)(/x III) _ Q 

A ^ — A 2 /X- 1^2 

• 

The united points of an involution are called the double points 
of the mvolution; since 6® #= od they are always distinct. 

Ex 16. The equation of the involution whose double points 
have the finite parameters a, (3 is 

V' ~ ”1“ m)(“ + P) + “P = 0- 

If one double point has finite parameter a and the other has 
parameter 00 , the equation is 

\ p = 2x 

Ex. 17. A necessary and sufiScient condition that a pro- 
joctivity T should be an involution is that two distinct points, 
P, Q, exist such that P = T{Q), Q = T(P) 

Ex 18. The pairs of points P, P', Q, Q' , R, R' are pairs 
of mates in an involution if and only if there is a projectivity 
in which P, P', Q, R correspond respectively to P', P, Q', R' 

Ex. 19. An involution is determined by one double point and 
a pair of distinct mates or by the two double points. 

(6) A useful property of involutions on the same line is that 
any two have just one jiair of mates in common. If the equations 
of tlie involutions are 

uA/x -|- 6(A -j- jx) -|- d = 0, (z'Ajx -|- b\X -|- jx) -|- d* = 0, 

the common pair of mates is given by 

A/x . A -j- /X : 1 = 6d' — 6'd : da' — d'a • ab' — a'b 

and the parameters of the two points are the roots of the quadratic 
in X 

X- — X 1 =0. 

d b a 
d' b' a' 

If the parameterisation is effected so that the double points 
of one involution have parameters 0, 00 and those of the other 
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involution have parameters a, ^ then the common mates are 
easily shown to have the parameters ±(«P)*- 

(c) We prove that two involutions T, T' are commutative 
when the double points of either are mates in the other. 

Let the equations of T, T' be respectively 

aXfi 4- b{X 4- /i) + = 0, o'^ + b'(X + fi) d' = 0. 

The parameters of the double points of T are the roots of the 
quadratic ax^ -j- 2bx -j- d = 0; therefore these points are mates 
in T*‘ if and only if od' 4- o-'d = 266' ; by the symmetry of this 
result, the double points of T' are then mates in T. 

The equation of T'T is easily found to be 

X{a'd - 66') 4- {b'd - bd') 

^ ~ X(a'b - Ob') + (66' - adj 

Since a'd — 66' = 66' — ad', the equation may be rewritten as 

X{ad' - 65') + {bd' - b'd) 

^ ~ X{ab' - a'b) + (66' - a’d) 

which represents TT'. 

It IS to be observed that TT' is also an involution. 

The algebra is more expressive if we take the double points 
of T to have parameters 0, oo , so that T has the equation X+ii = 0 
The hypothesis then implies that T' has an equation of the form 
Xfi = k, (k 4= 0, 00 ). TT' = T'T is the involution given by 
Xfi k = 0 

(d) We prove that every non-involutory projectivity T may be 
expressed as the product T^T^ of two involutions. 

Let P be any point which is not a united point of T and let 
T-\P) = Q, T(P) — iZ, then P, Q, R are distinct points. * We 
take T^ to be the involution havmg P as one double point and 
Q, B aa & pair of mates 'Then 

T^T{Q) = T,{P) = P, T^T{P) = T^{B) = Q. 

The projectivity T-jT is therefore an mvolution, say T^- Therefore 

T = IT = T\T = Ti(TiT) = TJ'^. 

' If T is not parabolic we may take its united points U, V to 
have parameters 0, oo respectively and take P=U-{-6V. T has 
then an equation of the form X — kfi, {k <¥ Q, oo ) and T■^^ is given 
by Aja = 6^. Then T^ = T-jT is given by A/x = kd^. 

If T IS parabolic we may take its united point to have para- 
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meter so ; then the equation of T has the form X = {x k, 
(k^ 0, <x ) ). If P has parameter $, the equations of T^, are 
found to be respectively A -f /x = 20 and A + ja = 20 + 

(e) We deal now with a particular case of a theorem due to 
Luroth which is investigated later in the general case. 

The equation 

(o0* + 260 + c) + ^(a'0* + 26'0 + c') = 0, 

where o : 6 . c + o' 6' : c', determines two values of 0 for ^very 
value of ^ These values, say A, /*, of 0 are, in general, connected 
by an involutory bilinear equation We have 

(a + ^o')(A -j- ft) = — 2(6 + 

(o + <f>ci')Xft = c + <f>c ' ; 

therefore, eliminating (j>, 

2(o6' - a'6)A/i + (oc' - o'c)(A + ft) + 2(6c' - b'c) = 0, 

in which equation at least two coefficients are not zero. In order 
that the condition of non-singularity may hold, we require 

(oc' — o'c)® — 4(o6' — o'6)(6c' — 6'c) + 0 

which is the case if and only if the quadratic in 0 has no fixed 
root, mdependent of (f>. 

Conversely, let an involution be given with equation 
AXfi -|- B{X -j- ft) -j- 2) = 0. 

To every pair of mates with parameters A, ft there corresponds a 
number ^ such that 

, B(X + ft) = — — <f>, 

AXft = — + <j> 

Therefore A, ft are the roots of the quadratic in 0 

+ OB-HiD + <!,) + A-H- iD + ^) = 0, 

that is 

(2ABe^ -h ADe + BD) + 2(j,(A9 + B) = 0 

which is of the form stated at the beginning of this note. 

We have thus reached an alternative form in wliich to express 
the equation of an involution. This new form clearly indicates 
the fact that the pairs of mates in the involution are in (1, 1) 
correspondence with the points of a line, the unordered pairs of 
numbers A, ft being in (1, 1) correspondence with the numbers <f>. 
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Ex. 20. The equation of an involution whose double points 
have parameters a, — a may be put in the form {6 — a)® + 

<f,{e + a)® - 0. 

If the double points have parameters 0, oo the equation takes 
the form 0® + ^ = 0 , and if the double points have parameters 
a, p the equation takes the form {6 — a)® + ^(0 — p)® = 0. 

(vii) Projeetivitles between lines and pencils. 

(a) In parts (li), .... (vi) of this section we could equally 
well have taken the parameters A, p. to be the parameters of lines 
in the pencil determined by two given lines (li, n^), (l^, m^, n^, 
every line of the pencil having co-ordinates of the form (9l■^ -f 
dmy 6ni -1- nj)* dual way wo define projectivitiea, 

with their united lines, and involutions, with their double lines, 
in a pencil. 

The reader will benefit greatly by carrying out this process in 
the same detail as for a hne. 

More generally, by taking A to be a parameter attached to a 
variable point on one line or to a variable hne in one pencil and 
p to be a parameter attached to a variable point on another hne 
or to a variable line in another pencil, we may define prcjectmties 
between two different lines or between two different pencils or between 

(6) Lot A, B, bo three distinct 
points which are not in line and let P 
be a variable pomt on BC (Fig 14) 
The correspondence between P and the 
line ilP IS clearly (1, 1); we prove that 
it IS a projective correspondence Since 
corresponding elements are incident, we 
call this an incidence projectivity 

We assign to A, B, C the triads of 
co-ordinates {x^, y^, zf), (x^, y^, Zg), (2:3, 
1/3, Z3) respectively. Then we may take 
a triad of co-ordinates for P to be {Oxg -f Xg, 9y^ 1/3, 02^ -f 23), 

and a triad of co-ordinates for AP is consequently 
(0Z2 -f Z3, 0wi2 -1- m3. On, -f nfi where 

k = ViZi ~ h ^ J/iZs - y^i, 

WI2 “ ^1^2 ^3 ” ^1^3 

^2 " 37^7/2 ^2^1? % ” ^1^3 ^3^1* 

( 

Thus P corresponds to AP in the pro]ectivity whose equation 
IS A = p. 

(c) We give a generalisation of incidence projectivity. Let 
Ai, Ag, ..., An ho n points and Lo, L,, . . , U be n -f 1 lines, 


a line and a pencil. 



FlO 14 InCI HENCE 

Projectivity 
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such that A, does not lie on U _ ^ nor on U, for all i. Po, Pv 
, . . , Pn are tc + 1 variable points, one on each line taken in 
cwdor, such that Ai, P, _ j, Pi are in line, for all i (Fig. 15). Then 
we assert that Pq corresponds to Pn m a projectivity between 
1-0, Lb. 

Formally the proof is inductive; it may be condensed as 
follows. Let Pq, Pi, . . . , B„ and C/q, Cj, . . . , C„ be two sets of 
positions of Po, Pv...Pn respectively. Then, as in (6) above, 
we may assign co-ordinates m turn to Pq, Cq) 



Fio 16 — Obnbraused Inoidunce Pro.ibctivitv in the Case « = 8. 


Aj^Cq — A^CJ^i to ■^ 2^1 A^B^) A^G^ — A^^^^ » • • , 

to Bn, On so that if 

Pq = BBq Cq 

then, in turn, 

{A^Po) = e{A,Bi,) + (A, Co), 
p, = ePi + C, 

(A,Pi) ^ 6{A,B,) + {A,C,). 

Pn S BBn ~j" Cn- 

» 

Thus Pq corresponds to P„ in the projectivity between Lg and 
U given by Pg = APg -f C’g, A = /i, P„ = /aP„ + (?«. 

Ex. 21. State and prove the dual of the theorem in (c) above. 

Ex. 22. If, in (c), we take n = 2 and Lj to coincide with Lg, 
find the united points of the projectivity in which Pg corresponds 
to Pg 

• 

(d) An important special case of the theorem in (c) is when 
» = 1. The projectivity between Lg and Lj is called a perspective 
and Aj is called the centre of perspective (Fig 16). 

Dually, the correspondence between two pencils of lines deter- 
mined by corresponding lines intersecting on a given line A is 
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projective and is also called a perspective; the line A is called 
the axis of perspective (Fig. 17). 



Ex. 23. Lot A, B, C, D he four points, no three being in line 
Let P be any point on AD, then let points Q, R, 8, T, V, V 
be defined as follows : 

Q = BD.CP, R CD. AQ, 8 = AD . BR, T = BD . C8, 
U = CD AT, V = AD BU. Prove that V coincides with P by 
showing that the two points correspond in a projectivity having 
three united points 

If we take Ds A + B C and P s BA + B + C, show 
that we may take Q ^ BA + B + BC, R = A + B -{■ BC, 
8^ A -ir 6B BC, T ^ A + BB + C, U ^ BA BB C. 

[This configuration, in the case where 0 is a complex cube root 
of umty, IS discussed again in section 65,] 

10. Projective invariants: cross-ratio. 

(i) Cross-ratio. 

(a) An algebraic relation or geometrical entity which is un- 
changed by a particular projectivity is called an invariant of the 
projectivity; such, for example, are the united points. An 
invariant which does not depend on the particular projectivity of 
any group of projectivities is called an invariant of the group. If 
the group is the group of all projectivities between two sets of 
elements (for the present ; points of a line or lines of a pencil), 
the mvariant is called a projective invariant. 

[b) Let Aj, Aj, A 3 , Aj be the parameters of four dements of one 

set and p^, p^ be the parameters of the corresponding 

elements, in any projectivity, of the other set. 

Since the equation of the projectivity, regarded as determined 
by the first three of each set of four elements, is 

(^1 — ■^ 3 )(^ — ^ 2 ) ^ 0*1 — H-sKh- — F-i) 

(^3 — ^2)(^i — A) 0*3 — l*2)(/*i - /*) 

(Aj A3)(A4 — A 2 ) _ (/*! — /*3)(/*4 — M 2 ) 

{A3 — A3)(Ai — A4) {/X3 — Pi){p-i, — PiY 


we have 
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(^1 — ^ 3)(^4 — ^ 2 ) Qj. — ^3 / — ^4 

^ (A3 — A2)(Aj — A4) A3 — Ag / A4 — A3 

IS therefore a projective invariant, its value being unchanged when 
we substitute /ig, /ij, for A^, Ag, Ag, A4 respectively. This 
number is denoted by {Ai, Ag ; A3, A4}. The order of the numbers 
in this symbol is significant, Aj, Ag are called an associated pair ; 
so are Ag, A4. 

The number {Aj, Ag ; A3, A4} is called both the cross-ratio of the 
four numbers A^, Ag, Ag, A4, in the order written, and the cross^aiio 
of the four elements, m the same order, which these parameters 
represent. In order that the second definition should be signifi- 
cant, we must prove that the cross-ratio of the four elements is 
independent of the particular parameterisation set-up; this we 
now show. 

We may suppose that the four elements are points P-y, Pg, P3, 
P ^ ; the argument is similar m the dual case. Let, then. 
Pi = A,.d -\- B, i = 1 , 2 , 3 , 4 , with specified triads of co-ordinates 
for P„ A, B, and let C, D be any two points on the line, also 
with specified co-ordinates. 

There exist bonds A = u-fi -j- otgZ), B s PgP, with 

ai ; ag + Pi : pj, and therefore 

P« = (A,*! -f + (Ajag -h 3g)-D, » = 1, 2, 3, 4, 

Thus P, has also a triad of co-ordinates represented by A |'(7 -j- D, 
where 

Ai^Ajag Pg) = Ajixi -|- Pi. 

The non-singular bilinear equation 

A'(Aag -f Pg) = Aag -)- Pi 

therefore makes A^, Ag, Ag, A4 correspond respectively to Ai', Ag', 
Ag > A4 and so {Aj, Ag, Ag, A4} = {Aj , Ag , Ag , A4 }. 

The points C, D may be taken ai A, B respectively , then it 
follows that the cross-ratio (Pj, Pg; Pg, P4} is not only indepen- 
dent of the positions oi A, B but also of the triads of co-ordmates 
assigned to A, B. This cross-ratio is therefore dependent only on 
the points Py, Pg, Pg, P4 themselves. 

(c) It should be observed here that any non-singular bilinear 
equation pXX' -|- jA -|- rA' -f 5 = 0 gives rise to an alternative 
parameterisation on the line. A' being the new parameter corre- 
sponding to the old parameter A. Writing the equation in the 
form A'(Ap -+- r) = — gA — s, we see, by reference to the argument 
just given above, that this change of parameter is equivalent to 
a change of reference points on the line. 
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(d) Having remarked that the existence of a projectivity, in 
which the elements Pi, P^, P3, P* of one set correspond to the 
elements Qi, Qg, Qg, Q4 respectively in the other set, implies 
{Pi, Pg ; Pg, P4} = {Qi, ^2 ; Qay if is also important to observe 
that, conversely, if this equahty holds between the two cross-ratios 
then such a projectivity necessarily exists. 

The proof consists simply in that the equality of the cross- 
ratios is an algebraic statement of the fact that is the element 
corresponding to P4 in the projectivity which makes Pi, Pg, Pg 
correspond to Qi, Qg, Qg respectively. 

&x 1 . The hUinear equation in which Ai, Ag, Aj correspond 
to 00 , 0, 1 respectively makes A4 correspond to {Ai, Ag ; Ag, A4}. 

Ex. 2 . Verify that 

(0, 00 ; A3, A4} = A3/A4, { 00 , 0 ; A3, A4} = A4/A3. 

{Ai, Ag , 0, 00 } = Ai/Ag, {Ai, Ag , CO , 0} — Ag/Ai. 

Ex, 3 . {Ai, Ag , A3, A4 }{Ai, Ag , A4, Ag} = 1. 

Ex. 4 {Ai, Ag , Ag, A4 }{Ai, Ag , A4, Ag} = (Ai, Ag ; Ag, Ag}. 

(li) The six cross-ratios of four numbers. — Since four numbers 
can be permuted in twenty-four ways, it might be expected that 
twenty-four different cross-ratios could be derived from four 
numbers; in fact, only six cross-ratios may be derived Tlie 
various cross-ratios may bo classified as follows 

First, there are six sets of four equal cross-ratios For 
example, it is easily verified that 

{^l> ^2 > ^ 3 > ^4! ^l> ^1 > ^ 4 > ^ 3 }“{^ 4 > ^3 > ^ 2 > ^l) > 

that IS, a cross-ratio is unaltered when the two associated pairs 
are permuted, the orders in the pairs being preserved, and when 
the numbers are permuted simultaneously in the two associated 
pairs. Thus we need mvestigate only the six cross-ratios in which 
A4 stands first • 

Using the identity 

(Ag — AglfAj — A4) + (Ag — Aj)(A 2 — A4) + (Aj — A2)(A3 — A4) = 0, 

we may verify without difficulty that, if {Aj, Ag ; Ag, A4} = k, we 
have 

{Ai, Ag , Ag, A4} = k, {^i> ^2 > ^4> ^3} ~ 

{Ai, Ag, Ag, A4} =1 — k, {Aj, Ag, A4, Ag} = 1/(1 — k), 

(Ag, A4, Ag, Ag} = — (1 — k)/k, {Ag, A4; Ag, Ag} = — fc/(l — k). 

In general, these six cross-ratios are all different. Two are 

equal when fc = 0 ; then A^ = Ag or Ag = A4 or both equahties 
hold. Two others are equal when k — ao ; then A^ = A4 or 
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Aj = A3 or both As regards other values of k there are essentially 
two cases to consider. 

Ifk=l jk, we have A = ± 1. With k = 1, we have A^ = Aj 
or Ag = A4 or both With ifc = — 1, the four values of A are 
distinct and we have 


{Aj, Ag } Ag, A4} J ^31 ^4} {^IJ ^2 » ^4> ^3} {^ 2 f 9 ^ 4 > ^3} 

— {^3) ^4 ) ^1> ^2} = {^4) ^3 ) ^2} ~ {^3> ^4 > ^2> ^1} “ {^41 ^3 > ^l}' 


If, then, k = — 1 , the cross-ratio {Aj, Ag; Ag, A^} is unaltered 
by permuting the numbers m either of the associated pairs or by 
permuting the two pairs. We say that Aj, Ag are harmonic !dth 
respect to Ag, A4 and express this briefly by writing A^, Ag harm Ag, A4. 
We say also that A4 is the harmonic conjugate of Ag with respect 
to Ai, Ag and express this by writing A4 = (A^, And we say 

that the cross-ratio itself is harmonic. 

In virtue of the various permutations which leave a harmonic 
cross-ratio {A^, Ag; Ag, A4} unaltered, we have, of course, such 
relations as Ag, A4 harm Aj, Ag and Ag = (Aj, A2)/A4. 

The harmonic case arises naturally in connection with simple 
geometneal configurations and is of great importance. 

There is one other case of equahty amongst the six cross-ratios 
mentioned above, this occurs when k= — (1 — k) Ik; that is, 
when k = (u or where to is a complex cube root of — 1 Then, 
with either value for k, 


{^l> ^2 1 ^3> ^ 4 } “ {^ 1 > ^4 > ^ 3 } ~ {“^l’ ^3 > ^4> ^ 2 } 

— {^4> Ag , Aj, Ag} == {Ag, Ag , A4, Aj} 

= {^4> > ^3> ^ 2 } ~ {^2> ^4 > ^3> ^ 1 } 

— {^ 3 > I ^ 2 > ^4} ~ {^ 2 > ^31 ^I> ^4} > 

that is, the cross-ratio is unaltered by permuting cychcally any 
three of the four numbers, the fourth number being left unchanged 
Suclr a cross-ratio is called equi-anharmonic It has not the 
importance of the harmomc case since, if three of the numbers are 
real the fourth must be complex , thus the equi-anharmomc case 
does not occur in a real plane. 

(iii) Harmonic cross-ratio. — ^The relation {Aj, Ag ; Ag, A*} = — i 
may be rearranged, if the four numbers Aj, Ag, Ag, A4 are all finite, 
m the form 


(Al -h Ag)(A3 + ^4) ^fAjAg 4 - A3A4), 

which exhibits clearly the association between Aj and Ag and 
between Ag'and A4 and also the permissible permutations in the 
order of the four numbers in the symbol. 
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If Ai = 0 and Aj, A3, A, are finite and different from zero, the 
relation is {0, \ ; A3, A*} = — 1 which may be rearranged as 

2_i . i 

Aj ~ A3 ^ A4’ 

showing that then Aj is the harmonic mean of A3, A*. 

If Ai = 00 and Ag, A3, A4 are fimte,the relation is {00 , A2 ; A3, AJ = 
— 1 which may be rearranged as 

2A2 = A3 + A4, 

showing that then A2 is the ar.thmetic mean of A3, A4. In 
particular, if also A2 = 0, we have Ag = — A4. 

If Ai = — Aj and is neither 0 nor 00 , the relation is 
{Aj, — Ai ; A3, A4} = — 1 which may be expressed as 

A3A4 = Aj®, 

and then Aj is a geometric mean of A3, A4. 

In all cases, if Aj, Aj are the roots of pX^ + 2 qX r = 0 and 
if A3, A4 are the roots of p'X^ + 2 q'X + r' = 0, a necessary and 
sufficient condition for {A^, Ag , A3, A4} = — 1 is pr' + p'r == 2 qq ' , 
this IS easily proved. 


Ex. 5. Let Ai, A.^, Aj, A4 be fimte and correspond respectively 
to pi, /ij, /Lig, p^ in the appropriate substitution below. Then if 
the substitutions are respectively 

(1) fx = A — Aj, (hi) p = X — ^(Aj + Aj), 

(li) p=ll{X- Ai), (IV) p = {X- Ai)/(A - Ag), 

the cross-ratio {Aj, A.^, A3, A4} becomes (1) {0, P2] Ps, /14}, 
(ii) {00, p2, ps, Pi}, (lu) {—A:, +k,i „ p^} where k = ^(Ag — Aj), 
(iv) {0, 00 ; pg, Pi). 


Hence, or directly, show that, if Aj, Ag harm A3, A4, 


(i). (ii) 

(hi) 

(iv) 


Ag Ai A3 Aj A4 A] • 

( 2 A 3 Aj A2)(2A4 Aj Ag) = (Aj — Ag)*, 

~ 4. ^4 ~ Aj _ 

A3 — Ag A4 — Ag 


(6) An important property of involutions is that the double 
elements are harmonic with raspect to every pair of mates. 

If the double elements have fimte parameters a, p, the equation 

of the involution is 

« 

^ — i(A + /i){« + P) + ap = 0. 

Rearranging this as 

(A + p){<x. p) = 2(A/x -(- ap). 
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we see, by what has been said in (a) above, that the mates with 
parameters A, n are harmonic with respect to the double elements ; 
and the equation of the involution may be expressed concisely as 
{A, ja; a, p} *= — 1. 

If the double elements have parameters oo , a, the equation of 
the involution is 

A -f- /* = 2ec, 

this, we have just seen, is equivalent to {A, /i; oo, a} = — 1. 

Ex. 6. C7 is the united point of a parabolic projectivity T; 
P being any other point, 1^'{P) = P' and T{P) = P". £^ove 
that V. P harm P\ P" 


(iv) Metrical aspects of cross-ratio. 

(a) All that has been said about cross-ratio applies to a modified 
real euclidean plane, subject only to the hmitation to real numbers. 
We now discuss some metncal aspects of cross-ratio in such a 
plane. 

Let A, B be two accessible points with co-ordinates (z^, y^, Zj), 
(*21 ^21 * 2 ) -Pii » = 1. 2, 3, 4, be four points on the line 

AB , we start with co-ordinates for P< given by P< s \A B 
Since 2^22 =t= 0 , we choose a parameter 6 i for Pj given by 
0,22 = A, 2 i ; then P, has a triad of co-ordinates 




*2 


)• 


\ ' 2 i 22’ ’Zi Zz 

Referring to Joachimstal’s formulae, we see that this is a triad of 

co-ordinates for the point which divides AB in the ratio 1 : Oi, 

that is 6,APi = P<B or AP,{\ -j- 6t) = AB, provided that Pj is 
accessible. If P< is inaccessible, we have 6, = — 1 and we agree 

to say that P< divides AB extemdUy in the ratio 1 : — 1, though 
we db not go so far as to speak of a distance, sensed or unsens^, 

between Pj and any other point. y 

The equations connecting any two of A,, 9i, AP{ are bilinear 
and non-singular ; hence, for accessible points Pt, 

{Pi> P%\ •Ps* -^4} “ {^i» ^ > ^ 3 > ^4} ~ ^4} ~ 

{AP^.AP; AP„AP^. 


Since the cross-ratio is independent of A, by taking A at Pi we 

see that each of these expressions is equal to [0, P,P2,P2P3,P2P:} 
which is the same as 
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In particulapT, if {P^, Pj ; P^, P^} = — 1, we have 



= = = + —. 
P,P, P,P3 PiP* 


and, if 0 is the mid point of Pv P,. 

. ^3 . OP4 = OPi^ = OP^'. 

If one of the four points, say Pj, is inaccessible, we have 

« {P i> -^2 » -^a* -^4} ~ ^ > ^31^4} 

0 , — 0 , ' 0 , — 0 . 


= PiPJPiPt, 

and therefore, if {Pj, Pj; P3, P4}= — 1, we have PiPst- 
P1P4 = 0 or P3P1 = P1P4, so that P^ is the mid point of P3, P4. 

(6) In view of the last result, we define the mid point of two 
accessible points A, h in a modified complex plane to be the point 

0 = (A, B)jU, where U is the inaccessible point on the line AB 
If we assign co-ordinates (x^, y,, 1), (x^, y^, l)io A, B respectively^ 
then a triad of co-ordinates for O is (J(Xi -f Xj), -|- y^, 1) , 
with these triads 0 = ^(A -j- B). 

(v) Cross-ratio of four lines. 

(a) We remarked above that the theory of cross-ratio applies 
also to sets of four lines in a pencil 

The equations of four such lines Lj, Lj, Lj, L4, in a modified 
real or complex plane, may be taken in the form p -f Xtp' = 0, 

1 = 1, 2, 3, 4, where p^ lx my -\-nz = 0 and p' = I'x m'y + 
n'z — 0 are the equations of two lines of the pencil. Then 
we have 

{Li> Lji i-S) L4} = {Aj, A2; A3, A4}. 

A useful case of this equality is that the lines given by p = 0, 
p' = 0 are harmonic with respect to the lines given by p -{-'Op' — 0, 
p — dp' — 0 ; we have, in fact, {0, 00 ; 0, — 0} = — 1. 
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(6) Let four concurrent lines L,, Lj, Lg, Lg meet two trans- 
versals respectively in the sets oi points P^, Pg, Pg, Pg and 
Qit Qn Qn Qi- Prom the incidence projectivities involved, we 
see at once that 

{Pi) P2> -^3) -^ 4 } ~ ^3) ^ 4 } ~ {Qlt Q2> Qs’ ^ 4 }" 

Dually, if four collinear points Pj, Pg, Pg, P4 are incident 
respectively with two sets of four concurrent lines Lj, Lg, Lg, Lg 
and Ml, Mg, Mg, M4, then 

{Li, Lg; Lg, L^} = {Pi, Pg; Pg, P4} = {Ml, Mg ; Mg, M4}. ^ 

(c) In a modified real euclidean plane let L, L' be two lines 
meeting in an accessible point, and let B, B' be respectively the 
bisectors of the angles {L, L'} and {L', L} (Fig 18 ). We prove 
that L, L' harm B, B'. 



Fio 18. — The Bisectors of the Angles between Two Lines. 

Let U be the inaccessible point on B'. Any other line through 
U meets L, L' in jioints L, L' and B in the mid point B of L, L' 
Therefore L, L' harm B, U ; and hence, by incidence, L, L' harm 
B. B'. 

Conversely, let L, L' and B, B' be four lines concurrent at an 
accessible point , then, if B, B' are perpendicular and L, L' harm 
B, B', the hncs B, B' are the bisectors, in some order, of {L, L'} 
and {L', L}. The proof amounts to a reversal of the argument 
just given. 

(vi) Cross-ratio in relation to angles. 

(o) We consider a real euclidean plane B and its covering 
modified complex plane Em- In P we take a system of distance- 
co-ordinates X, y relative to a pair of rectangular axes; and in 
Em we take the associated system of modified co-ordinates X, Y, Z. 

Let L, L' be two intersecting lines in E. For simplicity, we 
may assume that the origin has been taken at their common point 



68 THE ALGEBRAIC GEOMETRY OF A PLANE §10 

and that the axes are different from both lines. The equations 
of L, L' are then of the form y = mx, y — m’x respectively, with 
0 + mm' =# 00 . 

If B denotes the angle {L, L'}, by section 1 (x) .we have 
tan Q = (m' — m)/(l + mm'). 

The lines L, L' are covered by two lines Li/, respectively in 
Eu, these having equations Y = mX, Y = m'X. Through their 
common point pass two isotropic lines I, I' with equations 
Y s= iX, Y = — tZ. And we have 

* {Li/, L^, I, I'} = {m, m' , t, — i} 

_ (m — i){ — 1 — m') 

“ (i — m'){m + i) 

_ (1 + mm') — t(m' — m) 

(1 -|- mm') + »(m' — m) 

cos 6 — i sin 9 

~ cos 9 + %sm 6 

_ g-2«a _ g-2i(e+te)^ 

where k is any integer 

Thus all the angles from L to L', in the sense of section 1 (x) 
are the roots of the equation in (f> 

= {Li,, 1, 1'}. 

Alternatively, we may wnte 

<L, L'> = itLog{Li,, L;,; I, I'}. 

Since e-*” = — 1, we have the important result that a necessary 
and sufficient condition that L, L' should be perpendicular is that 
Lj,, Vj^harm I, I'. 

(6) Now let L, L' denote any two hnes in a modified complex 
euclidean plane which meet in an accessible point and let f, I' be 
the isotropic lines through their common point , it is to be specified, 
arbitrarily, at the outset, which circular point is to be contained 
by I and which by I'. 

Every value of Log {L, L'; I, I'} is called an interval from L 
to L' ; and any two values differ by an integral multiple of tt. If 
L, L' cover real lines in the embedded real plane, it is clear that 
every interval from L to L' is also an angle from one real line to 
the other and vice versa-, but the corresponding real lines will 
appear in the same order as L, L' only if I contains the appropriate 
circular point. 

If M, M' are two other lines, intersecting in an accessible point, 
such that {L, L'; I, I'} = {M, M'; I, I'}, we say that the intervals 
from L to L' are equal to and have the same sense as the intervals 
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from M to M'. We say this because, if all four lines L, L', M, M' 
cover real lines, it then follows that the angles from the real line 
under L to the real line under L' have the same sense as the 
angles from the real line under M to the real line under M'. And, 
for a similar reason, if {L, L'; I, I'} = {M, M'; I', I}, we say that 
the intervals from L to L' have the opposite sense from the intervals 
from M to M' 

On the basis of these ideas, we define two configurations in 
the complex plane to be directly similar (or contra-similar) if the 
elements of one figure may be put in (1, 1) correspondence with 
the elements of the other figure m such a way that corresponding 
intervals are equal and have the same (or opposite) sense. This 
definition agrees with the usual definition for a real euclidean 
jilane. 

In further developments of the theory, it is the cross-ratio 
(L, L', I, 1'} which IS significant rather than the logarithm or 
interval 

(c) The lines L, L' are said to be perpendicular if L, Vharm I, I'. 
Since the values of Log (—1) are the odd multiples of m, all the 
intervals from L to L' (as also those from L' to L) are of the form 
W -f kn, where k is an integer. The definition thus agrees with 
fhe usual definition of perpendicularity for real lines in a real 
euclidean plane 

If a system of co-ordinates is chosen as m (a) above, let L, L' 
have equations respectively 

IX mY -f- nZ = 0, I'X m'Y n'Z = 0, 

the coefficients being now real or complex. Then I is given by 

(ZZ + m r nZ) 9 (I'X — m'Y -f n'Z) = 0 

where 

(I -1- mj) 4- HI' + rn'j) = 0; 

here j is one of the square roots of — 1. The equation of I' is 
obtained by replacing j by — j. Hence 

-1 = {L, L'; 1,1'} 

= (0, oo ; —(1 + mj)l(l' -I- m'j), — (I — mj)l(V — m'j)) 
__ (ir 4- mm') — (Im' — l'm)j 
~ (W -f mm') -f (Im' — l'm)j ’ 

and therefore W 4- mm' = 0. 

Thus the relation W -f- mm' = 0, already familiar in connection* 
with a real euclidean plane, continues to express a necessary and 
(obviously) sufficient condition for L, L' to be perpendicular. 
And we ^d, in fact, use this relation in section 2 as a definition 
for the perpendicularity of lines in a complex euclidean plane. 
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{d) Consider now any two non-parallel lines L, L' and the two 
involutions in the pencil of hnes containing L, L', one having 
L, L' as double lines and the other having I, I' as double lines. 
These involutions have a common pair of matei| B, B', which 
are perpendicular since B, B' harm I, I'. 

If L, L' cover real lines in the embedded real euclidean plane, 
it follows that B, B' cover the bisectors of the angles between these 
real lines. For this reason we may here call B, B' the bisectors 
of the intervals from L to L' and from L' to L. 

If we parameterise every line in the pencil by giving it an 
equation of the form 

(IX + my + + m'Y + n'Z) = 0, 

the equation of the involution havuig L, L' as double lines is 

A -f- /I = 0, 

and the equation of the involution having I, I' as double hnes is 


A/i + i(A + fi)(^ 


I + mj 
I' + m'j 


, i — l^ + rn _ 

- in 7 / 


Hence the parameters of B, B' are given by 


A + /! = 0, 


Xfi -|- 


^ 


and are therefore ± (Z* -f m*)*(Z'* m'^)~ *. Thus the equations 

of B, B' are 

IX + mY + nZ , I'X + m'Y + n'Z ^ 

(P + TO*)* ^ (/'* -f to'*)*' “ "• 


11. Generalised homogeneous co-ordinates. 

(i) The generalisation. 

(a) We consider a modified euclidean plane which ra/iy be 
real or complex ; numbers belong to the appropriate field of real 
or complex numbers 

In a given system of modified co-ordinates, let (x, y, z) be a 
triad representing any point P. The equations 

X : T : Z = a^x + biy + CjZ . a,x + b^y -f c^z . + b^ c^z, 

in which the coefficients are restneted so tliat 



61 Cl 
Og Cj 
63 C3 


4 = 0, 


determine a terset [X, Y, Z], any of whose triads is called a triad 
of generalised homogeneous co-ordinates of P. 
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Since A % 0, the equations are reversible, in the form 


1 a'iX + A,r + A^Z : B^X + B^Y + B^ : C^X + C^Y + C,Z, 
where is the co-factor of in A, and so on, and 


Ai A^ A^ 
By B^ B^ 

Cy C, C, 


= A® =(= 0. 


The tersets [x, y, z], [X, Y, Z] are in (1, 1) correspondence. 
Therefore any triad (X, Y, Z) of the ter-set [X, Y, Z] serves 
equally as well as (x, y, z) to specify the jioint P, Since A 4= 0, 
there is no point for which X = F = Z = 0. 


(6) In the new system of co-ordinates, a line is still character- 
ised % a linear equation In fact, if the hne is represented in 
the old system by 

lx -f- my nz = 0, 

it is represented in the new system by 

LX + MY + NZ 0, 

^v here 
L.M N 

= A -J. B^m + CyTi : AJ, -f B-^m + C^n . A^l + B^m + C^n. 

We call (L, M, N) a triad of gejierahscd homogeneoue co- 
ordinaits of the hne 

The equation of the inaccessible line in the new system is 
C\X + C,Y + C^Z = 0 


(c) Since the new co-ordinates are proportional to linear 

homogeneous poli’iiomials in the old co-ordinates, it follows that 
every point P on the hne joining the points A, B, with assigned 
new co-ordinates (X,, Yy, Zy), (X 2 , I'j, Z^) respectively, has 
co-ordinates of the form (AX^ -f /iX,, + /aFj, XZy -f /iZj); 

and we can continue to express this fact by a bond P s AA -j- fiB 
A similar statement applies to hnes. 

(d) The lines X==0, Y = 0,Z = 0 form a triangle , that they 
are not concurrent follows at once from the fact that A #= 0. 
This triangle is called the fundamental triangle or triangle of 
reference ot the system of generalised co-ordinates. The point 6 
for which X:F:Z = 1:1.1 is called the unit point of the 
system ; and the line U which L:jlf:iV=l:l:lis called the 
unit line. The triangle ABC and unit point U together constitute 
a frame of teferenre for the system of generalised co-ordinates. 
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A system of generalised homogeneous co-ordinates is deter- 
mined uniquely by prescribing a fundamental triangle and unit 
point (which, of course, must not lie on any side of the fundamental 
triangle). In fact, if in any of the old co-ordinate systems, the 
sides of the given triangle have the equations OiX -f- CjZ = 0, 
i = 1, 2, 3, and the unit point has a triad of co-ordinates (p, q, r), 
we simply put 

X:Y:Z 

= -I- bjy + c^z) : OjCoja: + + c^z) : -f 63^ -f Cgz) 

where Oi = {a,p -}- 

(c) Let A, B, C he the vertices of the fundamental triangle 
respectively opposite to X = 0, Y = 0, Z = 0, these lines being 
named A, B, C. We may assign to A, B, C the co-ordinates 
(1, 0, 0), (0, 1, 0), (0, 0, 1) respectively , then if a point P is assigned 
the triad (X, Y, Z), we have the bond P = XA + YB -|- ZC. 
Similarly we may assign to A, B, C the same triads of line- 
co-ordmates , then if a line L is assigned the triad (L, M, N), we 
have the bond L = LA + MR -f NC. 

(/) If in (o) above, the co-ordinates x, y, z are modified distance- 
co-or^nates, the plane now being supposed real, wo may observe 
that X, Y, Z are proportional to certain multiples of the algebraic 
distances of P, in the case of an accessible point, from the linos 
A, B, C. If these algebraic distances are dj, d^, dj respectively, 
we have, for such a point, 

X :Y :Z — dj.-v/oi* + 61* : -|- 62® ' dg.-v/og* -f- 63®. 


(ii) Cross-ratio in relation to generaiised co-ordinates.— With 
the notation of part (i), let a particular 
point Q have a triad of co-ordinates .(Xj, 
y,, Z,) Then the four hnes AB, AC, AU, 
AQ (Fig 19) have the equations Z = 0, 

y = 0, y - z = 0, yzi - ZYi = o, 

respectively. Regarding these equations 
as being all of the form Y -f AZ = 0, we 
see that {AB, AC , AU, AQ}, which we 
„ „ abbreviate to A{B, C-, U, Q}, is equal to 

{«,o. - 1. - r./z.}, which 

.BuERim:.. Thus, and m a aimilar way, 
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Similarly, if a line Q has a triad of co-ordinates [L^, Mi, Ni), 
we have 

A{B, C; U, Q} == MJNi, 

B{C, A; U. Q} = 

C{A, B; U. Q} = 

where, for example, A{B, C ; U, Q} is short for { A . B, A . C ; A . U, 
A . Q} and A . B stands for the point common to the lines A, B 

(ill) Change of frame of reference. — ^Let (Z, Y, Z) be general- 
ised co-ordinates of a point P relative to the fundamental 
triangle ABC and unit point U ; and let (Z', Y', Z’) be genwal- 
ised co-ordinates of P relative to the fundamental triangle A'B'C‘ 
and unit point JJ' 

X, Y, Z are proportional to linear homogeneous poljmomials in 
X, y, z (with the notation of part (i)), and x, y, z are proportional 
to linear homogeneous polynomials in X', Y', Z', each set of 
polynomials being a linearly independent set. Therefore X, Y, Z 
are proportional to linearly independent linear pol 3 momial 8 in 
X', Y\ Z ' , and, similarly, the converse is true. Thus the two 
sets of co-ordinates are connected by equations of the form 

Z ; y : Z = OLiX' + p^y' -h YiZ' : OjZ' -j- p^y' -f YiZ' 

: 0C3Z' P3y' + Y^'> 

where A= aj p^ yi + 

*2 P2 Yi 

«3 Pa Y 3 

which are reversed by 

Z' : r : Z' = A,X A^Y -|- A^Z ■ B^X -f B^Y + P,Z 

rriZ-j-r^y-f-rsZ, 

where Ai is the co-factor of in A, and so on. 

Conversely, every such transformation corresponds to a change 
of fr/ime of reference. Similar remarks also apply to line- 
eo-ordinates. The proofs may be left to the reader. 

(iv) Trilinear and areal co-ordinates. — We refer here to a 
modified real euclidean plane, and consider two particular systems 
of generalised homogeneous co-ordinates. 

We have remarked that the co-ordinates Z, y, Z of an 
accessible point P are proportional to certain multiples of the 
algebraic distances of P from the sides of the triangle ABC. We 
now denote these distances by Og, Po, yg respectively after first 
arranging that ag is positive for A, Pg for B, and y, for C (Fig. 
20). Then, if A now denotes the area of the triangle ABC, a the 
unsensed distance \BC\, b \CA\, and c \AB\, we have 

ooo + 6po + cyo = 
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and X : Y : Z = uolq : v% : wy^ 

where u, v, w are non-zero constants. 

If we choose the unit point to be at the in-centre of the triangle 
ABC, we have there = Po = Vo = 1 and therefore u = v = w. 
X, Y, Z are then called trilinear co-ordinates of P and are usually 
denoted by a, p, y. 


A 



Pig 20 — Tkiliiteab Co-ordinates 


If we choose the unit point to be at the centroid of the triangle 
ABC, we have there «o ' Po • Vo = and therefore 

u . V : w = a b : c. X, Y, Z are then proportional to the areas 
(sensed in an obvious manner) of the triangles PBC, PC A, PAB, 

and are called areul co-ordinates 
(Fig 21). 

Ex. 1. The locus of a point, 
the sum of whose algebraic 
distances from BC, CA, AB is 
constant, is the accessible part of 
a line. [The relation «□ + Po + 
y^ — k is equivalent to 2A(ao 
+ Po + 7a) = ^(«3to + 6po + cyo) , 
the equation of the line is there- 
fore 2A(a -j- P “t" y) ~ k{att -|- 

Ex. 2. The tnlmear equation of the inaccessible line is 
oa -f ftp -f cy = 0. [Observe that the equation of the median 
through .4 is ftp = cy and that, therefore, its harmonic conjugate 
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with respect to AB, AG has the equation 6p + cy = 0 : this is 
the line through A parallel to BC. A line through the common 
inaccessible point on BC and this parallel is given by aa + + 

cy = 0 ; by symmetry this line passes through the inaccessible 
points on CA,' AB\ it is therefore the inaccessible line.] 

Ex. 3. The areal equation of the inaccessible line is 

x + y + z = 0. 

Ex. 4 A necessary and sufficient condition for the lines with 
trihnear equations la. + m|3 -j- «y = 0, 1'a + m'jj -j- n'y = 0 to be 
parallel is 


I m 
V m' 
a b 


n 

n 

c 


= 0 . 


What is the corresponding condition relative to areal co- 
ordinates » 

Ex 5. The algebraic distances of A, B, C from a line are 
respectively /, g, h. Prove that the trilinear equation of the line 
is faa -f gb^ + hcy = 0. 

Further remarks on trilinear co-ordinates will be found in 
section 37 


12. Some linear configurations. 

We are now ready to apply the algebraic prehminaries which 
have been sot out in the preceding sections It is natural first 
to consider configurations of points and lines, those being associ- 
ated with the algebra of linear homogeneous equations. What we 
have to say in this section apphes equally to modified real and 
complex euclidean planes. 

(1) Desargues’ theorem for triangles in perspective. 

{n) Two triangles ABC and A'B'C such that AA', BB', CC 
are concurrent in a point 0 are said to be m perspective from 
O. Desargues’ theorem is that the points P = BC . BC, 
Q = CA . O' A', R — AB A'B' are in line (Fig 22). 

We choose any sj'stem of homogeneous co-ordinates and refer 
to s])ecific triads of co-ordinates for A, B, C, 0 Then we may 
take A' ^ A + aO, B' = B + bO, C' = C + cO, for some a, b, c. 
P is on B’C and therefore is represented by a symbol of the form 
X{B + bO) -f p{C cO) , P is also on BC and therefore this 
symbol depends only on B, C and not on O ; hence A6 -f- /iC = 0, 
and we may take a particular triad of co-ordinates for P so that 
P=b~^B—c-^C. Similarly, we may take Q — crH^ — a'^Af 
R s a~^A — b~^B. Thus P -|- Q -f = 0 , and so P, Q, R arc 
in line 

0 is called the centre of perspective and PQR the axis of per- 
spective of the tw'o triangles. 
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Ex. 1. In the figure of Desargues’ theorem, take ABC as 
triangle of reference and show that the equation of PQB is 
<tx by cz = 0, using the notation of the text. 

Ex. 2. Three triangles ABO, A'B'C, A''B"C" are in mt- 
speotive from one point; taken in pairs they aetermine tiuree 
axes of perspective ; prove that these three axes are concurrent 

(6) The converse of Desargues’ theorem is as important as 
the direct theorem, of which it is in fact also the dual. The 
proof may therefore be adapted from the argument in (a) by using 
the symbols for hnes just as we there used the symbols for points. 



Another proof rests on the direct theorem, as follows. We 
start with the points P — BC . B'C, Q = CA C'A', B = AB . A'B' 
in line and observe that the triangles BB'R and CC'Q are in 
perspective from P. Therefore the points A = BB . CQ, A' = 
B'B . C'Q are in line with the common point of BC, B'C. 

(li) Pappus’ theorem for triads of points on two lines. 

(o) Let P, Q, B be three distinct points on one line and 
P', Q', B' be three distinct points on a different line, none of these 
six points being at the common point of the two lines. Pappus’ 
theorem is that the points F = QB' . Q'B, O = BP' . B'P, a = 
PQ' . P'Q are in line (Fig. 23). 

Let the two given Imes be AB, AC respectively and let us 
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refer to specific triads of co-ordinates for in any system 

of homogeneous co-ordinates. Then we may take P s pA + B, 
P' s p'A -f C, and so on. 

F has symbols of both the forms a(qA + B) -f- b(r'A -j- C) and 
c.(q'A + <?)-}- 'd{rA -f B). Therefore 

aq -f br' _a _b 
cq' -{• dr ~ d~ c' 

from which c{q' — r') = d(q — r). Hence, we may take 

F = (qq' _ rr')A + (q' — r')B + (q — r)C; , 

and, similarljs 

G s (rr' — pp')A + (r' — p')B -f- (r — p)C, 

H = {pp' — qq')A -f- (p' — q')B + (p — q)C. 

Therefore F + 0 + H s 0; and F, 0, H are in line. 



(6) A particular case of interest is when the lines PP', QQ', 
BB' are concurrent in a point O. If then we choose B, C to be 
in line with 0, we easily find that p'jp = q' jq = r'jr = 6, say, 
and 

(g _ ry-^F = e{q + r)A + {OB -f C), 

(r - p)-^0 s e(r + p)A + (6B + C), 

Ip _ qyi£i = e{p + q)A + (OB + C). 

In this case, then, F, O, H are all on the line joining A to the 
point O’ ^6B C. Further, it may be verified that Os ~ 6B -y 
C\ hence O, O' harm B, C. Thus, the axis of perspective is. 
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in this case, the harmonic conjugate of AO with respect to AJB, 
AO (Fig. 24). 



(c) Tlic dual of Pappus’ theorem is as follo\vs. Let P, Q, R 
be three distinct lines of one pencil and P', Q', R' be three distinct 
lines of a dilferent pencil, none of the six lint's being the common 
line of the two pencils. Then if F joins Q . R' and Q' . R, G joins 



Fro. 2S. — FiausE fob the Dual of I'appus’ Theoreic. 
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R . P' and R' . P, H joins P . Q' and P' . Q, the lines F, G, H are 
concurrent (Fig. 25). 

Using the symbols of lines, the algebra of the proof is the same 
as m (a). The reader should carry out the proof and consider 
the particular case corresponding to (6). 

Ex. 3. Obtain a theorem for a euclidean plane by considering 
the case of Pappus’ theorem when R, R' are both inaccessible. 
Another theorem of interest arises from the dual of Pappus’ 
theorem when the vertices of the two pencils are inaccessible. 

(ill) Geometrical construction for a harmonic conjugate. The 
harmonic poiar line of a point relative to a triangle. 

(a) Let B,C,A' be three points m hne ; we give a geometrical 
construction for the point (i>, C)IA'. 



Fio 20 — Construction of a Harmonic Conjuoatb. 

Let (Fig 2fi) A be any point, not on BC , and on AA' let U 
be any point, not at A ot A'. Let BU meet CA at B’, CU meet 
ABaXC'. jB'C' meet BU at A". Then A" is the required point. 

To prove this we remark that m any system of homogeneous co- 
ordinates there is a nul-bond of the form aA + 6B -f- cU-}- uU = 0 
This may be expressed in the form bB + cC = — aA — uU , each 
side 111 this bond is a symbol for one point which, being on both 
BC and AU is A'. We may therefore take A' = bB + cC , and, 
similarly, B' = cC aA, C" s aA -f bB. 

A”, being on B'C', is represented by a symbol of the form 
A(cC + 0-4) + fi(aA bB); smee A" is also on BC, we have 
A + /a = 0. Therefore, we may take A" = bB — cC, which last 
is a symbol for the harmomc conjugate of the point with symbol 
bB + cC with respect to B, C. 

(b) Now (Fig. 27) let ABC be any triangle and V be any point, 
not on any side of the triangle. Let AU, BU, CU meet BC, 
CA, AB respectively in A', B', C and let A" = (B, C)IA', 
B" = (U, A)IB', C = {A, B)IC’. We prove that A'\ B", C" 
u 
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are in line ; their line is called the harmonic polar line of U relative 
to the triangle ABC. 

In any system of homogeneous co-ordmates there is a nul- 
bond of the form aA 65 + cC7 + uU = 0. Just as has been 
explained m (a) above, we may then take A” = hB — cC7, 
B" s cC — aA, C" — aA — bB. Consequently A" + B” + 
C s 0 ; and therefore A”, B", C” are in line. 

Ex. 4. Taking ABC as fundamental triangle and U as the 
point {X, Y, Z), show that A', A" have co-ordmates (0, Y, Z), 
(0, Y, — Z) respectively, and that the line A"B"C'' has co- 
or^ates (Z~^, Y-^, Z-^). In particular, if 17 is the unit point, 
A''B"C" is the unit hne and vice, versa. 



Ifi) Before going further, it is convenient to introduce a 
common notation. 

Let there be a projectivity between two sets of elements 
(which in either set may be all pomts on a hne or all lines in a 
pencil) such that the elements a, p, y, ... in one set correspond 
to the elements a', p', y', . . . respectively in the other set. We 
express this relationship by writmg 


(*> ■••) A (<x , p > y »•••)■ 


In particular, if the elements are points on two lines and the 
projectivity is a perspective with centre A, we write Ax to indicate 
the centre Similarly, if the elements are lines in two pencils 
and the projectivity is a perspective with axis A, we write aa 
to indicate the axis. 

The relation expressed by the symbol a is r^exive, that is 
(a, P, y, . . .) A (a', p', y', . . .) implies (a', p', a (a. y, • • ■) ! 
and it is transitive, that is if (a, p, y, . . .) a (a', p', y', . . .) and 
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(a', p', y'. . . .) A (a", p", y", . . .) then (a, p, y, . . .) A (a", P", 
y". . . .). 

{d) The harmonic construction given in (a) may also be 
demonstrated as follows. 

Let P be the point AA ' . B'C. Then 

{B, C, A'. A") aa (C, B', P. A") Au {C, B, A', A"). 

Therefore B, C are mates in the involution having A', A" as double 
points ; hence B, C harm A', A”. 

• 

(e) It is important to observe that the geometrical construction 
for a harmomc conjugate point is independent of any system of 
co-ordinates. It therefore provides an alternative starting point 
for a theory of harmonic conjugates. 

(/) Let B, C, A' be three concurrent lines. By dualising the 
construction in (o) we obtain the harmonic conjugate A" = 
(B, C)/A' as follows. 

We take any lino A, not through B . C ; and through A . A' 
any hne U, different from A, A', Let B' join B . U and C . A, C' 
join C . U and A . B ; then A" joins B' . C' and B . C. 

Ex. 6. In the figure of (a) above, show that AA', AA” harm 
AB, AC. 

Ex 6. Using the harmonic conjugate construction, discuss 
the special case of Pappus’ theorem (part (li) (6) above). 

Ex. 7. By dualisation of the last part of (a), define the 
harmonic pole of a line relative to a triangle and show that the 
Ime is the harmomc polar of its harmomc pole. 

(iv) Quadrangles and quadrilaterals. 

(o) Four distinct points A, B, C, D, no three of which are in 
hne, are joined m pairs by six lines. The figure of points and 
lines is called a quadrangle and we refer to it as the quadrangle 
ABCD (Fig. 28). Two lines such as AB, CD, together containing 
all four points, are called opposite sides of the quadrangle. The 
three points E = AB CD, F = AC . DB, 0 = AD . BC, in 
which the pairs of opporite sides intersect, are called diagonal 
points ; they are the vertices of the diagonal triangle 

Dually, four distinct lines A, B, C, D, no three of which are, 
concurrent, intersect in pairs in six points. The figure of lines 
and points is called a quadrilateral (Fig. 29). Two points such 
as A . B and C . D are called opposite vertices. The three lines 
whiclv join the pairs of opposite vertices are called diagonals, 
they are the sides of the diagonal triangle. 



82 THE ALGEBRAIC GEOMETRY OF A PLANE §12 

We prove a number of properties of quadrangles and quadri- 
laterals, these give rise by duality to corresponding properties 
of quadrilaterals and quadrangles respectively. 


E 



Fio 28 — Quadrangle with its 
Diagonal Points 



Fig 29. — QuadrilatehaIi with its 
Diagonals 


(6) The construction for a harmonic conjugate shows at once 
that any two opposite sides of the quadrangle ABCD are harmonic 
with two sides of the diagonal tnangle EFO. 

Let FG meet AB, CD in P, Q, OE meet AC, DB in R, S\ 
EF meet AD, BC inT, U (Fig. 30). Then Q, 8, U are collinear, 



Fio 30 — Figure to Illustrate Harmonic Properties op a Quadrangle. 

being on the harmonic polar hne A of A relative to the triangle 
BCD; Q, R, T are collinear, being on the harmonic polar line 
B of .B relative to the triangle CDA ; P, S, T are collinear, being 
on the harmonic polar hne C of C relative to the triangle DAB ; 
and P, R, U are collinear, being on the harmonic polar hne D of 
D relative to the triangle ADC. 



§12 PRqjECTTVE TRANSFORMATIONS 83 

The four lines A, B, C, D in fact determine a quadrilateral in 
which P,Q\ R, S-, T, U are the pairs of opposite vertices ; the 
diagonals of this quadrilateral are FO, GE, EF. 

(c) Let us choose any system of homogeneous co-ordinates, 
taking specific triads of co-ordinates for A, E, F, 0\ then there 
is a bond As xE yF + zG. We prove without difficulty that 
we may take 

Bm — xE -j- yF -j- zO, 

C s + xE — yF + zO, 

D s + xE + yF — z0\ ^ 

P s yF 4- zG, S s xE zO, T s xE yF, 

Q = yF — zG, 8 s — xE + zO, U s xE — yF. 

The collmearity of, say, Q, S, U then follows from the nul-bond 
Q S + U s 0. Similarly we have — TsO, —P-\- 

S + TsO,P-B+UsO. 

Ex. 8. Taking EFG as fundamental triangle, let A have a 
triad of co-ordinates {x, y, z). From the above bonds, write down 
co-ordinates for the other points in the figure. Show also that 
the lines A, B, C, D have co-ordmates (ar^, z~^), 

(— ari, y-\ z-% (cr\ — y^ z'^), {sr\ y-\ — respectively. 

Show further that, if a pomt O has co-ordinates {xq, y^, Zq), 
then the harmonic conjugate of EO with respect to the pair of 
opposite sides AB, CD has co-ordinates (0, y^y~^, — and that 
this and the two similar harmonic conjugate lines through F, G 
are concurrent in the pomt y^o^, z*Zo~^). 

State the dual form of the last result and deduce, as a 
particular case, that the mid points of the diagonals of a quadri- 
lateral arc in line. (The mid pomt of a diagonal is the mid point 
of the pair of oppo.site ver- 
tices on the diagonal). 

(«Z) Referring again to 
the quadrangle ABCD, let 
a hne L meet AB, CD m 
L, U ; AC, DB in M, M' ; 

AD,BC inN,N' (Pig 31). 

We prove that L, L'] M, 

M' , N, N' are pairs of 
mates in an involution on 
L. 

Let BM meet CD at H and DM meet AB at K. Then 
(M, M', L, N) -Kj> (K, B, L, d) Ail {D, H, U, C) ab (M', M, L', N'). 
Hence (M, M', L, N) a (M', M, L', N') and therefore the state- 
ment follows. 
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Alternatively, let V, W be the double points of the involution 
determined by the pairs of mates L, L' and M, M'. We may take 
L^V + IW, L'=V-IW, M^V + mW, M'sV-mW, 
Ns V + nW, Bs aA + V + IW. Then it may be proved in 
turn that we may take Ds a{m + n)A + (1 + m)(F + nW), 
C s o(m + n)A + (n + i){l^ + mW), N' s V — nW The form 
of the last result shows that N' is the mate of W in the involution. 

Alternatively again, we may specify points on L by means of 
symbols {x^E + + ZxG) + Hx^E -f- y^F -f- z^O) where A is a 

parameter. Then we may prove that, if L, L' and M, M' are 
pairs of mates defining the involution oA/n + 6(A + ju.) + = 0. 

w6 have — Zi*^) + — z^®) = 0 and 

a(Zi® — * 1 ®) — 26(Zi22 — x^x^ + d(z 2 ® — a:^®) = 0. Prom this it 
follows that o(a:i® — y^®) — ^(XxX 2 — y^yi) + d(x 2 ^ — yg®) = 0 
and hence that N, N' are mates in this involution. 

Ex. 9. The pairs of lines which join the pairs of opposite 
vertices of a quadrilateral to a given point are pairs of mates in 
an involution. 

Ex. 10. Referring to the text above, show that the theorem 
holds when L passes through a diagonal point, say E, then 
L = L' = E, which is a double point of the involution. If we 
take M s N + pE, M' s N qE, prove that then -f- (p -j- q)E 
represents N'. 

Ex. 11. In the general case of the text, we may assign co- 
ordinates to L, L', N so that N s L + U. If then we take 
Ms L pL', M* s L qU, prove that L -t- pqL' represents N'. 


13. Geometrical constructions for projectivltles and Involutions. 

(1) Projectlvlty on a line. — ^Let L be a line on which a projectiv- 
ity T, which may be parabolic, has a united point V. We regard 
T as determined by TJ and two pairs of corresponding points 
A, B = T[A) and A', B' = T{A'). We show how to construct 
geometrically the point B” — T(A") correspondmg to any given 
point A" on L. 

Through U we take a different hne M (Pig. 32) and on thia 
two different points P, P'. Let H, = AP . A'P', H~ = BP . B'P', 
P" = HxA" . M ; then R" = . L 

We have (U, A, A', A") Aa. (V, P, P\ P") ah. {U, B, B', B"). 
Hence (V, A, A', A") a {U, B, B', B"). Since a projectivity 
is determined umquoly hy a united point and two pairs of corre- 
sponding points, it follows that T is the projectivity referred to 
in the last symbol a* 

The second united point of T is the intersection of with * 
L. If, then, T is parabolic, HjHg necessarily passes through V, 
and vice versa. 
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The construction depends on knowing a united point V of T. 
A construction which applies when T is regarded as determined 
by three pairs of corresponding points is given at the end of 
part (hi) of this section. 



Fio 32 — Geouetbicai. C!onstbuctioh eoe a Pkojeouvits’. 

Ex. 1. Give the dual construction for a projectivity in a 
pencil 

(li) Involution on a line. — If in part (i) above, the projectivity 
T is involutory, we can suppose that the involution is determined 
by a double point U and a pair of mates A, B. Identifying A' 
with B and B' with A, the construction just given leads to two 
points Hi, if 2 which, with U, are the diagonal pomts of the 
quadrangle ABPP' (Fig. 33). Let A"Hi meet M in P"; then 



by the same kind of argument as before, B" = T(A") is the point 
where H^P" meets L. 

Since T is involutory, it follows that HiB”, H^A" meet M in • 
the same point Q ; and U, are the diagonal points of the 

quadrangle A"B"P"Q. I^t HiH^ meet L in 7 , then U, V harm 
A", B”, and therefore V is the second double point of the 
involution. 
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t • 

Ex. 2. Give the dual construction for an involution in a 
pencil. 

Ex. 3. Usingthefactthatalineismetby the pairs of opposite 
sides of a quadrangle in three pairs of mates of an involution, 
show how to construct the mate of a given pomt when two pairs 
of mates are given. 

(ill) Projectivity between two different lines : the cross-axis. 

(a) Let L, M be two given lines between which a projectivity 
T »is determined by three points A, B, C on L corresponding to 
three pomts A', B', C respectively on M. 

By the theorem of Pappus, the three pomts X == BC . B'C, 
Y==CA' . C'A, Z = AB' . A'B he on a line N (Fig. 34). Let P 



be any pomt on L ; let A'P meet N m L and AL meet M in P' ; 
we prove that P' = T{P). 

Let AA' meet N at K. Then {A, B, C, P) {K, Z, Y, L) 
'K^ (A', B', C, P'). Therefore P' corresponds to P in the pro- 
jectivity in which A', B', C correspond respectively to A, B, C, 
that is in T. 

The line N is called the cross-axis of T. 

Ex 4. If P, Q are any two points on L and P', Q' are the 
correspondmg points on M, then PQ' meets P'Q on N. 

(b) There are two cases to consider, according as N does or 
does not pass through 0, the common point of L, M. 

Let us suppose &st that N passes through 0 (Fig. 35) ; and 
let AA' meet BB’ at H, HP meet M in P". From the quadrangle * 
AA'BB', N is the harmonic conjugate of OH with resxiect to 
L, M. Therefore, from the quadrangle AA'P"P, AP" meets A'P 
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on N. Therefore AP” is AP' and so P" is P'. The projeotivity 
in this case is therefore the perspective with centre at H. We 
note that 0, regarded as a point of either L or M, corresponds to 
itself. 

Let us now suppose that N does not pass through 0 but 
meets L at 17 and M at V. The construction just given shows 
that 0 = T(U) and V = T{0). We prove later that, in this (the 
more general) case, the lines PP' touch an irreducible conic which 
touches L at 17 and M at V. 



(c) Consider now a projectivity T on a hne L, T being deter 
mined by two triads of corresponding points .4, B, C and A’, B', C. 
Let H be any point not on L and let HA', HB', HC meet a line 
M at A", B", C" respectively. Let Tj be the projectivity which 
transforms A, B,C into A", B", C" and the perspective which 
transforms A", B", C" into A', B’, C. 

Given any point P on L we construct, as m (o) above, the point 
P" = Ti(P) ; then we construct the point P' = T^{P"), It is 
simple to prove that P' = T{P). 

Ex. 5 A projectivity between two lines, in which the common 
point of the lines is self-corresponding, is necessarily a perspective 
Ex. 6. Referring to the text m (a), if O is self-corresponding, 
the projectivity is expressed by an equation of the form A = fcA' 
when we take P = \0 A, P' = A'O + A'. Prove that we may 
take H = A — kA'. . • 

If O is not self-corresponding, let us take P s AO -f 17, 
P' s 0 -f AT, A^aO+U, A' ^ 0 + a'V. Then the pro- 
jectivity is represented by the equation Aa' = A'a. AP' meets 
UV at the point represented by 17 — aAT, and A'P meets UV 
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at the point represented by 17 — a' XV ; these points are the same 
by reason of the equation of the correspondence. 

Ex. 7. Give the dual construction for a projeotivity between 
two pencils of hnes and show that a necessary and sufficient 
condition for the hne joining the vertices of the two pencils to 
be self-corresponding is that the projeotivity should be a perspec- 
tive, We prove later that the locus of the point common to 
corresponding lines is, in the general case, a conic passmg through 
the vertices of the two pencils and touching there the hnes which 
correspond in each pencil to the hne joining the vertices. 

•Xiv) Projeotivity between a iine and a pencil. — ^The problem of 
constructing a line corresponding to a given point, and vice versa, 
is now straightforward. In fact, it is sufficient to draw any 
transversal of the pencil and to consider the projeotivity which 
arises between the given hne and this new hne. The construction 
of part (iii) above is involved. 


14. Review of Chapter II. 

The chapter has been concerned essentially with the geo- 
metrical interpretation of the algebraic theory of linear sub- 
stitutions of the form A = {aX' -(- b)l(cX' + d) or, homogineously 
and more symmetrically, of the form d' : (j>' — pB q(j) rd + 3(f> 
The resultmg theory is of one-dimensional projective transforma- 
tions. 

Of special interest is the study of what is invariant with respect 
to projective transformations. This study is called protective 
geometry and is given prominence in this book Metrical geometry, 
in which attention is drawn to relations of length and angle, finds 
its place but is subordinated to projective geometry and is in- 
vestigated chiefly with reference to the special parts played by 
the inaccessible circular points. 

A numencal projective invariant of great importance is cross - 
ratio. We have seen that the special case of harmonic cross-ratio 
arises naturally m connection with involutory projectivities and 
with certain simple and fundamental geometrical configurations. 

The theory of bonds has proved to be useful in solving 
algebraically, but without direct reference to any particular 
co-ordmate system, problems relating to the incidence of points 
and lines in various configurations. A loose definition of a bond, 
'which may be helpful, is, for eiiample, that the bond P s AA -f- pB 
indicates that a triad of co-ordinates of P is obtainable by adding 
A times a triad for A to /j, times a triad for B. 

Each of the matters considered is capable of wide generalisation, 
at the same time restricting the algebraic processes involved 
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to the use of homogeneous linear equations. We prefer at 
this stage to pass &om linear equations to quadratic equations, 
as being the next simplest type, thus initiating the theory of 
conics. It will be shown that the co-ordinates of a variable point 
‘ on a conic can be expressed as quadratic functions of a parameter ; 
and much interesting geometry results from consideration of 
projective transformations of this parameter. 



OEAFTEB m 

PROJECTIVE THEORY OF CONICS 

15. Conics : preliminary properties. 

(i) Definition. — ^The set of points in a modified complex 
euchdean plane whose co-ordinates, in any homogeneous system, 
satisfy an equation of the form 

S = 0 ®* + by^ +ca* + 2fyz + 2gzx 2hxy = 0. 

where the coefficients a, .... A belong to the field of complex 
numbers and are not all zero, is called a conic. 

Since a change of frame of reference is represented by a linear 
transformation m the co-ordinates (section 11 (iii)), a conic is 
represented by the vanishing of a homogeneous quadratic poly- 
nomial in the co-ordinates in every system of homogeneous 
co-ordinates. 

The conic is said to be irreducible or proper if 8 does not 
factorise ; and to be reducible or degenerate if 8 does factorise, in 
which case the come consists of two different lines or of a single 
line counted twice (section 5 (iii)). Some writers abbreviate the 
polynomial 8 to {abefgh^i^xyz)^. 

(ii) The fundamental quadratic. — Every point on the line join- 
ing two distinct points (Xj, y^, Zj) and (Xg, y^, z.) has co-ordinates 
of the form (Xj -)- Axj, y^ -)- Xy^, z, -f Az^) Those pomts of the 
line which lie also on the conic have parameters determined by the 
quadratic in A 

a(xi + Axj)a + 2f{y^ + Xy^)[Zi + Azj) 

+ Afyi + AyJ® + ^{Zi + Az2)(x, -f Axj) 

+ c(zi + Aza)* + 2h{Xi + Axg)(yi -f Aj/^) = 0, 

which we call the fundamental quadratic and write in the form 
^11 -|- 2 ASj 2 -j- A*522 = 0, 

where 

8ii s axi* -f -f cz^* + 2fyjZi -f 2^ZiXi -f 2hx^y^ 

= + hyi + gz^) + y^{hx^ + by^ -f fz^) 

+ +/»/i + czi) 
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Si2 s aXiXg + by^y^ + cz^z^ 

+ f (yi^2 + ViZl) + sr(2l»2 + 22 *i) + Hxiyz 4- X^i) 
E x^iax^ + hy^ + gz^) + yiihx^ + by^ + fz^) 

+ Zi(?*2 + fVi + C 22 ) 

E x^iaxi + hyi + gzj) + y^ihxi + by^ + fz^) 

+ Z2(?*i +/yi +«i) 

1 / 0 I 0 . 0 \rt 

® ¥1 ’ 

(STja E 0*2® + 62/22 -|_ 022* + 2/2/222 + 2^22*2 + 2hx ^^. 

In general, therefore, every line meets the conic in two distinct 
points (Fig. 36). If the fundamental quadratic has equal roots, 



Fro 36 — iNTEnsBCTiovs or a 
Line with a Conic 



Fro 37. — Tangent Lins to 
A Conic. 


only one point of intersection arises but we say that there are two 
coincident intersections at the point ; and we call the hne a tangent 
at the point (Fig. 37). (This definition of tangent will be refined 
in section 60 (lii).) 

If the fundamental quadratic in A is satisfied identically, the 
whole line is part of the conic , a necessary and sufficient condition 
for this IS that the come should contain at least three points of the 
line In this case, let the line have equation lx + my + «z = 0. 
Regarding lx + my nz and S as polynomials in x, we have by 
ordinary division an identity of the form 

8 E (lx'+ my + nz)(Vx + m'y + n'z) + ^(t/, z) 

where is a homogeneous quadratic in y, z and therefore expressible 
as a product of two linear factors, say 

2 ) = {py + yz){p'y + q'z). 

Since, in the present circumstance, S vanishes for all x, y, z which 
annul lx my + nz, the same is true of <f>(y, z ) ; but this is 
possible if and only if ^ e 0. Hence, the conic is reducible. 

if the conic consists of two different lines, meeting at a point 
0, then every line through 0 has two coincident intersections with 
the conic at 0 and is a tangent there. At every other point on 
the conic, the tangent is that line of the conic which contains the 
'n.nt. 
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If the conic consists of a single line L counted twice, then every 
line has two coincident intersections with the conic and is a 
tangent at the point where it meets L. 

(ill) A reducibility condition. — ^We prove that a necessary and 
sufficient condition that the conic iS' = 0 should be reducible is that 

As a h g =0. 
h b f 

9 f c 

First, we observe that, if the conic is reducible, there is at least 
outpoint, say (a:^, y^, z^) such that every line through the pomt 
has two coincident intersections with the conic there Hence, for 
aU Xj, y^, 2=2 fundamental quadratic has two zero roots , thus, 
in particular, S 12 = 0 whatever the values of x^, y^, z^. Therefore 

+ ftyt + 9^1 = 0 , 

hxi + by 2 +/Zi = 0, 

9^1 + fy\ + = 0 . 

Smee Xi, j/i, are not all zero, we have therefore A = 0. 

Conversely, if A = 0, there exist x^, y^, Zy, not all zero, to 
satisfy the three equations just written ; and therefore such that 
Syi = 0 and (S 12 = 0 for all x^, y^, Hence there is a point, 
(Xy, yy, Zy), such that every line through the point meets the come 
there twice A line joining this point to any other point on the 
conic has three intersections with the come and is therefore part 
of the conic , that is, tlie conic is reducible 

Other proofs may be derived from the following exercises. 

Ex. 1. From the identity 

ax* by^ + cz* 2fyz + 2gzx + 2hxy 
= {lx my + nz){l'x + m'y + n'z) 

show that 

A = i W + IV Im' + mV In' + vl' 

Im' + mV mm' + mm' mn' -[- nm' 

In' + nV nm' + mn' nn' + nr^' 

Arrange this determinant as a sum of determinants each of which 
IS zero through having two columns proportional. 

Ex. 2. From A = 0, we infer axy + hyy + gzy = 0, 

+ *^1 + f^i = 9^1 + fVi + czi = 0 for some Xy, yy, Zy not 

all zero. Suppose that + 0 and show that then 

"Xy^S = b{xyy — Xyy)^ + ^f{xyy — Xyy){XZy — XyZ) + C{XZy — XyZ)^, 

the right-hand expression having two homogeneous linear factors. 
Ex. 3. Show that 

aS= {ax + hy + gz)^ + {Cy^ — 2Fyz + Hz®) 
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where B = ca — g^, F = gh — af, C = ab — h*. Hence show 
that, if a ^ 4 = 0, a necessary and sufficient condition for 8 to factorise 
IS that BC — — 0 , and verify that BC — F^ — oA. 

Ex. 4. If o = 6 = c = 0, S' s 2fyz + 2gzx + 2hxy and A s 
2fgh Verify that, in this case, A = 0 is a necessary and suffi- 
cient condition for S to factorise. 

Ex 5 A necessary and sufficient condition for the conic 
/S = 0 to consist of a single line counted twice, is that the matrix 



should have rank 1. 

(iv) Tangent and polar lines. 

(a) Let the coruc S = 0 be irreducible and let (ajj, t/i, Zi) be 
any point on it Since 8^^ — 0, the fundamental quadratic has 
one zero root , the other root is also zero if and only if = 0, 
that IS if and only if the point (Xg, y^, z^) lies on the line 



Thus, at every point on the come there is just one tangent line, 
given by 5, = 0. The line is said to touch the conic at the point ; 
and the point is called the point of contact of the tangent. 

(6) The tangent at a ]ioint {x^, y,, Zj) passes through the point 
(x^, Pi, Zj), not on the conic, if and only if = 0, that 



Fig 3S — Polar Line Fig 39 — ^Harmoihc Pbo- 

or A PoInt perty op a Point and 

ITS Polar Line. 


IS if and only if the point (Zj, y^, z,) is at an intersection of the 
conic with the line S„ = 0 The line = 0 is not a tangent to 
the conic; this may be seen by showing that, if the hne were 
tangent at (Xf^, y^, z^), we should have : Po : Zo = x^ : y^ : Zj, 
which IS impossible for a point on the conic. Hence, two distinct 
tangents pass through {* 2 , j/ 2 > * 2 )» their points of contact lying on 
the hne = 0, which is called the polar line of the point {x^, y^, z^) 
(Fig. 38). 

Polar lines are defined in this way only for points which are 



94 THE ALGEBRAIC GEOMETRY OF 4 PLANE §§16,16 

not on the conic. In the case of a point y^, on the conic, 
the polar line is defined to be the tangent at the point and is thus 
again given by the equation 8^ = 0. 

(c) The co-ordinates of all points (arj, y^, Zi) on either tangent 
from the point (aj^, y^, z^), which is not on the conic, are such as 
to make the fundamental quadratic have equal roots, that is, are 
such that 811822 — S12® ; and vice versa. The locus of these 
points is therefore the conic SS22 = ^'2® ; this conic is reducible, 
containing both tangents and therefore wholly composed of these 
tangents. We refer to S822 = -Sa® as the equation of the pair of 
tangents from (X2, i/2> ^2)- 

(d) From the symmetry of the expression 812 with respect to 
the suffixes 1 , 2 , we see at once that if the polar of one point P 
contains a second pomt Q, then the polar of Q contains P. Two 
such points are said to be conjugate with respect to the conic , 
their co-ordinates are connected by the equahty S12 = 0. 

(e) We now prove the important harmonic relation that if a 
line through a point Pj meets the polar of m Pj and the conic 
in P3, P4, then P^, Pj harm P3, P4 (Fig. 39 ). 

Taking Pj, Pj to have co-ordinates (a:,, yi, Zi), (arg, y2, Xg) 
respectively, we have = 0. Then, if P3 s Pj + A3P2, P4 = 
P, -f A4P2, the fundamental quadratic shows that A3 -f A4 = 0, 
wmeh is the same as {0, ao ; A 3 , A 4 } = — 1 Since 0 and 00 are 
the parameters of Pj, Pg respectively, we have, therefore, 
{P^, Pg, P3, P4} = — 1, winch is the relation in question. 

if) In accordance with the harmonic relation just proved, we 
define the polar line of a point P, not on a reducible come consist- 
ing of two different hnes L, M intersecting at O, with respect to 
this conic to be the harmomc conjugate of OP with respect to 
L, M. All points on OP have then the same polar line. It is left 
to the reader to verify that if P has co-ordinates (ajj, Xj) and 
the come has equation 8 = 0, then the polar of P is still given 
by 81 = 0, and that if S s LM, where L = 0, M = 0 are the 
equations of L, M, then s LMi -)- LiM. 

Similarly, in the case of a reducible come consisting of a line 
L, counted twice, we define the polar of any point P to be the line 
L itself. The equation of the come being S=L^=0, the polar 
is still given by 81 = LLi = 0, that is by L = 0. 


16. Conic-envelopes. 

In this section we consider the dual configurations correspond- 
ing to those in section 15 . Since the algebra mvolved is the same, 
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but in terms of line-co-ordinates instead of point-co-ordinates, 
we can abbreviate. 

(1) Deflnition. — ^The set of lines whose co-ordmates, in any 
homogeneous system, satisfy an equation of the form 

S s pZ® + gwi® -|- -1- 2umn -f- 2vnl -|- 2idm = 0, 

where the coefficients p, . . ,w are not all zero and belong to the 
field of complex numbers, is called a conic-envelope. 

The conic-envelope is said to be irreducible if S does not factor- 
ise; and to be reducible if S does factorise, in which case^the 
conic-envelope consists of two different pencils of lines or of a 
single pencil of hnes counted twice. 

When E = 0 represents two different pencils of lines, we some- 
times refer to the equation as being the line-equation of the pair of 
pomts which are the vertices of the two pencils. If these points 
have co-ordinates {x^, y^, z^), (x^, y^, z^), S has the form 
k{lXi -f my^ + nZj){lx 2 my^ -j- nz^, where ^ is a constant. 

(ii) The fundamental quadratic. — Every line in the pencil 
determined by two distmct Imes (Z^, m^, n^), (Zj, wig, »g) has co- 
ordinates of the form (Z, + AZg, mg + Am^, -f Arig). Those lines 
of the pencil which belong also bo the conic-envelope have para- 
meters determmed by the fundamental quadratic 

^11 + 2ASj 2 4- A^Sgg = 0, 

where 

Sij = pZj** 4- gntj* -f rui^ -f 2um^i 2vnf,i 2wlimi, 

Ei 2 ^pZ^Zg -i- gm,mg 4- rn^n^ 

-f ^(miWg -f rngHi) -f t7(7iiZg -f WgZi) -f- M;(Zir»2 4- ZgOii), 
Egg = pZg® -f gmg* rjig* -f 2Mjng»g -(- 2i;WgZg -f 2wl^m2. 

In general, therefore, every pencil contains two distinct lines 
of the conic-envelope. If the fundamental quadratic has equal 
roots, we say that there are two coincident common lines. If the 
fundamental quadratic is satisfied identically, the whole pencil is 
part of the comc-envelope, which is then reducible. 

(iii) A reducibllity condition. — A necessary condition that 
E = 0 should be reducible is that the matrix 

( p w v\ 
to q Ml 
V u r } 

should have rank 2 or 1 ; and a necessary and sufficient condition 
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that S = 0 should be a pencil, counted twice, is that this matrix 
should have rank 1. 

(Iv) Contact points and poles. 

(a) Let the conic-envelope S = 0 be irreducible and let 
(Zj, nij , rii) be any one of its lines. Since Sn = 0, the fundamental 
quadratic has one zero root, the other root is also zero if and 
only if ^,2 — 0, that is if and only if the hne (Zj, passes 

through the point 



Thus, on every hne of the conic-envelope there is just one point 
through which pass two coincident hnos of the conic-envelope. 
This point is called the contact-point of the hne in question (Fig. 40). 

(6) The contact-point on a hne (Z^, mj, lies on the hne 
(Zj, m^, n^), not belonging to the conic-envelope, if and only if 
^11 = ^12 =7 that IS if, and only if, the hne (Zj, m^, n^) is one 
of the two distmct lines of the conio-onvelope which belong to the 



FlO 40. CoNTACT-PoiN-T FlO 41. — ^PoLB OT A LiNE 

or \ Live belonging 
TO A Conic-Envelope 


pencil Lj = 0. Thus, on every line, not belonging to the conic- 
envelope, there are two contact-pomts ; the vortex of the pencil 
Sg = 0 is called the pole of the hne (Zjj, wig, Wg) (Fi^ 41). 

The pole of a hne belongmg to the conic-envelope is defined 
to be the contact-point on the hne. 

(c) The hne-equation of the pair of contact-points on the line 
(Zg, wig, Wg), which does not belong to the eomc-envelope, is 

SSgg = Sg=>. 

• 

{d) If the pole of a line L hes on a second line M, then the pole 
of M lies on L. Two such lines are said to be conjugate with respect 
to the conic envelope, their co-ordmates are connected by the 
equation Sjg = 0. 
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(e) Let P be any point on a given line and let Lj be the 
line joining P to the pole of ; ^o let L3, be the lines of the 
conic-envelope which pass tlirough P; then Lj, Lj harm Lj, L4. 

(/) In accordance with the harmonic relation just stated, we 
define the pole of a hne L with respect to a reducible conic-envelope, 
consisting of two pencils with distinct vertices A, B, to be the 
harmonic conjugate with respect to P of the point where L 
meets AB. It may be verified that if L has co-ordinates (Ij, 

III) and the comc-envelope is given by S s AB = 0, then the 
line-equation of the pole is 2Si s AB^ -f A^B = 0. ^ 

Similarly, the pole of any hne L with respect to a conic- 
envelope, which consists of a pencil counted twice, is defined to 
be the vertex of the pencil. 

17. The conle-envelope associated with a conic, and vice versa. 

(o) In what follows, A, , J? denote the co-factors of a, , 

h in the determmant 

Ls a h g 

h b f 

g f c . 

The determinant 

A H 0 
H B F 
G F C 

IS equal to A* and therefore is zero if and only if A is zero. The 
co-factors of A, H m A* are respectively aA, . . . , hA. 

(6) The tangent at a pomt (Xj, z,) to the irreducible conic 
S s ox* -f- by^ cz* -f 2 fyz -|- 2 gzx + 2 hxy = 0 has co-ordinates 
(li, m-i, Tij) such that 

oari + hyi + gz^ = pl^, 

^1 + hi +>1 = pmi, 

• gxi+jyi + czi =pni, 

for some p 0 ; and 

IjXi -1- m^yi + n^Zi = 0 

Eliminating x^, y^, z^, p, we find that the tangent {l^, m^, n^) 
belongs to the conic-envelope 

a h g I =0 
h b f m 
g f c n 
I m n 0 
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which is the same as 

S s + 5m* + Cn* + 2Fmn + 2QW + 2Hhn = 0 
and is irreducible. 

(c) Conversely, the contact-point of any line (Zj, mi, 
belonging to £ = 0 has co-ordinates (Xi, y^, Zi) such that 

^Zi “i- -i“ Gihy uXi, 

/ZZi -f 5mi -f jP«i = ayi, 

Gli -}- Ftrii -j- C»i = crzi, 

for some u + 0 ; and 

*1^ + = 0. 

Therefore, the contact-point (Xj, ^i, «i) is on the conic 

AS s A H 0 X = 0, ».e. /S = 0. 

H B F y 
O F C z 
X y z 0 

(d) We note further, in regard to the two sets of four linear 
equations, that if we solve the first three equations of the first set 
for Xj, yj, ?! we obtain the first three equations of the second set, 

and vice versa. Therefore every point of 
(S — 0 is a contact-point of S = 0, and 
vice versa', and every line of S = 0 is a 
tangent line of 5 = 0, and vice versa. 
Thus, S = 0 is the set of tangent lines of 
5 = 0; and 5 = 0 is the set of contact- 
pomteofE-O, WesaythatS-Oand 
Envelofe. Z = 0 are associated (Fig. 42). 

(e) By re-interpreting the first three linear equations in each 
of the above sets, we see at once that if (Zj, mj, »i) is the polar of 
(Xj, yi, Zj) with resjicct to 5 = 0, then (Xj, y,, z,),i8 the pole of 
(Zi, mj, »i) with respect to S = 0, and vice versa. It is convenient 
to say that the point and ime are pole and polar with respect to 
both the conic and the conic-envelope. 

Ex. 1. If 5 = 0 represents a pair of distinct lines, £ = 0 is 
the pel 'Oil, counted twice, with vertex at the common point of 
•these lines. If 5 = 0 represents a hue, counted twice, then 
£ = 0 . 

Ex. 2. If £ = 0 represents a pair of distinct pencils, 5 = 0 
represents their common line, counted i ice. If S = 0 represents 
a pencil, co 'nterl twice then 5 s 0. 
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18. Speeial forms for the equations of a eonle and of a eonie- 

envelope. 

(a) The equation of a conic passing through the vertices of the 
triangle of reference is obviously of the form 

fyz + gzx + kxy = 0, 

which is sometimes preferably expressed as 


^+e+-=o. 

X y z 

The associated conic-envelope has the equation * 

— /*!* — -4- 2ghmn -t- ihfrd + 2fglm = 0. 

Dually, the equation of a conic-envelope, to which belong the 
sides of the triangle of reference, has the form 

Fmn -f Onl Him = 0 


or 




and the associated conic has the equation 

- + 2GHyz + 2HFzx -|- 2Faxy = 0. 

More generally, the equation of a conic passing through the 
vertices of the triangle formed by three lines whose equations are 
p = 0, g = 0, r = 0, where p, q, r are hnear in x, y, z, has the form 

fqr + grp hpq = 

and the equation of a comc-envelope containing the sides of a 
triangle whose vertices have the hne-equations m = 0, t; = 0, 
w — 0, where u, v, w are hnear in I, m, n, has the form 


Fvw + Gum -|- Huv = 0. 


(6) Let A be any point not on an irreducible conic. On its 
polar line A we take any point B, not on the conic. The polar 
line B of .6 passes through A and meets A in a point C, whose 
polar line C is AB. Such a triangle is said to be self-polar or 
self-conjugate with respect to the come (Fig 43). 

Taking ABC as triangle of reference, the equation of the conic 
has the form 

a®* + -f = 0. with abc + 0 ; 
and the equation of the associated conic-envelope is 

l^ , . n* 
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By ohoosiog the unit point or line ' suitably, these equations 
become 

** + y* + ** = 0 

and Z* + TO* + »* = 0. 

More generally, the equation of a conic, which has a self-polar 
triangle whose sides are given by p = 0, g = 0, r = 0, has the 
form 

op* -f- 6g* -f cr® = 0; 

and the equation of a conic-envelope, which has a self-polar triangle 
whose vertices are given by « = 0, » = 0, = 0, has the form 

A«* -f B®* -f Cm>® = 0. 



Bz. 1. ABC and A'B'C are two triangles, each self-polar 
with respect to a given conic. Prove that there exists a conic 
with respect to which AB'C and A’BC are two self-polar triangles 

(c) Let the tangents at two distinct points ^4, (7 of an 
irreducible conic meet at B (Fig. 44). With ABC as triangle of 
reference, the equation of the conic has the form 

by* -I- 2gzx= 0; 

and if the unit point is taken to be a point on the conic, the 
equation is further simplified to 

sa: — p* = 0. 

• 

Dually, let the contact-points of two distinct lines A, C of an 
irreducible conic envelope be joined by B. With ABC as triangle 
of reference, the equation of the conic-envelope has the form 

Bm* + 2Chd ~ 0 ; 

and if the unit line is taken to be a line of the conic-envelope, the 
equation becomes 

TlZ — TO* = 0. 

More generally, if an irreducible conic touches the lines p = 0, 
r = 0 at points on the line g = 0, its equation has the form 
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rp + itj* = 0 ; and if an irreducible conic-envelope contains two 
lines whose contact points are given by u = 0, w = 0, and these 
lines meet in the point given by v = 0, its equation has the form 
wu -|- hv^ = 0. 

Ex. 2. The conic-envelope associated with zx — = 0 is 
4ni — m® = 0 , and the conic associated with ni — = 0 is 
42* — y® = 0 

Ex 3. A come touches the sides AB, AC of a triangle ABC 
at B, C respectively and the sides A'B’, A'C of another triangle 
at B', C respectively. Prove that there exists a conic which 
touches AB, AC where they are met by B'C and touches A'fi', 
A'C' where they are met by BC. 

. 19. Miscellaneous theorems. 

(i) Hesse’s theorem. — We prove that if two pairs of opposite 
vertices of a quadrilateral are pairs of conjugate points with 
respect to a conic, then the third pair of opposite vertices is a pair 
of conjugate points 

We take the diagonal triangle of the quadrilateral A BCD as 
triangle of reference and A as umt hne. Then the four hues have 
co-ordinates 

A(l, 1, 1), B( - 1, 1, 1), C(l, - 1, 1), D(l, 1. - 1); 

and the pairs of opposite vertices have co-ordinates 

A . B (0, - 1, 1), A . C (1, 0,-1), A . D ( - 1, 1, 0), 

C D(0, 1, 1), D.B(1, 0, 1), B.C(1, 1,0). 

Let the equation of the conic be 

o*® -f- ty® + cz^ -f 2fyz 2gzx -f 2hxy = 0. 

Then, A . B and C . D are conjugate if and only if 6 = c ; and A . C 
and D . B are conjugate if and only if c = o. If, then, both pairs 
are conjugate pairs, we have a =? 6, so that A . D and B . C are 
also conjugate. 

Ex. 1. I*rove the dual theorem that if two pairs of opposite 
sides of a quadrangle arc pairs of conjugate hnes with respect to 
a comc-envelope, the third pair of sides is also a pair of conjugate 
lines. 

(11) Polar triangles are In perspective . — Let ABC be any triangle 
which is not self-polar with respect to an irreducible conic /S^ = 0. 
The polar hnes of A, B, C form a triangle A'B'C, called the polar 
triangle of ABC with resjiect to the conic. Clearly ABC is the 
polar triangle of A'B'C. We prove that, B'C bemg the polar 
of A, and so on, the triangles ABC, A'B'C are in perspective. 
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t 

We take A to have co-ordinates (x^, y-^, Zj) and so on; and 
denote the expressions 




dxi ’ 


d8_ 

~dy. 



by Xi, Yi, Zi respectively, and so on. Then C'A' has the 
equation xX^ yY^-\- zZ^ = 0, and A'B' has the equation 
xX^ + 2/^3 + 2^3 = 0. Hence the equation of A A' is of the 
form 


p{xXz + yYi 4- zZ^) -I- q{xX^ + yY^ + zZ^ == 0 

with 


pix^X^ -\-yyYi + z^Z^) 4- q(xiX^ 4- yi5^3 + = 0. 

that is with 

4- g5i3 = 0. 

Therefore A A' has the equation 

2^(^13-^2 — ^12-^3) “t" 3/(^13^2 — ^12^3) "i" 2(5 i3^2 — ~ 

■Similarly, B£' and CC have respectively the equations 

X(S21-^3 — ^23-^l) “H y(^21^3 — ^23 ^l) ”t" ^(^21^3 — ^2^l) ~ 
*(^32^1 ~ ^31-^a) “i" yl^32^ 1 — ^31 ^a) "i" — ^ai^a) = ® 

The left-hand sides of these three equations add up to zero 
hence, the three lines AA\ BB\ CC' are concurrent. 

The algebra is simpler if ABC is taken as tnangle of reference. 


(iii) Six lines belonging to a conic-envelope. — ^We prove that 
if every intersection of an irreducible come with a side of a triangle, 
in general position relative to the conic, is joined to the -vertex 
opposite to that side, then the six lines so obtained belong to a 
comc-envelope 

Let the triangle ABC be taken as triangle of reference ; and 
let the equation of the come be /S = 0. 

The two hnes passing through A are given by 

fey* 4- 2fyz 4- cz* = 0. 

If they have line-co-ordinates (0, mi, rii) and (0, wij, v^) then 
— tiilmi and — n^jm^ are the two values of y/z given by 
fey* 4- 2/yz -|- cz* = 0. Therefore the pairs of numbers m^, Ui 
and mj, each satisfy the equation in m, n 

fen® -f- 2fnm 4- cm® = 0 
m® , 2/mn , n® . 

T + V + T = '’- 


or 
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The two lines in question therefore belong to the conic- 
envelope 

Z® , , 2fmn , 2gnl , 2hlm _ ^ 

and, similarly, the other two pairs of lines also belong to it. 


Ex. 2. State and prove the dual theorem. 


(iv) Hessian point and iine. — ^Let ABC be a triangle whose 
sides iSC, CA, AB touch an irreducible conic at the points A', 
B\ C respectively. We prove that AA', BB', CC are Con- 
current at a point /Z, 
called the Hessian point 
of the three tangents , and 
that the points BC B'C, 

CA.C'A', AB.A’B- are 
on a line H, called the 
Hessian line of A', B', C 
(Fig. 45). 

With ABC as triangle 
of reference, the equation 
of the associated conic- 
envelope has the form 

Fmn -t- Gnl + Him = 0. 

Hence, A', as pole or 
contact-point of the line 
(1,0, 0), has co-ordinates 
(0, 0-\ ZZ-i). Thus AA' 
and, similarly, BB' and CC pass through the point (F"^, G-^, H-^). 

The second part of the theorem comes immediately by con- 
sidermg the harmomc polar Ime of H relative to the triangle 
ABC , H has co-ordinates (F, G, H). 

Clearly, H and H are respectively pole and polar line relative 
to the given'comc. The triangles are in perspective with centre 
H and axis H. 

The figure is related to several which have been mentioned 
already, as is indicated in exercises which follow. 



Fig 45 — Hessian Point and Line. 


Ex 3. Prove the above theorem, taking A' B'C as triangle of 
reference. • 

Ex. 4. Prove the converse theorem. 

Ex. 5. Deduce the theorem from part (ii) of this section. 
Ex. 6. The theorem follows from Hesse’s theorem for a 
quadrilateral or from the dual theorem for a quadrangle. [Thus, 
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let 2)' = 'BB' . CC ' ; then A'C\ D'B' are conjugate ; and so are 
A'B', CD'. Therefore A'D', B'C are conjugate and consequently 
A'D' contains the pole A of B'C'.I 

Ex 7. In part (iii) of this section let the conic S — 0 approach 
a limiting position which is a come inscribed in the triangle ABC. 
Show that the limiting position of the derived conic-envelope is 
the pencil, counted twice, with vertex at the Hessian point. 

(v) Quadrilateral of tangents at the vertices of a quadrangle 
insciibed in a conic. — Let A, B, G, D he four distinct points on 
an irreducible conic ; and let A, B, C, D be the tangents at these 
poiiits. The quadrangle ABGD and the quadrilateral A BCD are 
connected as follows in several interesting w&yB. 

Let E — AB CD, F = AC . DB, 0 = AD . BC be the diagonal 
points of ABCD. EFO is a triangle self-polar for the conic. 
Similarly, let E, F, G be the diagonals of ABCD. We prove that 
E is FG, F is OE, GisEF 

Taking EFQ as triangle of reference and A as unit point, the 
conic has an equation of the form ox® + fcy® -j- cz® = 0, with 
o -|- 6 + c = 0 ; and A, B, C, D have co-ordinates (a, b, c), 
(—a, b, c), (a, —b, c), (o, b, — c) respectively. Hence, the 
opposite vertices A . B and C . D of the quadrilateral have respec- 
tively co-ordinates (0, — 6’^, cr^) and (0, 6"^, c"^) ; these lie on 
FO and are harmonic with respect to F, 0 The theorem there- 
fore follows, with the addition of these harmonic properties. 

Ex. 8. The opposite sides AB, CD of the quadrangle are 
harmonic with respect to F, G; and similarly in regard to the 
other pairs of opjiosite sides 

20. The projective generation of a conic and of a conic-envelope. 

Parametric representation. 

(o) We have seen that the equation of an irreducible conic 
may be given the form 

xz — y® = 0 

relative to a triangle of reference ABC, with AB, C'H'touching the 
conic at A, C respectively, and to a unit point on the conic 

The hne y — ^ = 0 meets the conic at the point A and again 
at the point P with co-ordinates (A®, A, 1) , and the line jo ining 
P to C has the equation x — Ay = 0. 

As A varies throughout the modified system of complex 
numbers, the lines AP, CP vary throughout the pencils with 
vertices at A, C and correspond in a projectivity. The conic is 
said to be generated protectively by means of the two pencils (Fig. 
46). Evidently, such a projective generation may be associated 
with every pair of distinct points on the come. 
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‘We call A the •parameter of the point P relative to the selected 
frame of reference. If we assign to .4, B, C respectively the 
co-ordinates (1, 0, 0), (0, 1, 0), (0, 0, 1) then 

P= X^A + XB + C. 

The parameters of 4, C are oo, 0 respectively. AC, as a line 
through A, corresponds to CB; and AB corresponds to CA, as 



Fio. 46 . — Projective Generation oe a Conic. 

a line through C ; that is the tangents to the conic at A, C are 
the lines in each pencil which correspond to 4 C in the other. 

Ex. 1. Discuss the parametric representation of the conic- 
envolope nl — m® = 0 , and show that the hues of the conic- 
envelope meet the lines (1, 0, 0) and (0, 0, 1) in points which 
correspond in a projectivity ; show also that the contact-points 
of these lines are the points which correspond on each line to their 
common point (Fig. 47). 



Fio. 47 — Projective Generation or a Conic-Envelopb. 

(6) Conversely, let us consider any projectivity between two 
pencils of lines and investigate the locus of the point in which 
corresponding lines meet. 

Let the vertices of the two pencils be 4, C and let the equation 
of AG be V = 0. Let u = 0 be a different line through 4, and 
m; = 0 be the corresponding line through C. Then let the line 
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u — Xv = 0 through A correspond to the line v —fiw = 0 through 
C. 

The equation of the correspondence must have the form 
aXu + 6A + d = 0, with od =t= 0, smce ft = «> when A = 0. The 
locus of P is therefore the conic auv -(- buw + dvw = 0. It is 
reducible if and only if 6 = 0, m which case AC is a self-correspond- 
ing line and the locus consists of the two hnes v = 0, au -f- dw — 0. 

Let (ii, yi, Zj) be a triad of co-ordinates for A, and let be 
the result of substituting x^, y^, z^ for x, y, z in u, and so on. In 
the general case (6 + 0), the como passes through A, where 
u, = v = 0, and C, where v = w = 0. The equation of the tangent 
at *4 is a{uVi + Ujv) + b(uu\ + Uiw) -f d{vwi v-^w) — 0, that 
IS bu dv = 0, since = Wj = 0. This is the Ime through A 
which corresponds to CA through C. Similarly, the tangent at 
C av bw — 0, which is the line through C corresponding to 
AG through A. 

Ex 2. Investigate in the same way the conic-envelope 
generated by the line joining corresponding points in a projectivity 
between two hnes. 

Ex. 3. PPy^ . . . Pn 18 a variable polygon whose vertices 
Pi, Pi, Pn lie on fixed Imes and aU of whose sides pass 
through fixed points. Prove that the locus of P is a come passing 
through the fixed points on PPj, PP„ State the dual theorem. 

(c) The co-ordinates of a variable point on an irreducible come 
have been expressed by means of the parametric equaiions 

a: ; y : z = A* : A : 1 

relative to a particular type of frame of reference. If (X, Y, Z) 
are co-ordinates of the point relative to any other frame of refer- 
ence, tliese are connected with (x, y, z) by equations of the form 

X : Y : Z = a^x + a^ + a^ . bjX + b^ -f b^ : c^x + + c^z, 

where 

A ^ Ui Ug Ug ^ 0. 

bi bi 63 
^ 

Relative to the new frame of reference we have the parametric 
equations 

X Y : Z — OiA* -)- OjA •+■ O3 : bjA* + 63A -f- 63 : CiA® -|- C3A -f- C3. 

Ex. 4. Discuss the position of the triangle of reference 
relative to the come given by a: : y : z = A* : 2 — A* : A. 

Ex. 6. A change of parameter to p, where p — 
{pX + g[)/(rX -f s), with pa + qr, leaves the general form of the 
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parametric equationB unaltered. Such a transformation is con- 
venient when we wish to assign particular parameters, usuaUy 
0 , 1, 00 , to three particular points on the conic. 

Ex. 6 In the general case considered above, the parametric 
equations for the associated conic-envelope are 

L-.M:N 

= A^- 2A^\ -h /I 3 A 2 : : Cj - 2C^\ -f CjA*, 

where is the co-factor of in A, and so on. 

21. A cross-ratio property of a conic. 

(а) We consider an irreducible conic and take its equation in 
the form a:z — 1/® = 0 or, parametrically, a::y:z = A®. A:l. 

The equation of the chord joimng two points, with parameters 
0 , is easily seen to be 

X — y(0 + 4) + z0^ = 0; 

and the equation of the tangent at the point with parameter 0 is 
X — 2ff0 -}- z6® = 0. 

The linearity of the equation of the chord with respect to each 
parameter has several imjiortant consequences. For the present, 
we observe that if P, Pj, P^, Pj, P, are five distmct points on the 
come, with parameters A, A^, Aj, A3, A^ respectively, the equations 
of the four chords PP, are {x — Ay) — \(y — Az) = 0, t = 1, 2, 
3, 4. Hence, P{Pi, Pj-, P 3 , P 4 } = {Aj, A^; A 3 , AJ, which is 
independent of the position of P on the conic, provided that it 
does not coincide with any one of the points P,. The relation 
clearly continues to hold in the exceptional circumstances provided 
that we make the convention (to be adhered to) that, when P is 
at P„ PP, IS to mean the tangent at Pf 

It follows that, if Q IS any other point on the conic, there is 
a projectivity between the pencils with vertices at P, Q such that 
PP, corresponds to QP„ i = 1, 2, 3, 4 

It is conyenient to call {A^, A,; Aj, A4} a cross-ratio of the 
four points Pj, Pg, P3, P4 on the conic and to denote it by 
{Pi, Pg , Pg, P4}. It will be understood that the latter symbol 
depends on the conic as well as on the four points 

(б) Conversely, we show that if P is a variable point and 
Pi, Pg, Pg, P4 are four fixed points, of which no three are in 
line, such that P{Pi, Pg , P3, P4} = k, a, constant, then the locus 
of P is a conic through Pi, Pg, Pg, P4. 

We may take the points P, Pj, Pg, Pg, P4 to have 
co-ordinates (a:, y, z), (1, 1, 1), ( — 1, 1, 1), (1, — 1, 1), (1, 1, — 1) 
respectively. Then PPj, P-Pj, PPg, PP4 have co-ordinates 
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(y-z, z-x, x-y), [y-z, -z-x, x + y), 

{y-\.z,z — x, —x — y), {—y—z,z + x,x — y) respectively; 
and thus 

iy — z)PP^ s (a; + y)PPi + (z — x)PP^, 

(z - y)PPi s (2 + x)PPi + {y - x)PPi. 

Hence h = P{Pi, Pj ; Pg, PJ 

= {0, oo ; (z — x)(x + y)-\ (y — x)(z + *)-!}; 
and therefore 

(1 — k)x^ + — 2® = 0. 

* The locus of P is therefore a conic, obviously passing through 
each of P^ > Pzi Pa* 4 It is reducible if and only if i = 0, 
1 or 00, and is then a pair of opposite sides of the quadrangle 

PlPgP^ 4. 

Hx. 1. State and prove the corresponding properties of a 
conic-envelope. 

JEz. 2. The diagonal triangle of PjP^PgPj is self-polar with 
respect to the conic which is the locus of P. 


22. The theorems of Paseal and Brlanchon. 


irreducible conic. 


(i) Pascal’s theorem. 

(o) Let A, B, C, A', B', C" be six different points on an 
Pascal’s theorem is that the points P = 
BC ' . B'C, Q = CA'. C'A, R = AB' . A'B 
are colhnear (Pig. 48). 

The theorem involves a resolution of 
the SIX points into two triads A, B, C 
and A', B', C' in such a way that the 
order A, B, C is associated with the 
order A', B', C. We refer to the six 
points as determining a hexagon and 
indicate the resolution just mentioned 
by naming the hexagon by the symbol 
A' B'C). ThenPgJ? is caUed the 
Pascal line of this hexagon, and P, Q, R 
are called the intersections of the pairs of opposite sides. 



{b) Algebraically, let D be the pole of A A' and let us take 
ADA' as triangle of reference, so that DA' is a: = 0, AA' is y = 0, 
.AD is 2 = 0. Let the umt point be chosen on the come, which 
may then be represented by the parametric equations x : y :z = 
A® ; A : 1. The parameters of A, A' are 00, 0 respectively; let 
B have parameter b, and so on. 

The points P, Q, R are then easUy found to have co-ordinates 
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(cc'{6 - b') - bb'(c - c'), c’b - b’c, (6 - b') - (c - c')), 
(cc', c', 1), (bb't b', 1) respectively. We have, therefore 

(b -V)Q-{e-e')B-, 

consequently P, Q, R are in line. 

(c) Alternatively, let H — AB ' . BC, K = AC ' . B'C. Then, 
since B{A, A', B', C') a C(A, A', B', C'), we have {A, R, B', H) 
A (A, Q, K, &). Therefore, the projectivity which transforms 
R, B', H on AB' into Q, K, C on AC has A as a self-corresponding 
point and is therefore a perspective Hence, RQ, B'K, HC are 
concurrent. B'K meets HC in P ; therefore P, Q, R are in line 

» 

{d) The first proof of Pascal’s theorem remains valid when 
B' = A, C = B, A' = C provided that we interpret, as already 
decided, AB' as the tangent at A, and so on. In this case the 
Pascal line becomes the Hessian Ime of the triad A, B, C. And, 
of course, the theorem is also valid with fewer coincidences among 
the six points. 

These special cases of the theorem are useful in a number of 
problems. 

(e) Pascal’s theorem was enunciated and proved relative to 
an irreducible conic In the case of a conic consisting of two 
distinct lines, with A, B, C on one line and A', B', C on the other, 
the theorem is stiU true, being then Pappus’ theorem. 

(/) The converse of Pascal’s theorem is that, if the points 
P, Q, R are in line and no three of A, B, C, A', B', C are in line, 
then the six points last named lie on an irreducible conic. 

There is, in fact, as we shall prove in section 23 (h), just one 
conic through A, B, C, A', B' ; let it meet BC again at C". 
Then by the direct theorem P = BC" B'C, CA ' . C"A, R = 
AB' A 'B are in hne. Therefore CA' meets C"A on PR, necessarily 
therefore at Q. Hence C" is C'; and so the conic in question 
passes through all six points. 

Ex. 1. Sixty different Pascal lines may be obtained from six 
given points on a conic by suitable associations between the points. 

Ex. 2 The Pascal lines of the hexagons (ABC, A'B'C), 
[ABC, B'C'A'), (ABC, CA'B') are concurrent. 

(ii) Brianchon’s theorem— Let A, B, C, A', B', C' be six 
(UfiFerent lines belonging to an irreducible conic-envelope (Fig. 49). . 
Brianchon’s theorem is the dual of Pascal’s and asserts that the 
lines P joining B . C' to B' . C, Q joining C . A' to C' . A, R joining 
A . B' to A' . B are concurrent m a point called the Brianclum point 
of the hexalateral (ABC, A'B'C'). 
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The proofs of Pascal’s theorem may be dualised without 
difficulty. Brianchon’s theorem holds also when any or all of the 
coincidences A = B', B = C', C = A' occur, provided that we 
mean by A . B' the contact-point of A, and so on. When all three 
coincidences occur, the Brianchon point becomes the Hessian 
point of A, B, C. 

Ex. 3. Sixty different Brianchon points may be obtained 
from six given hnes in a conic-envelope by suitable associations 
between the lines 

Ex. 4. The Brianchon points of the hexalaterals (ABC, 
A'B'C'), (BCA, A'B'C'), (CAB, A'B'C') are colUnear. 



Fio 49 — Fiqurei fob Conic and whose Sides 

Bbianchon’s Theobeu Touch Another Conic. 


(Ill) Two triangles inscribed in a conic. 

(а) We prove that, if two triangles ABC, A'B'C are inscribed 
in an irreducible conic and the vertices are all different, their sides 
belong to an irreducible comc-envelopc The converse of this 
theorem is the same as the dual. 

Let (Fig. 60) A'B', A'C meet BC in H, K\ and let AB, AC 
meet B'C in H', K'. Since the conic is irreducible, we have 
A{B, C, B', C) A A'{B, C, B', C), and therefore, by incidence, 
{H', K', B', C')~K (B, C, H, K) We are thus led to a projectivity 
between B'C and BC which generates a conic-envelope containing 
B'C, BC and H'B, K'C, B'H, CK, that is containing the six 
sides of the two triangles. The conic-envelope is irreducible since 
no three of the six sides are concurrent. 

( б ) The algebraic proof of the above theorem is interesting 
and leads to new proofs of the theorems of Pascal and Brianchon. 

We take ABC as triangle of reference and let B'C, CA', 
A'B' have co-ordinates (On, a-^^, o^), (o^i, a^^), (O 31 , O 32 , O 33 ) 

respectively. Then the equation of the given conic is 

I 1 

Oji® -t- Ojay + a^jZ a^^x Ojai/ + ®23* ®31® + ®32y + ®33* 


0 , 
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where A2, A3 are all non-zero and 


so that 


Ai®i(”^ “t" A2<*2i ^ -{- A3ffl3<“^ — 0, i — 1, 2, 3, 



021'^ 

®31 

®12 ^ 

«2i'^ 

“32” 

®13 ^ 

®23 

O33” 


= 0 . 


From the three equations involving A^, Aj, A3, or from the 
vanishing of the determinant, /i2, exist such that 


Mi®ir^ + = 0, i = 1, 2, 3 , 

and jxi, jtij, /13 are all non-zero smce the lines B'C, C'A', A'B' are 
different. 

The last three equations show that B'C, C'A', A'B' belong to 
the irreducible conic-envelope 


/*! 


I m n 


which also contains BC, CA, AB 


(c) Let A,^ denote the co-factor of 0,^ in the determinant 


Oil 

Oi3 

«13 

®21 

®22 

®23 

®31 

®S2 

O 33 


+ 0 . 


Then A', B', C have co-ordinates (A^i, A^^, ^,3), (-421, A^^, 433), 
(431, 433, 4,,) respeciivoly The equation of the conic-envelope 
may be e\])it'Shcd in the form 


+ 


"h -^la^ “^ 22 ^ "I" -^ 23 ^ 


with 


so that 


I ^3 _ Q 

431 ! + As^m + 43371 


0 iA'n~^ -(- ^242r^ ■(" ^343<”* — 0, t — 1, 2, 3, 


j -1 J -1 y4 -1 

■“11 -"21 -“31 

/I -1 >4-1 /4 -1 

12 _ *^22 ^ "32 

I 23 ” 


j -1 j -1 > 4-1 

"13 "5?3 "3.1 


0 . 


(d) With the notation of part (i), we may verify without, 
difSculty that the points P, Q, R, which determine the Pascal line 
of the hexagon {ABC, A'B'C'), have co-ordinates (1, 433431-^, 
433431"^), (4 u 4 i 3"'-, 1, 433433"^), (4 ii 4 i 3*^, 433433”^, 1) re- 
spectively. That these points are in line Mlows from the fact that 
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I 1 -^22-^21”^ ~ ■^ll-^22^83 -^21"^ ~ ®‘ 

■^11-^12”^ 1 •^ 33 -^ 32 ”^ -^12 ^ -^22"^ -^32”^ 

^ -‘^ 22-^23 ^ 1 -^18 ^ -^23”^ -^33 ^ 

The equation of the Pascal line is easily seen to be 

11 ^^ 1 ® “I” -^ 22 ~^^ 22 / "t" ■^33~^^3^ ~ 

(e) Similarly, the lines P, Q, R, which determine the Brianchon 
point of the hexalateral (BO CA AB, B'C C'A' A'B'), have 
co-ordinates (1, 0^2^21 ®33®3i ^)> (®ii®i2 ®33®32 ^)> (®ii®i3 

®22®23”^> i) respectively, and these are now obviously concurrent 

.The equation of the Brianchon point is 

®ii “|- O22 H" O33 ^^3!! = 0, 

(/) We prove that, if there is one triangle having its vertices on 
a given irreducible conic and its sides belonging to a given irreduc- 
ible conic-envelope, then there are an infimty of such triangles. 

Let ABC bo the given triangle If A' is any point on the conic 
other than A, B, C and the intersections of the conic with the 
associated conic of the conic-envelope, there pass through A' two 
lines of the conic-envelope ; let these meet the given conic at B', 
C. By the theorem of (a) above, the sides of the two tnangles 
belong to an irreducible conic-envelope ; this conic-envelope has 
five lines m common with the given comc-envelope and therefore 
coincides with it. Hence B'C belongs to the given comc-envelope ; 
and the theorem follows. 

This proof anticipates the results of the next section where we 
prove the dual of the statement that a single irreducible comc- 
envelope contains five given lines of which no three are concurrent. 

(g) It is appropriate to mention now another theorem which 
may be proved on hues very similar to (a), (6), (/) above. It is 
that, if two triangles are self-polar with respect to a conic, their 
vertices lie on one conic and their sides touch another conic. 
Further, if one triangle can be constructed to have its vertices on 
a given conic and to be self-polar with respect to another conic, 
then an mfinity of such triangles can be construct, and there 
is a dual theorem to this. 

23. Linear sj^tems of conics. 

(a) The conics 

. ax^ -f by^ -f C2® 2fyz -J- 2gzx + 2hxy = 0 

whose coefficients satisfy r linear equations 

Ki s ojo "t" p,6 y,c -|- dif -{- ^ig -t" tpih = 0, i ~ 1, , . . , r, 
are said to form a linear system 
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The r linear equations are said to be dependent if numbers 
hi, ... ,hr exist so that, for all a, b, c, f, g, h, 

h^Ki hfKf ^ 0 , 

and otherwise to be independent. If these equations are indepen- 
dent and r ^ 6, we may solve them by Cramer’s rule for any r of 
the coeiScients which will then be expressed each as a linear 
homogeneous polynomial in the remaining 6 — r coefficients. On 
substituting these values m the equation first written, the system 
of conics is then expressed by an equation of the form 

^0^0 + + • • • + A6_f5i6_f = 0, 

where the \ are the remaining coefficients just mentioned and 
count as parameters which vary from conic to conic, and the Si 
are definite mdependent homogeneous quadratic pol 3 momials in 
X, y, z. 

The system of conics, each of which depends on the ratios of 
5— r of the to the remaining one, is called an oo®"'' linear system 
or, alternatively, a linear system of freedom 5 — r. 

If r — 5, the system consists of a single conic. If r = 4 the 
system is called a pencil , and if r = 3 the system is called a net. 

A geometrical condition on a system of conics which is express- 
ible by a homogeneous linear equation m the coefficients a h 

18 called a linear condition. We have stated, then, that a conic 
is determined absolutely by five mdependent Imear conditions. 

(6) We prove that a single irreducible conic passes through five 
given points of which no three are in line. 

The condition that comes should pass through a given point 
is linear. If then we can prove that the five given pomts present 
independent conditions we can conclude that a single conic con- 
tains all of them, and this come must be irreducible since no 
pair of lines contains all five points. 

Let us suppose that the five points present dependent condi- 
tions. Then we may solve the corresponding hnear equations m 
a, . . . , A for n&t more than four of these coefficients ; consequently 
the conics which pass through the given points are expressible by 
an equation of the form 

“ 1 “ ^ 1^1 + • • • + 

where the Si are independent and f^l. We may now choose 
the Ai so that at least one of these conics contains a third point* 
on the line joining two of the given pomts ; such a conic would 
then contain the whole line and be reducible. As we have already 
said, no reducible conic contains the five given points ; hence our 
supposition is impossible and the theorem follows. 
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(c) At least one conic passes through any five given points. 
If three of the points are in line and the other Wo lie on a difrerent 
line, there is just one conic through the points ; it consists of the 
two lines. If four of the points are in line, a pencil of conics 
contains the five points , each come consists of the line mentioned 
and a line through the fifth point. If all five points are in line, 
a net of conics contains them; each conic consists of the line 
mentioned and another line. 

(d) In order that the conic 8 0 should touch a given line 

lic + my -\-nz = 0 at a, given point (x^, y^, z^), the coefficients in 
8 must satisfy two independent linear conditions. 

By identif 3 dng the equation of the line with the equation = 0 

we see that the two conditions are expressed by 

+ %i + + hi ‘ 9^1 +fyi + czi = l:m:n, 

these relations obviously containing the implication that 8^1 = 0 
since Ixi + my^ + nzy ~ 0. 

We may express the above statement by saying that the two 
infinitely near points in which the conic meets the line present two 
independent linear conditions to the coefficients in the equation of 
the come. This could be expected as a limiting case of the conic 
being required to pass through two distinct given points on the 
given line. 

It requires only slight modification of the argument given in 
{b) above to show that a single irreducible conic passes through 
four given points, of which no three are in line, and touches at 
one of them a given line not contaimng any of the other three. 
And, further, a single irreducible conic touches two given lines at 
given points and passes through a third given point, the three 
points not being in line nor any at the common point of the two 
Imes. 

Ex. 1. To require conics to have a given pair of points as 
conjugate points is a linear condition. 

Ex. 2 To assign a self-polar triangle is equivalent to three 
independent linear conditions 

Ex. 3. There is, in general, a unique conic having five given 
pairs of conjugate points of which no three pairs form the three 
pairs of opposite vertices of a quadrilateral. 

Ex. 4. In general, two conics pass through four given points 
and touch a given hne ; but there is only one such conic if the line 
contains one of the given points. 

Ex. 5. Assuming Pascal’s theorem and (b) above, prove the 
converse of Pascal’s theorem. 
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24. The intersections of two conics. 

(a) To investigate the points of intersection of two conics A, 
B, at least one of which, say A, is irreducible, we choose a frame 
of reference so that A is given by the parametric equations 

a: . y • z = A* : A : 1. 

Then, if B has the equation 

oa:® + + cz® + 2fyz + 2^za; + 2hxy = 0, 

the points where B meets A have the parameters given by 

aX* + 6A* + c + 2/A + 2gX^ + 2AA® = 0. 



(a) (W 



(c) (d) (e) 


Fig 61. — Intebsections of Two Conics, ( a ) Distinct iNTmsECTroNS, (5) 
Contact at One Point, (c) Double Contact, ( d ) Three-Point Contact, 
(e) Four-Point Contact 

Therefore, in general, there are four distinct common points. If 
two of the roots of the quartic in A are equal, we agree to say that 
B meets A twice at the corresponding point or that B has contact 
of the first order there with A ; and similarly for contact of higher 
order (Fig. 61). 

(6) To study the nature of the intersection at a particular 
common point P we may, without loss of generality, suppose that 
the frame of reference is so chosen that P has the parameter 0 * 
Then necessary and suflicient conditions for B to (i) pass simply 
through P, (ii) meet A twice at P, (iii) meet A three times at P, 
(iv) meet A four times at P are respectively (i) c = 0, (ii) c = / = 0, 
(iii) c=/=6 + 2g = 0, (iv) c=^f=b + 2g:r^h = Q. 
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If P and Q are two different points of A, we can arrange that 
they have parameters 0, « respectively Then necessary and 
sufficient conditions for B to (v) meet A twice at P and twice at 
Q, (vi) meet A three times at P and once at Q are respectively 

(v) c = f = a = h = Q, (vi) c=f=b + 2g = a = 0. 

If P, Q, R are three points on A, we can arrange that their 
parameters are 0, 1, oo respectively. Then necessary and sufficient 
conditions for B to (vii) meet A twice at P and once at each of 
Q, R are (vii) c=:f = a = b-\-2g-\-2h — 0 

It is to be observed that in each case the conditions are linear 
and independent. 

Ex. 1. If B has contact of the first or higher order with A 
at P, then the tangent at P to A is also tangent to B. 

Ex. 2. It 18 very useful to recognise reducible conics B which 
satisfy the above conditions (i), (ii), . . . , or (vii). The following 
cases should be verified. 

(i) Any line through P and any other line 

(ii) The tangent at P and any other line ; or any pair of 
lines through P. 

(lii) The tangent at P and any other line through P 

(iv) The tangent at P, counted twice 

(v) The tangents a,t P, Q, or the hne PQ, counted twice 

(vi) The tangent at P and the line PQ 

(vii) The lines PQ, PR , or the tangent at P and the line QR 

25. Pencils of conies. 

(i) A pencil is determined by any two of its members. — A 

system of conics given by an equation of the form 

^ = 0 , 

where A is a parameter varying from one conic to another and 
ranging through the modified system of complex numbers, and 
8 = 0, 8' = 0 arc the equations of two different (reducible or 
irreducible) conics has been called a pencil 

The conics 8 = 0, S' = 0 may be said to determine the pencil 
We prove that the pencil is equally weU determinbd by any two 
of its members 

Consider then the two different conics 8 + A^S' = 0, 5 + Aj^' = 
0, where A^ 4= Aj ; these determme a pencil 

(8 + X,8’) + ^^{S + X^') = 0 

or (1 + f>-)S + (Aj + nX^)S' = 0. 

The equation A = (A^ + /aA 2 )/(l + /*) is bilinear in A, p and non- 
singular since Aj + Ag. Therefore, to every value of g. there is one 
value of A, and vice versa. Every member of either pencil is thus 
a member of the other pencil , that is, the two pencils are the same. 
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This property of a pencil is useful in building up the equation 
of a pencil, as we shall illustrate shortly. 

It is evident that through any point, not common to /S' = 0 , 
S' — 0, there passes just one come of the pencil. 

(ii) Base points of a pencil. — ^The common points of the conics 
of a pencil are also called the base points of the pencil. If the 
conics all touch a fixed line at P and have two other base points 
or else touch another hne at a point Q, we say that there are 
two infinitely near base points on the line at P, and similarly at Q. 
If the comes all have contact of the second order with an irreducible 
member of the pencil at a point P, we say that there are three 
infinitely near base points on this member at P. And if the conics 
all have contact of the third order with an irreducible member at 
a point P, we say that there are four infinitely near base points 
on this member at P A base point is isolat^ if no other base 
point is infimtely near to it. 

Underlying this terminology is the idea of the hmit of two, 
three or four distinct base points on a curve It would not do 
to speak of three or four base points being infimtely near together 
on a line since such a case would require all the conics to be 
reducible and contain the line as part. 

Ez. 1 . Every conic through the base points of a pencil 
belongs to the pencil 

Ex. 2. Suppose that the conic = 0 is irreducible and show 
that, if the come S' = 0 has contact of the rth order with S = 0 
at a particular point, then every conic of the pencil S + XS' = 0 
has contact of the rth order there with S = 0 . 

Ex. 3 . A is an isolated base point of the pencil S + XS' = 0, 
and AP^ is the tangent at A to the conic S -f \S' = 0, t = 1,2, 
3 , 4 . Prove that A{P^, P^; P3, PJ = {Aj, X^, A3, aJ. 

Ex. 4 . A, B are two isolated base points of a pencil of conics 
Prove that the tangents at A, P to a variable conic in the pencil 
correspond in a projectivity. What is the locus of the point in 
which corresponding tangents meet * 

• 

(ill) Special forms for the equation of a pencil. — Let the conics 
(S = 0, jS' = 0 be both irreducible and have four distmct common 
points. Then no three common points are m line. Let L = 0 be 
the equation of the line joining two of the common points and 
if = 0 be the hne joining the other two ; and let L' — 0 , M' — 0 
be another pair of opposite sides of this quadrangle of points. Then 
two reducible conics of the pencil S + XS' = 0 are LM = 0 and * 
L'M' — 0 . The pencil is thus also given by either of the equations 
S + 0 LM = 0, LJI + = 0 

where ff, <f> are parameters. 
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Let us suppose next that the conic 8^ = 0 touches /Sf = 0 at 
P and meets it besides in two distinct points Q, B. Let L = 0 
be the equation of the common tangent at P, M = 0 he QB, 
L' = 0 be PQ, Jf' = 0 be PB. Then two reducible conics of the 
pencil S + AiS' = 0 are LM — 0 and L'M' = 0. The pencil is 
thus given also by either of the equations 

8 + eLM = 0,LM + <I>L'M’ = 0. 

Next let S' = 0 meet 8 = 0 three times at P and once at a 
different point Q. Let L = 0 be the equation of the common 
tangent at P and if = 0 be PQ. The pencil 8 + X8' = 0 is also 
given by 

8 + 0ZM = 0. 

Now let /Sf' = 0 meet 8 = 0 four times at P, the common 
tangent being L = 0. The pencil 8 + XS' = 0 is given also by 

8 + eL> = 0 . 

Finally, let S' = 0 touch 5 = 0 at two different points P, Q, 
the common tangents there being L = 0, M = 0 respectively , 
and let PQ heN = 0. Then the pencil 8 + X8' == 0 is given also 
by either of 

8 + BLM = 0, 8 = 0, LM + « 0. 

(iv) The reducible conics In a pencil. 

Let 8 = 0, 8' = 0, where 

8 s oa:* + + cz® + 2/yz + 2gzx + 2hxy, 

S' = o'*® + 6'y® + c'z® + 2/'yz + 25r'z* + 2h'xy, 

be the equations of two different comes These determine a 
pencil i8 + A5' = 0 whose reducible members arise from the values 
of A given by 

o -}- Ao Ji -f- AA y -j- Ag' — 0, 

A + AA' 6 + A6' / + A/' < 

? 4- Ag' / 4- A/' c + Ac' 

that is, by 

A + A0 4- A®0' + A®A' = 0, 

where A, A' have the usual significance and 

0 sa'A + b'B + c'C + 2f'F + 2g'Q + 2h'H, 

0' s aA' + bB' + cC + 2/F' + 2pG' + 2hH’, 

the capital letters denoting co-factors in A, A' as usual. 

Thus, in general, a pencil contains three reducible conics. 
This occurs when the base points form a quadrangle, the reducible 
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conics consisting of the three pairs of opposite sides of the 
quadrangle. 

In particular cases two or all three of the reducible conics may 
coincide ; and if A = 0 = ©' = A' = 0, every conic of the 
pencil is reducible. The reader is advised to consider the different 
pencils mentioned in part (ui) of this section and to find, by means 
of the cubic in A, in each case the reducible members; for this 

E urpose the equation 8 = 0 should be taken in its simplest form 
aving regard to the configuration of base-points. Thus, for 
example, in the second case we should take PQR as triangle of 
reference and 8 ^ 2fyz -|- 2 ^ 2 ® 2hxy. 


(V) The locus of the poles of a given line with respect to the 
conics of a pencii. — For simphcity, we consider only the case where 
the pencil has four distinct base-points, forming a quadrangle, 
and the given line is m general position with respect to the 
quadrangle 

Let the base-pomts he A, B, C, D and let E, F, 0 be the 
diagonal points of the quadrangle With EFG as triangle of 
reference and the unit point suitably chosen, the equation of the 
pencil takes the form 

(a*® -f by^ + cz®) + A(»® -f y® -f 2 ®) = 0. 

The conic-envelope associated with the conic of parameter A 
has the equation 

-J— + 

and the pole of the given line (Z^, mj, n^) with respect to this is 
given by 

l-t WX, TO-i 


The locus of the pole is therefore the conic 
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This conic passes through E, F, 0, corresponding to the values 
— o, — 6, — c of the parameter It passes through the two points 
where the given line is touched by members of the pencil, corre- 
sponding to the values of the parameter given by 
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There are six other points on the conic which deserve mention. 
Let the given line meet a side of the quadrangle, say AB, at X ; 
and let Y = (A, B)IX. Then the conic contains the six points 
such as Y. To see this we observe that the polars of a point 
(* 1 , jfi, Zi) form a pencil of lines given by + XS^' = 0. Thus 
the polars of Y form a pencil of files, whose vertex is necessarily 
at X on account of the harmonic property of polar lines. Hence 
for just one conic of the pencil the polar of Y is the given line ; 
that is, y is the pole of the given line with respect to this conic. 

The conic, which we have obtained as a locus of poles, is called 
the eleven-point conic of the quadrangle and line. We shall refer 
later to a metrical interpretation of the configuration (the nine- 
point circle of a triangle) 

(vl) An Involution property of a pencil. 

(а) Let L be any line which does not contain a base point 

of the pencil of conics 8 XS' — 0. Let y^, z^) and 

^ 2 (* 2 > ^21 * 2 ) reference points on L, so that any point on L may 
be presented by a symbol -f- BP^ 

The two points in which L meets the conic with parameter A 
are given by 

(fifu + + fl*'S22) + -1- 2B8^^' -f 9^8^^') = 0. 

Therefore (by section 9 (vi) (e)), the two points are mates in an 
involution on L This is a theorem of Desargues and 8tvrm 

Two comes in the pencil touch L, the points of contact being 
the double pomts of the involution. 

By considering the reducible members of the pencil, we have 
again the theorem that the pairs of opposite sides of a quadrangle 
meet a line in pairs of mates of an involution. 

(б) If L were to pass through just one base point of the pencil, 
the above quadratic in 0 would have one fixed root 0^, correspond- 
ing to the base point, and one variable root, of the form (pX -f ?) / 
(rX -t- s). In view of the bilinear relation thus existing between 
the parameter of the conic and the parameter of, the variable 
intersection with L, we may say that the point and conic correspond 
projectively. In the present case, just one conic of the pencil 
touches L, its parameter being given by pA -|- g = Bo(rX + s) 

Ex. 5. A variable conic through four points A, B, C, D meets 
a fixed conic through A, B at P, Q. Prove that PQ meets CD 
in a fixed point. 

[Let the line CD meet the fixed conic at E, F and PQ at V, 
AB at 7. The pencil of conics through A, B, P, Q determines 
an involution on CD in which C and D, E and F, U and V are 
pairs of mates. Therefore U is fixed ] 
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Ex. 6. Three conics through the points A, B meet again by 
pairs at C■^^, ; C^, ; Cg, D^. Prove that 

are concurrent. 

[The conics through A, B, C^, and through A, B, Cg, Dg 
both pass through A, B, Ci, D^; and C^D^, are the lines 
joining their intersections, other than A, B, with the conic 
ABC^DjC^D^ The statement therefore follows from Ex. 5. 

Algebraically, let 5 = 0 be the conic through A, B, C^, D^, 
^3> i?g ; let C'giJg, AB be respectively L = 0, M = 0, 

N = Q. Then the conic through A, B, C-y, D^, C^, has an 
equation of the form 8 + ALJ^ = 0; and the conic through 
A, B, Cl, By, Cg, Dg has an equation of the form 8 + fiMN = 0 
A conic through the common points of these is XLN — /iMN , 
it contains AB as part ; the other part is CiDy, whose equation 
IS thus XL = fiM, and so is concurrent with DgDg, CgDg ] 

Ex 7. A, B, G, D are four variable points on a conic, such 
that AB, BC, CD pass respectively through three fixed collinear 
points P, Q, R Prove that DA meets PQR in a fixed point. 

(vil) The line-equation of the base points. — ^The equation of the 
conic-envelope associated with the conic 8 -f X8' = 0 is 

S + A® -i- A»S' = 0, 

where 

2 = Ai* -f Dm* + Cn^ |- 2Fmn -f 2Gnl + 2mm, 

O ^ (6c' + b'c ~ 2ff')P -f . . . 

-f- 2{gh' -I- g'h — af — a'f}mn + ... , 
L' = A'P + B'm^ + C'n* -(- 2F'mn 2G’nl -f- 2H'lm 

The conics in the pencil which touch a given hne (l^, m^, Uy) 
therefore have parameters given by 

-f AOjj -[- A*S]^i' = 0. 

As we have seen, in part (vi), there are two such conics, correspond- 
ing to tlie two roots of this quadratic m A, when the given hne 
does not coi^ain a base point. When the given line contains a 
base point, tnere is only one corac touching it, and the quadratic 
in A has then equal roots Thus the lines through the base points 
are those whose co-ordinates satisfy the equation 

<!)* = 42L', 

which is therefore the line-equation of the base points. 

26. Ranges of conic-envelopes. 

All that has been said in sections 23, 24, 26 may be dualised 
in a fairly obvious manner and gives rise to a se* of statements 
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relating to conic-envelopes. We may be satisfied to rely on the 
algebra of the preceding sections and simply enumerate below the 
principal theorems in which we are interested. 

(а) The system of conic-envelopes given by an equation of the 
form 

S -f AS' = 0, 

where A is a parameter varying from one eonic-envelope to another, 
is called a ratiffe. 

Just as a pencil of conics is connected with the figure of a 
quadrangle, determined by its four base points, so a range of 
conic-envelopes is connected with the figure of a quadrilateral, 
determined by the four lines common to the members of the range. 

In general, the conics associated with the conic-envelopes of a 
range do not form a pencil. With the notation of section 17, if 
S = 0, S' =0 are the conics associated with S = 0, S' = 0 
respectively, then the conic associated with S -t- AS' = 0 has the 
equation 

A5 -f A/i: A^A'-S' = 0, 

where the only new expression, K, is defined by 

K ^ (BC -f B'C - 2FF')x^ -f . . . 

-t- 2(GH' 4- G’H - AF' - A’F)yz -f . . . 

Thus, the associated conics form a non-linear system of freedom 1. 

(б) A range is determined by any two of its members. 

(c) In general, a range contains three members which are pairs 
of pencils of lines. If every member contains the sides of a 
quadrilateral, the vertices of these pairs of jiencils are the pairs 
of opposite vertices of the quadrilateral 

The parameters of the r^ucible conic-envelopes are given by 

A* + AA0' 4- A^A'G 4 A^A'* = 0. 

(d) The poles of a given line with respect to the conic-envelopes 
of a range lie on another line; and the polars of a given point 
belong to a conic-envelope. 

(c) The pairs of lines of a variable conic-envelope in a range 
which pass through a fixed point are pairs of mates in an involu- 
tion. This includes the theorem that the pairs of lines joining a 
given point to the pairs of opposite vertices of a quadrilateral are 
pairs of mates in an involution. 

Of the associated conics of the range, two contain a given point 
which is not on a base line of the range ; if the point is on a base 
line, then only one conic passes through it. 
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(/) The equation of the set of four base lines is 

== 4AA'SS'. 

{g) Let two irreducible conics have four distinct common 
tangents; no three may then be concurrent. The equation of 
the range determined by the associated conic-envelopes may be 
taken as S + AS' = 0, where S, S' have obvious reference, or as 
S + (iLM = 0 or as LM + vUM' — 0, where L = 0,M — 0 are the 
line-equations of a pair of opposite vertices of the quadrilateral of 
common tangents, and L' = 0, M' = 0 similarly refer to another 
pair. 

Suppose next that the two conics touch at a point where the 
common tangent is P and have two other distinct common tan- 
gents Q, R. Then the equation of the range may be taken as 
S -f AS '= 0 or S -|- ^lLM = 0 or LM + vL'M' = 0, where L = 0 
IS the equation of the common point of contact, Jlf = 0 is the 
('quation of Q R, i' = 0 is the equation of P . Q and M' = 0 is the 
equation of P R 

Now suppose that the two comes touch at points P, Q. Then 
the equation of the range may be taken as S -f AS' == 0 or 
S -f yiLM = 0 or S -f vN^ = 0 or LM -f tN® = 0, where L = 0. 
il/ = 0, N = 0 are respectively the equations of P, Q and the 
common pole of PQ 

If the two conics have three-point contact at P, then three of 
the four common tangents comcide with the tangent at P to both 
conics. In this case the range defined by the two conic-envelopes 
may be taken as S -f AS' = 0 or S y.LM = 0, where L = 0 is 
the line-equation of P and = 0 is the equation of the point 
common to the tangent at P and the remaining common tangent 

If the two conics have four-point contact at P, then the four 
common tangents coincide with the tangent at P to both conics. 
The range may be taken as S -j- AS' = 0 or S /iL* = 0, where 
L = 0 is the equation of P. 

Ex If and only if the conics of a pencil have double or 
four point covtact, the associated comc-envelopes form a range. 

27. Rational curves and envelopes : projective transformations 
on conics and conic-enveiopes. 

(i) Rational curves and envelopes. 

(a) A curve in the complex modified plane which has para- 
metric equations of the form 

x:y :z = A(A) : JS{A) : (7(A), 

where A, B,C are polynomials in a complex parameter A, is called 
a rational curve. 
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Not every curve is rational ; for example, it may be shown 
that the curve whose equation is expressed by the vanishing of a 
general cubic polynomial, homogeneous in x, y, z, is not rational ; 
the co-ordinates of its points may be expressed as elliptic (that 
is, doubly-periodic) functions of a parameter. 

The parametric equations, written above, define a single point 
{x, y, z) corresponding to every value of A : but they do not 
necessarily define a single value of A corresponding to every point 
on the curve. The proof is given later of a theorem due to Luroth 
which asserts that we can always find a rational function f(X) (that 
IS, a function which is the ratio of two polynomials in A) so that, 
on putting /(A) = /t, the parametric equations may be rewritten 
in the form 

x:y:z = Aiiy.) : B^in) : 

where A^, Cy are polynomials in fi, and now every point on 
the curve, apart from a fimte set of points, called multiple points, 
defines a single value of p. which can be expressed as a rational 
function of x, y, z. 

For example, the come xz — = 0 admits the parameterisa 

tion a: : y • z = A^ . A® : 1 . Taking /(A) = A®, we get x . y . z - 
/i® ; ja : 1, with p = xjy — yjz. 

Dually, an algebraic system of hnes given by jiarametric 
equations of the form 

l m :n = A(A) . B(X) C(X) 

is called a raiional envelope. It is evident that Luroth’s theorem 
applies equally here. 

(6) The simplest rational curves are : 
the line 

X : y z = Xy ■ yy Xy^ Zy + Xz^\ 

and the irreducible conic 

x:y .z = OiA® -|- a^A -H Og • ft^A® -t- h^X + 63 c^A® + c^X C3, 

with Oj O2 03 + 0. 

by 63 63 • 

Cl Cg C3 

The simplest rational envelopes are ; 
the pencil 

I : m : n = ly Xl^ . my Xm^ : Uy -f Xun ; 
and the irreducible conic-envelope 

I : m : n = ajA® agA -t- 1 x 3 piA® -1- PgA -|- P 3 : y^A® -1- yfX -f- yj, 
with a, aa aa 4= 0. 

Pi Ps Ps 
yi Vz 73 
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(c) The algebra of bilinear equations, developed in section 9, 
may clearly be applied to rational curves and envelopes in the 
same way as to lines and pencils. Thus, a projectivity on a conic 
is determined by a set of parametric equations of the conic 
together with a non-singular bilinear equation connecting the 
parameters of two variable points on the come. 

(ii) Projectivity oh a conic. 

(а) We prove that the hoes joining corresponding points in a 
non-involutory projectivity on an irreducible conic generate an 
irreducible conic-envelope whose associated conic touches the 
given conic at the umted points of the projectivity. (See Ex. 2.) 

If the conic is given by the general parametric equations in 
(i) (6) above, it is convenient first to change the triangle of refer- 
ence by means of the substitution 

x:y:z = a^X -f- OjF -f- a^Z b^X + 6a7 -f- 63Z . c^Z CgF -f- C3Z, 
so as to bring the equations to the simplest form 
Z : 7 : 2 = A* : A . 1. 

Then let the projectivity be given by the bilinear equation 
a\fi -f 6A + c/i -f d = 0, with ad * be, b * c. 

A triad of new co-ordinates (/, m, n) of the chord joining 
corresponding points with parameters A, is given by 
I . m 71 = 1 : — (A+/i)’ A/a. 

The equation of the projectivity may be written as 
oA/i -1- J(6 -|- c)(A jx) -|- d = — ^{6 — c)(A — /a) ; 
from which 

{a\p -f \{b -f- c)(A + ja) -f d}2 = lib - c)*{(A + ,*)* - 4A/x}. 
Therefore the chord in question generates the conic-envelope 
{an — ^(6 + c)m dl}^ = — int) 

The form of this equation shows that the associated conic 
touches the ^ven conic at the points of contact of the tangents 
from the point (d, — ^(6 c), a). The polar of this point with 

respect to the given conic meets it in the points whose parameters 
are given by 

d -f aX^ + (h + c)A = 0, 
that is, in the united points of the projectivity. 

• 

(б) We prove that in the case of an involution on the conic 
the cWds joining corresponding points pass through a fixed point, 
called the centre of the involution ; and the double points are the 
points of contact of the tangents from this centre. 
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With the same preliminaries as in (a) above, let the equation 
of the involution be 


(iXfjL 6(A -|“ ft) -j- d — 0. 

Then it is obvious that the chord joining a pair of mates passes 
through the point (d, — 6, a). The tangents from this point give 
rise to coincident mates, that is to the double points of the 
involution. 

Ex. 1. •• .An is a variable polygon inscribed in an 

irreducible conic, and AiA^, A 2 A 2 , .... A„_iAn pass through fixed 
points, not on the come. Show that, m general, A^An touches a 
certain come having double contact with the given conic; but 
that, if the fixed points are all in line, A^An passes through a 
fixed point on their hne, when n is even. 

Show further that two polygons can be inscribed in a conic so 
as to have their sides each containing a given point. 

Ex. 2. In the case of a parabolic projectivity on a conic, 
show that the conic-envelope generated by the hnes joining 
corresponding points is such that its associated conic has four- 
point contact with the given conic at the united point of the pro- 
jectivity. 

Ex 3. A, B are two points conjugate with respect to an 
irreducible conic. P is any point on the conic , and AP, BP meet 
the conic again at R, S respectively. Prove that AS, BB meet 
on the conic. 

Ex. 4. Two involutions on a conic are called conjugate when 
their centres are conjugate points. Let P, Q bo mates m an 
involution and let P, R and Q, S be pairs of mates in a conjugate 
involution; then R, 8 are mates in the first involution. 

(c) Problems relating to projectivities on a line may be very 
simply converted into problems relating to projectivities on a 
conic. To do this, we take any fixed point 0 on the come and 
establish a projectivity between the hne and the conic by making 
points correspond when they are in line with O. projectivity 
on the line then gives rise to a projectivity on the come. 

The theorem, proved earlier in regard to involutions on a line, 
that two involutions have just one pair of mates in common is 
now seen to be an expression of the fact that the centres of two 
involutions on a conic are joined by one line which meets the 
conic in the common mates of the two involutions on the come. 

(d) It may be left to the reader to dualise the preceding notions 
and prove that the mtersections of correspondmg hnes in a non- 
involutory projectivity on an irreducible conic-envelope generate 
a conic havmg double contact with the conic associated with the 
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conic-envelope ; but, if the projeotivity is involutory, the inter- 
sections lie on a fixed line. 

(iii) The cross-axis ol a projectivity. — We prove now that, if 
Pi and Qi, and Q2 are two pairs of corresponding points in a 
projectivity on an irreducible conic, then the point of intersection 
of P\Qi and PjQi hes on a fixed line, called the cross-axis of the 
projectivity. 

When there are two distinct united points, it is evident, by 
taking P, at each in turn, that the cross-axis is the hne joining 
the united points. If the projectivity is parabolic, the cross-axis 
must obviously pass through the one united point ; it is in fact 
the tangent at the point since, if the line were to meet the conic 
elsewhere, this other intersection would necessarily be a united 
point ; and this result is also apparent 
by considerations of continuity. 

The theorem may be deduced from 
Pascal’s theorem in the same way that 
the existence of a cross-axis was deduced 
from Pappus’ theorem in connection 
with a projectivity between two lines 

Algebraically, taking first the case 
of two distinct umted points A, C we 
choose the triangle of reference to be 
ABC, where B is the pole of AC, and 
take the unit point on the conic (Pig. 

.’)2). The conic may then be given 
the parametric equations x y : z 
-A® A'l, A, C having respectively 
t he parameters 00 , 0 , and consequently the projectivity is 
represented by an equation A = ip. 

If Pj, have parameters Ai, and if P^, have parameters 
Ag, P2 respectively, the equation of PjOg is 

* — y(Ai + P 2 ) -f zAiPi = 0. 

This meets AC in the point 0, — 1). Since A^ = ip,, 

Aj = i:p2, thesg co-ordinates are the same as (AgPj, 0, — 1), which 
refer to the point where P^Qi meets AC. This is what we had 
to prove. 

If the projectivity is parabolic, we take (7 to be the united 
point and A to be any other point on the conic, and again represent 
the conic by a: : 3/ : 2 = A® : A : 1. The equation of the pro- 
jectivity now has the form Ap = i:(A — p). 

Pj, Qi, Pg, Qz having the same parameters as before,. 
PyQi meets the tangent at C in the point (0, Ajpj, Ai -|- pj). 
Since Aj = kfiiKk — p^), these co-ordinates are the same as 
(0, k/i^, Jc(fii + P2) — PiPs) ; and the result follows from the 
symmetrical form of these co-ordinates. 



Fio CJ — Ckoss-Axis of a 
PnoJF( Tivrry on a Conic. 
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f!x. 5. In the case of an invoiation, the cross-axis is the polar 
line of the centre of the involution. 

28. Review of Chapter III. 

In this chapter we have investigated the basic properties of 
a conic and of its dual configuration, these being next m simplicity 
to a Ime and a pencil of lines respectively. The two types of 
geometrical assemblies proved to be closely associated : every 
irreducible comc-envelope is the assembly of tangents to an 
irreducible conic. It was shown that a come and a conic-envelope 
can each be generated by purely linear geometrical constructions. 

The reduction of the equation of a conic to various simple 
forms, depending on the relative positions of the triangle of 
reference, was, and frequently will be, very useful. In particular, 
one form led to the representation by means of parametric 
equations, showing that a come belongs to the important class of 
curves called rational Much of the simplicity of the theory is a 
consequence firstly of this rationahty and secondly of the simple 
po]3momials in the parameter which are involved. And this 
rationality has been seen to widen the field of application of the 
theory of bilinear substitutions. Similar remarks apply to comc- 
envelopcs. 

A conic has been shown to possess a number of interesting 
harmomc properties Concepts of considerable use are those of 
conjugate points and hnes and of pole and polar line. 

Two distinct points serve to determine a line. Five points are 
required to determine a conic , and it is essential that they must 
present independent Imear conditions; if the come is to be 
irreducible, no three of the points may be m line. 

Two lines meet in one point. Two conics meet in four points 
Both statements are particular cases of the important fundamental 
theorem that two algebraic curves of orders m and n meet m mn 
pomts Corresponding to the fact that an algebraic equation in 
one variable may have repeated roots, we introduce into geometry i 
the notion of coincident, or infimtely close, intersections, for which 
limiting cases of distmet intersections provide a convement mental 
picture. 

The property of a pencil of conics, that it is determined by any 
two of its members, has wide application in formmg the equation 
of a pencil. Frequently the most convement members to choose 
are two out of the three reducible comes (hne-pairs) which a 
.general pencil has been shown to possess. 

AH the properties of conics and of conic-envelopes which have 
been dealt with so far are projective. That is to say, they are 
invariant under linear transformations of the co-ordinates. The 
theory of these transformations, which generahse to planes the 
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projective transformations on and between lines, is reserved for 
a later chapter. 

The chapter has been written with regard to the geometry of 
a modified complex euclidean plane. It is clear that the same 
ideas apply to the other kinds of plane with which we are now 
familiar except for certain obvious modifications which should be 
everywhere apparent. Such a modification arises, for example, in 
the case of a modified real euchdean plane in respect of the fact 
that a quadratic equation need not have real roots. 



CHAPTER IV 

METRICAL THEORY OE CONICS 


29. Preliminaries. 

This chapter deals with metrical geometry, particularly that 
of conics. The subject is studied in a modified complex euclidean 
plane with reference to the various relations which may exist 
between geometrical configurations and the inaccessible hne 
together with the circular points. Special attention is given to 
the metrical geometry of the real parts of the configurations. 

Throughout the chapter, co-ordinates are modified rectangular 
distance co-ordinates. In any such system the equation of the 
inaccessible line is 2 = 0 and the circular points are 7 (1, i, 0) and 
j (1, - i, 0) 

The conic-envelope consisting of the pair of pencils of lines 
with vertices at 7, J has the equation {I -1- %m)(l — im) = 0, or 

-f m® = 0. For brevity, wo refer to this as the conic-envclope 

(/, J)- 

In accordance with conventions already made, the pole of a 
line (Z,, ra,) with respect to this conic-envelope is the harmonic 
conjugate with respect to 7, J of the macccssible point on the hne 
and therefore has co-ordinates (Zj, mj, 0) Hence, the relation 
ZjZj -H = 0, necessary and sufficient that the lines (Zj, m,, n■^), 
(Zg, mj, « 2 ) should be perpendicular, is also an expre.ssion of the 
fact that the two Imes should be conjugate w'lth respect to the 
comc-envelope (7, J), 

80. Metrical geometry of some linear configurations. 

(1) The parallelogram. 

(o) To conform with ordinary real euchdean geometry, we 
make the following obvious defimtions 

A parallelogram is a quadrilateral -with two inaccessible opposite 
vertices ; two sides which meet in such a vertex are parallel. The 
point of intersection of the accessible diagonals is called the centre 
of the parallelogram. 

. A rectangle is a parallelogram whose inaccessible vertices are 
harmonic with respect to 7, J. The sides of one opposite pair are 
thus perpendicular to the other sides. 

A rhombus is a parallelogram whose accessible diagonals are 
perpendicular. A square is a rectangular rhombus 
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(6) Let AB, CD be parallel sides of a parallelogram, the other 
two sides being BC and DA (Fig. 53). Let the corresponding 
inaccessible vertices be U, V. A line through the centre 0 meets 
AB, CD at P, Q respectively ; we prove that 0 is the mid point 
of P. Q. 

Let PQ meet UV at R By a harmonic property of the 
quadrangle ABCD, the lines UA, UD 
harm UO, VV. Hence, by incidence, jj 

P, Q harm 0, R , since R is inaccessi- 
ble, 0 is the mid pomt of P, Q 

Ex. 1. Prove that the angle from 
AB to BC IS equal to the angle from 
DC to DA. 

Ex 2. K, L, M, N are points on 
AB, BC, CD, DA respectively. Show 
that in general there are two rectangles 
KLMN. 

Ex. 3 The equations of the 
sides of a parallelogram may be taken b& y = ^hz, x — ay cz. 
Show that the accessible diagonals are 6a? = (a6 ± The 
parallelogram is a rectangle when o = 0 ; a rhombus when 
6*(1 -f o*) = c*, a square when a = 0, 6 = ± c. 



The following exercises are based on Pappus’ theorem. 

Ex 4. 0, A, B, C are the accessible vertices of a parallelo- 
gram, with 0 opposite to B, and 0, A', B', C are those of 
another, with A' on OA, C on OC Prove that AC, A'C mterseot 
on BW. 

Ex. 6 A, B, C are three points in line and P, Q, B are three 
other points such that AQ, BR , BP, CQ ; CR, AP are three pairs 
of parallel hnes. Prove that P, Q, R are m hne 

Ex. 6 P is a point on the side BC of a triangle ABC. Any 
line through A meets the parallels through P to AB, AG in R, S 
respectively. Provo that BS is parallel to CR 

Ex. 7 A,P, C are points on one line and A', P', C/' are points 
on another hne, such that AA' , CC and AB', BC are two pairs 
of parallel hnes Prove that BA', CB' are parallel. 


The following exercise is based on Desargues’ theorem for 
triangles in perspective 

Ex 8 A, A', B, B' , G, C are three pairs of points, each 
pair being in hne with another point 0. If AB, A'B' are parallel 
and AC, A'C are parallel, then BC, B'C are parallel. 


(ii) Properties of a triangle. — ^The figure of harmonic pole and 
polar line with respect to a triangle has special interest. The 
triangle being ABC the pole being 0, AO meets BC in A', and so 
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on, and B'C meets BC in A", and so on. A", B", C" are on the 
polar line of 0. The figure may equally weU be constructed by 
starting with the polar hne. 

If we take A”B"C" to be the inaccessible line, A' becomes the 
mid point of 5, C since A\ A" harm B, C. Thus it follows that 



Fig. 54 — Medians oe a TBiANai.K ABC, 


the medians of a tnangle are concurrent, in the polo of the in- 
accessible line ; and that the hne joining the mid points of two 
sides is parallel to the third side of the triangle (Fig. 54), 



Pig 55 — Orthocentrb or a Triangle ABO. 

Now let A'" be the harmonic conjugate of A" with respect to 
the circular points I, J, and so on (Fig 66) Then A A'" is 
perpendicular to BC, and so on. Let BB'", CC" meet at D. 
The pairs of opposite sides of quadrangle ABCD meet IJ in pairs 
of mates in an involution (see page 83), with 7, J as double points , 
therefore CD contains C'". Hence, the three perpendiculars 
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from the vertices to the opposite sides of a triangle are concurrent, 
in a point called the orthocentre of the triangle. And, in fact, 
each of the points A, B, C, D ia the orthocentre of the triangle 
formed by the other three. 

31. Metrical geometry of conics : generalities. 

(1) Definitions. — Besides investigating the different possible 
relations which may exist between a conic and the maccessible 
line and the circular points, we show how to recognise these 
relations from the form of the equation of the conic. 

Let the equation of the conic be 

S s ax^ -|- + C 2 ® + 2fyz + 2gzx + 2hxy = 0. 

The conic is called a parabola when it is irreducible and touches 
the inaccessible line (Fig 56). In the usual notation, a parabola 
is characterised by A # 0, C = 0 It is convenient to call a pair 
of parallel lines or a line counted twice an improper parabola smce 


Inaccessible hne 



Fio. 66 — Pabahola 



Fio. 57 — CiKOliB. 



Fig 58. — Rbctangulab 
Conic. 


such a reducible conic has two comcident intersections with the 
inaccessible line. 

The conic is called a circle, as we have already agreed, when it 
contains the circular points (Fig. 67). If it is irreducible we call 
it a proper circle , if it reduces to two accessible hues we call it 
a point-circle , and if it reduces to the inaccessible line together 
with any other line, we call it an improper circle. A proper circle 
is charactensecj by A =*= 0, o = 6, ft = 0 , a point-circle by A = 0, 
a = b, h — 0 , an improper circle byA = o = 6 = ft = 0. 

The conic is called rectangular when it meets the maccessible 
line in points which are harmonic with respect to the circular 
points (Fig 58). For this, it is necessary and sufficient that the 
pair of lines ax^ -f 2hxy hy^ = 0 should be harmonic with 
respect to the pair a:® -f y® = 0 ; and this happens if and only if 
a -)- 6 = 0. A reducible rectangular conic is a pair of perpen- . 
dicular lines or an isotropic hne counted twice. 

Ex. 1. There are two parabolas in a pencil of conics having 
all its base points accessible. 
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Ex. 2. If two conics in a pencil are circles, then all the conics 
are circles. 

Ex. 3. In a pencil of conics there is, in general, just one 
rectangular conic , if there are two, then every conic in the pencil 
is rectangular and they meet the inaccessible line in the pan's of 
mates of the involution having /, J as double points. 

Ex. 4. Deduce from the second part of Ex. 3 that the 
perpendiculars from the vertices of a triangle to the opposite sides 
are concurrent. 

Ex. 5 The conics through the vertices and orthocentre of a 
triangle form a pencil of rectangular conics. 

Ex. 6. The rectangular comes through the vertices of a 
triangle pass also through the orthocentre and form a pencil. 


Centre 



(U) Centre of a conic. 

(a) An irreducible conic, which is not a parabola, is called 
central. Its centre is defined to be the 
pole of the inaccessible line (Pig 59). 

If a line through the centre 0 meets 
the come at P, Q and the inaccessible Unc 
at B, then O, R harm P, Q; and there- 
fore 0 is the mid point of P, Q This 
property characterises the centre 

The equation of the conic being 
8=0, the centre, as the pole of z = 0, is 
determined by the equations 

ax + hy + gz = 0, hx + by + fa = 0 
and therefore has co-ordinates (G, F, C) 
The tangents from the centre are called the asymptotes of the 
conic. These are evidently perpendicular if and only if the conic 
IS rectangular. 

The asymptotes form a reducible conic belonging to the pencil 
determined by the conic and the inaccessible line counted twice. 
Their equation is therefore of the form 

5 + Az* = 0 

subject to A 4 = so and 


Fio 69 — Ceictbe a: 
Asymptotes or 
Cemtbai. Comio. 


h 

b 

/ 


9 

f 

c + 


= 0 . 


The asymptotes 


From the determinantal equation, GA A = 0 
are therefore given by 

CS = Az*. 

(6) A reducible conic is also said to have a centre in the 
following cases. A centre 0 is defined in each case so that if P 
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is on the conic and if 0 is the mid point of P, Q, then Q is on 
the conic. 

If the conic consists of two non-parallel accessible lines, the 
centre is the common point of the two lines. 

If the conic consists of two parallel accessible lines, any 
accessible point on their mid line (that is, the harmonic conjugate 
of the inaccessible line) is a centre. 

If the come consists of an accessible Ime counted twice, any 
accessible point on the line is a centre. 

Ex. 7. Obtain the equation of the asymptotes of a central 
conic by writing down the equation of the pair of tangents from 
the pomt (G, F, C) 

Ex. 8. In each of the reducible cases in (6) above, if the 
equation of the conic is 5 = 0, the centre or line of centres is given 

by 

ax + hy + gz = O.hx + by +fz=^0, 

the two equations representing the same line, or one being 
satisfied identically, if there is a Ime of centres. 


(ill) Diameters of a conic. 

(a) A Ime passmg through the centre of a central conic is called 
a diameter. iVo diameters which arc conjugate lines are a pair 
of mates in the involution which 
has the asymptotes as double lines 
(Fig 60). 

The lines which pass through 
the pole of a diameter are said to 
have the direction conjugate to that 
of the diameter. If such a hne 
meets the conic at P, Q and the 
diameter at R, then R is the mid 
point of P, Q. 

The polar* of the point (1, A, 0) with respect to the conic is the 
diameter 

{ax -\-hy-\- gz) + Mfix -f -f /z) = 0, 
and this meets the inaccessible line in the point (1, /a, 0) where 
a -f h{\ + /*) -(- bXn = 0. 

Here, A and y, may be regarded as parameters of conjugate dia- 
meters. The parameters of the asymptotes are given by 

a -f- 2hX -j- 6A® = 0 ; 



FlO. 60 COJIJUOATB Biametebs 

OF A Central Conic. 
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therefore the equation of the asymptotes may also be expressed 
in the form 

a{hz + + fz)^ — 2h(hx + by fz)(ax + hy + gz) 

+ b{flx + hy + gz)^ = 0. 

(6) In the case of a parabola, a diameter is defined to be any 
accessible hne through the point of contact, now (O, F, 0), of the 
inaccessible line. Thus all diameters are parallel and conjugate 
to the inaccessible line 

The pole of a diameter is inaccessible, taking it to have co- 
ordinates (1, A, 0) and putting 6 = ajh = h/b, the equation of the 
diameter is 

b{d -j- X){6x + y) + (S 4" A/)z = 0. 

The vertex of the parallel pencil of diameters — ^that is, the point 
of contact of the inaccessible hne, has thus the alternative triad 
of co-ordinates (1, —6, 0). 

Ex. 9. The tangents at the points where two conjugate 
diameters of a central conic meet the conic form a parallelogram. 

Ex 10. P IS an accessible point on a central conic and the 
tangent at P meets the asymptotes at A, B. Prove that P is the 
mid point of A, B. 

A hne parallel to this tangent meets the conic at Q, R and the 

asymptotes at C, D Prove that Q, R and C, D have the same 

mid pomt 
« 

(iv) Axes of a conic. — A. diameter is said to be a pnncipal 
diameter or axis of the conic when it is perpendicular to the lines 
havmg the conjugate direction 

(o) In the case of a central conic, the diameter conjugate to 
an axis is also an axis. The axes are the pairs of mates common 
to the involution of pairs of conjugate diameters and to the in- 
volution of pairs of perpendicular lines (orthogonal involution) 
through the centre. If the conic is a proper circle these involu- 
tions are identical, and every diameter is an axis ’ Apart from 
this case, the involutions have just one pair of mates in common. 
Thus, in general, a central conic has just two axes, these being 
perpendicular to each other. 

Algebraically, the parametera of the axes are given (c/ (iii) (o)) 
by 

a -|- h(\ "h fi) -)- bXfi = 0, 

1 + ^ = 0i 

and ore therefore the roots of the quadratic in t 
h{t^ — 1) + (o — b)t = 0. 
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The equation of the pair of axes is therefore 

h{{ax + % + gzY — (hx by + fz)^} 

— {a — b)(ax + % + gz){Jtx + by +fz) 

or (dsy (dsy fdS\fdS\ 

[dxj [dy) \dx}[dy} 

a -b h 

This equation may also be derived as follows. A point 
(z^, yi, Zy) on an axis is characterised by the fact that its polar 
lino is perpendicular to the diameter through the point. The 
polar line is given by 

and the diameter by 

\dx)\dyji \dy)[dz)i 

For these lines to be periiendioular it is necessary and sufficient 
that 



that is, that the co-ordinates {Xy, y^, Zy) should satisfy the equation 
already found. 


(6) A parabola has only one axis, namely the polar of the 
point conjugate, with respect to the circular points, of the pomt 
of contact of the inaccessible line. 

The point of contact havmg co-ordinates (1, — 0, 0), its 
conjugate with respect to I, J has co-ordinates (0, 1, 0). The 
equation of the axis is therefore (cf (in) {b)) 

e(ax + hy + gz) -j- (^ + 6i/ -f /z) = 0, 
or 6(0* + l)(0x + y) -f [gd +f)z = 0. 


(v) Foci of a conic. 

(a) The tangents from the circular points to a central conic 
form a quadrilateral of isotropic lines whose accessible vertices are 
called foci of the conic (Fig. 61); opposite foci are also called 
associated or corresponding foci. 
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A focus is characterised by being the verted of an orthogonal 
involution of conjugate lines. The diameter through a focus is 
therefore an axis , the axes are in fact the lines joining the pairs 



of opposite foci. A focus is also characterised by the fact that 
the tangents from the point constitute a point-circle. 

Using the second characterisation, we observe that the tan- 
gents from the point {x-y, Zy) are given by 

8Syy = Sy^ 

and that this equation represents a point-circle if and only if 

0^11 — (0*1 + + fl'Zi)® = *5^11 — (^1 + byy +fZy)\ 

hSyy = (axy + -f gZy){hxy -j- byy +fzy). 

The foci may therefore be determined as the intersections of two 
conics whose equations may conveniently be combined in the 
form 

(SSY_(dSY (dS\(d8\ 

\dx) \dy) ^ ^ \dx) \^) 

a — b h 


(b) Through each circular point one accessible tangent can be 

drawn to a parabola. The point of 
intersection of these tangents is the 
/ocw« of the parabola (Fig 62). 

The focus of a parabola is charac- 
terised in the same way as a focus of 
a central conic The axis of the 
parabola joins the focus to the 
point of contact of the inaccessible 
line. 



Focus 


Fio. 62 — Focus AND Axis 
or A Fababola 


' (c) We consider the conic-envelope 

S s Al^ Bm* -f Un* -f 2Fmn -}- 2Chil -f- 2Hlm = 0 
associated with an irreducible conic 8 = 0, 
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If {x, y, z) is a focus, the co-ordinates of the tangents from the 
point satisfy the equations S = 0 and 

lx + my nz = 0, 

and therefore also the equation, obtained by eliminating n, 

(AZ* + 2Hlm + Bm^)z^ + {2Fm + 20l)( — lx — my)z 

C{ — lx — myY = 0. 


This quadratic in Ijm determines the two tangents; the roots of 
the quadratic have also to be such as to satisfy the equation 


Therefore 

and 


-f- m* = 0. 


Az* — 2Gzx + Cx^ = Rz* — 2Fyz + Cy\ 
Hz^ — Oyz — Fzx + Cxy — 0. 


Thus, the foci are at the intersections of the two rectangular conics 


C(x® — y®) — 2{Ox — Fy)z -f (A — jB)z® = 0, 

Cxy — {Fx + Oy)z - 1 - Hz^ = 0 . 

In the case of a parabola, 0 = 0, and these conics are reducible 
The focus, bemg accessible, is determined by the accessible 
components 

— 2(0x — Fy) {A — B)z = 0, 

— {Fx + Oy) -{■ Hz — 


(vi) The director locus. — A locus of special interest, which we 
generahsc later, is that of the accessible pomts from which can be 
drawn a pair of perpendicular tangents to an irreducible conic 
S = 0. It IS called the director or orthoptic locus 

If (x, y, z) IS such a pomt and if (Z^, m^, n^), (l^, m^, are the 
tangents from it, Zj/mj and l^lm^ are the roots of the quadratic 
m ijm. 

(AZ* -f- 2Hlm + Bm^)z^ -f 2{Fm Ol)[ — lx — my) 

+ 0( — Zx — my)* = 0. 

» 

The tangents are perpendicular if and only if Z^Zj + m^m^ = 0, 
that is, if and only if 

0(x* + y*) - 2{Ox + Fy)z + (A + R)z» = 0. 

In the case of a central conic, the locus is a concentric circle, 
called the director circle of the conic (Fig. 63). In the case of a 
parabola {C — 0), the locus is the accessible hne 

20x 4- 2Fy = A -f R, 

called the director line of the parabola. 
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The polar of a focus is called a directrix., At a point common 
to the conic and a directrix, the two tangents from the point 
coincide with the self-perpendicular isotropic line which is the 
tangent at the point. Thus the director circle of a central conic 

passes through the four points 
where the directrices meet the 
conic, this property is also 
seen, perhaps more readily, 
by observing that the direc- 
tor-circle 18 the locus of the 
intersections of conjugate 
hues through I, J. And, in 
the case of a parabola, we see 
that the director line is the 
single directrix of the para- 



Fio. 83 . — Diuector Circle ot a 
Central Conic 


bola. 


Ex 11. The lines joining the accessible point {x, y, z) to 7, J 
in turn ha\e co-ordinates (iz, —z,y— ix), ( — iz, —z,y-\-ix) 
These are conjugate with respect to S — 0 if and only if 

Az* -f Bz^ + C(y^ + x^) -f 2F{ — yz) -f- 2G{ — zx) — 0, 

that is, if and only if the jioint hes on the director locus 

Ex. 12 The tangents from a point (iii, y^, z^) to S — 0 arc 
(SjSii = <8^®. These meet the hne z — 0 in the same pomts as do 
the hues 

(o** -f 2hxy + fiy*)-®!! 

= {a;(aa;i -f- hy^ -f gz^) -\-y{Jix^+ by^ +/zi)}* 

This pair of lines is harmonic with respect to the pair of lines 
+ y® = 0 if aud only if the x»omt hes on the conic 

(a -1- b)8 = (oa: -f % + grz)* -f {hx by fz)^. 

Verify that this equation can be rearranged in the form given in 
the text. I 


(vil) The nine-point circle of a triangle . — A locus which deserves 
notice is that of the centres of the rectangular conics which pass 
through the vertices of a triangle and necessarily through the 
orthocentre as well. This is the eleven-point conic associated with 
the inaccessible hne and therefore passes through (i) the feet of 
the perpendiculars from the vertices to the opposite sides, 
(ii) the mid points of the sides, (hi) the mid point of each vertex 
and the orthocentre. The rectangular conics which touch the in- 
accessible hue must do so at the circular points Hence, there is 
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a circle through the nine points enumerated on the triangle ; it is 
called the nine-point circle of the triangle (Pig. 64). 
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(vill) Normals to a conic. — ^The polar P of a point P (ar,, 
with respect to the irreducible conic 8 — Q has the equation 

j-(aaJi + + gzi) + yihxy + hy^ +fz^) -f z{gxi -f/^j + cz^) = 0 

It meets the maccessible line in the pomt {Jix^ + by^ + fz-y, 
— ax^ — hy^ — gzj, 0), whose harmonic conjugate with respect to 
the circular points is ( 0*1 + hy^ + gz^, hx^ + by^ + fz^, 0). This 
second point is joined to P % the Ime Q, perpen&cular to P, whose 
equation is 


{x^z - xz^){hx^ + by^ +/zi) = {y,z - yZi){aXj^ + hy^ + gz{). 

When P is accessible and on the come, Q is called the normal 
at P, and P is called the foot of the 
normal (Pig 65). 

The line Q passes through a fixed 
point Q (xq, y^, zf) if and only if P hes 
on the come 



[xzo — x^){hx ^ 6y + fz) 

= ilpQ — yoZ)(0® + % + y*)- 

This conic is, then, the locus of points 

P such that PQ is perpendicular to the ^ 

polar of P. It is a rectangular conic passing through Q. 

If the given conic is central and not a circle, it is obvious 
geometrically that two positions for P are the inaccessible points 
on the axes. The asjmiptotes of the rect an gular conic are there- 
fore parallel to the axes of the given conic. Purther, the rect- 
angular conic passes through the centre of the given conic. 
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If the given conic is a proper circle, the lectangulai conic is 
reducible and composed of the umccessible line together with the 
line joining Q to the centre of the circle. 

If the given conic is a parabola, one position for P is the point 
of contact of the inaccessible hne and another is the inaccessible 
point on the tangent at the vertex, the vertex being the accessible 
intersection of the axis with the parabola. Thus the asymp- 
totes of the rectangular conic are parallel to the axis and tangent 
at the vertex of the parabola. 

The rectangular conic meets the given conic in four pomts 
which are, in general, all accessible ; but in the case of a parabola 
only three are accessible, the fourth being the point of contact of 
the inaccessible Ime , and in the case of a proper circle only two 
are accessible and are in hne with Q and the centre. Hence, from 
a given pomt, four normals can be drawn to a central conic, three 
to a parabola, and two (coincident) to a circle. The feet of these 
normals are called co-normal pomts. 

Ex. 13. P is a fixed point and Q, R are variable points on an 
irreducible conic, and PQ is perpendicular to PR. Prove that 
QR passes through a fixed pomt, called the Fregier point of P, on 
the normal at P. 


82. Real conics. 

We are mterested here in the real points which belong to a 
conic — ^that is, in the part of the conic lymg m the real plane which 
is embedded in the complex plane Smee a reducible conic consists 
of a pair of hncs, which may comcide, and about which there is 
little really new to say, we confine attention to irreducible conics. 

(i) Preliminaries. 

(a) Let us suppose that all the coefficients in the equation of 
a given conic are real. It is obvious, by consideration of the 
particular equation a:* + y® + z® = 0, that such a conic need not 
possess any real pomts. On the other hand, if the conic has at 
least one real point, it has an infinity of them since every real line 
through the point meets the come agam in another real point; 
and the co-ordinates of this residual intersection are proportional 
to real quadratic functions of the real parameter of the variable 
line. Thus a conic of the second type has a continuous curve of 
pomts in the real part of the plane , it is called a real conic. 

Next, let us suppose that the equation contains complex 
coefficients. It may then be written in the form S' -j- iS" — 0, 
where the coefficients in S', S" are real. The real points are then 
common to the two conics S' = 0, S" = 0, and are therefore 0, 



§ 32 METRICAL THEORY OF CONICS ' 143 

2 or 4 in number, unless the two polynomials 8', 8" are propor- 
tio!nal or <Si' s 0, in which case we are back to the circumstances 
of the previous case after dividing through the given equation by 
one complex number. 

Ex. 1. The conic (a:* + y* — 82®) + i{xy — jfc*2®), where h is 
real, has four real distinct points when 0 <2\ two distinct 

pairs of coincident real points when k = 2] and no real points 
when k > 2. 

[Any real points are common to the conics «* + y* — 82* = 0, 
xy — = 0.] 


(6) In the rest of this section, a set of co-ordinates referring to 
a real pomt will be any triad of real numbers appropriate to the 
point. 

(U) Interior and exterior points of a real conic. 

(а) The real points on the real line joining the real points 

Pj (®ii t/i, Zi)i Pi 1^2, Vn *2) have co-ordinates of the form (*1 -f Aarg, 
Vi + ^^21 *1 + ^2)1 ^ Those which lie on the real 

conic is = 0, all the coefficients in 8 being real, have their 
parameters given by 

-f- 2AS12 H" ^*^22 “ 

There are two distinct real points common to the line and conic 
if S12* > /SiiS22i two coincident real intersections if /S12* = 'S^ii^22> 
and no real intersection if 8^^^ < (SnS22- 
used to separate the points of the real 
plane into three classes relative to the 
real conic. 

An interior point is a real point whose 
polar line, which is also real, has no real 
mtersection with the conic, an extenor 
point is a real point whose polar meets 
the conic m two distinct real points (Fig. 

66). The remaining points, whose polars 
touch the conic, are the pomts of the 
conic itself. 

(б) Now let Pi (*1, yi, 2i), Pj (Xj, y2, Zg) be any two exterior 
points; and let a tangent from Pj meet a tangent from Pg at 
Ps (Xg, ya, 23) ; since the tangents are real, so is P3. 

Since P3 is on a tangent from Pi, and vice versa, we have 
^11^33 = > 0; and similarly 8^21^33 > 0. Hence 8ij, 822 

(and S33) have the same sign Therefore the sign of 8, evaluated 
at any exterior point, is the same ; and, conversely, if P^ is any 
real point such that 81-^8^ > 0, then P^ is an exterior point. 

F 


This property may be 



Fio. 06. — Extekor and 
Interior Points. 
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Since S vanishes only at the points of the oonio, it follows that S 
has the opposite sign when evaluated at any interior point. We 
thus have an algebraic means of distinguishing between interior 
and exterior points. 

(c) Consider now a real line meeting the real conic /S = 0 in 

the real distinct points Pj {x^, y^, z^), P^ (xg, y^, Zg). Then 
/Sii = (Sgg = 0, + 0. Any real pomt on the line PjPg has 

co-ordmates of the form (xj -|- Aarg, + Xy^, Zg + Azg), with A 
real; and the value of S at this point is 2 Aog 2 . The harmonic 
conjugate of this pomt with respect to Pj, Pg has the parameter 
— A; and S has the value — 2 AjSg 2 there. Hence, if one of the 
points is interior, the other is exterior, and vice verm. 

The real points on the line, but not on the conic, fall into two 
continua, those for which A > 0 and those for which A < 0. That 
continuum which consists of interior points is called the interior 
chord PjPg, and the other the exterior chord PgPg. 

(d) We now prove that every real line through an interior 
point meets the conic in two real points. 

The polar of the point, P, has no real intersections with the 
conic and so its real points are all mterior or all exterior. 
Suppose that they are interior points and let Q be any one. Every 
real point on the polar of Q is mtenor, since P is one of them. As 
Q varies on the polar of P, the polar of Q varies in the pencil with 
vertex at P and describes the whole real plane. Therefore every 
pomt of the plane is an interior i>omt. This conclusion is false ; 
so therefore is the assumption that the points on the polar of P 
are interior, therefore they are exterior. 

Any real line through P is the polar of a real point Q on the 
polar of P , since Q is exterior, the line through P meets the conic 
in two real points. (This conclusion may also be reached by 
considenng the changes m sign as S varies continuously along the 
line through P.) 

On the other hand, the polar of an exterior point meets the 
conic in two real pomts at which S = 0. The pomts on the polar, 
not at the intersections, fall into two sets, mterior and exterior. 
Every Ime joining the original pomt to an interior point on the 
polar has two real intersections with the conic ; every line joining 
the original point to an exterior point on the polar is the polar line 
of one of the interior pomts, and therefore all its points are ex- 
terior, so the line does not meet the conic in any real point. 

Ex. 2. A conic having five real pomts is a real conic. 

Ex 3. Determine the set of interior points of the conic 
X* — 3y* = z*. 

(Ill) Ellipse^ hyperbola and rral parabola.— A real oonio which 
has distinct real intersections with the inaccessible line is called 
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a hyperbola. Its oeatie and asymptotes are real ; so are the axes. 
The centre is an exterior point. 

A real conic which has no real intersections with the inaccess- 
ible line is called an ellipse. Its centre and axes are real but the 
asymptotes are not. The centre is an intenor point. 

Taking as triangle of reference that formed by the axes and the 
inaccessible line, winch we retain as 2 = 0, the equation of a central 
conic takes the form 

o** = «*. 

A hyperbola is characterised by a, b real with ab < 0 ; an ellipse 
by a, b real and ^sitive. 

In the case of a rectangular hyperbola it is often convenient 
to use a different triangle of reference, namely, the asymptotes, 
taken as a; = 0, y = 0, and the inaccessible hne, z = 0. The 
equation then has the form 

xy = fcz® 

with k real. 

In the case of a real parabola, it is usually convenient to take 
the axis, which is real, as y = 0 and the tangent at the vertex, 
which is real and perpendicular to the axis, as a: = 0, the in- 
accessible hne being z — 0 The equation then has the form 

y* = 402 * 

with a real. The factor 4 is inserted because the number a is 
capable of a simple geometrical interpretation. 

In the next three sections we discuss these equations in detail 

33. The ellipse. 

(i) The standard form of the equation. — In this section we are 
concerned with the properties of an elhpse in the accessible real 
part of the plane. All numbers are therefore to be taken as real 
and co-ordinates are ordinary rectangular distance co-ordinates. 
It should perhaps be emphasised that only a partial picture of the 
elhpse IS thus presented; the background of the containing 
modified complex plane should be kept in mind. 

It is usual dnd convement to take the equation of the ellipse, 
referred to its axes, in the form 

0 *^ 6 * ’ 

where we may suppose without loss of generality that o > 6 > 0. 

(The reader is assumed to be fiimiliar with the case of a proper 
circle, arising when a — b.) 

(ii) Elementary properties. — ^The centre is an interior point, as 
we have already remarked; hence the set of interior points 
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consists of those for which 


0*^62 


< 1 ; 


and the set of exterior points consists of those for which 


a2 -i- fc2 > 




The property of the centre, that it is the mid point of all interior 
diameters, appears simply m the fact that if the pomt {x, y) is on 
the conic so is the point { — x, — y). Moreover, since ^so the 
point { — X, y) is then on the elhpse, the conic is symmetrical 
about the ^-axis ; and, similarly, it is symmetrical about the a;-axi8 
(Fig. 67). 



Fio 67 — Tre Ellipse and its Auxiliary Circle. 


The ellipse meets the x-axis in the points (± a, 0) and the 
^-axiB in the points (0, ± 6) ; these points are called the vertices 
of the ellipse. Therefore the intenor x-axis has length 2a and the 
interior j/-axis has length 2b Since a > b, the x-axis is called the 
major ana and the y-axis is called the minor axis. 

Since 


?! .L ^ 4. LV?! j. ^ 

o2 -r a2*Sa2 -r 52 *Sj ,2 "t {,2* 


every point on the ellipse, except the vertices (± a, 0), is interior 
to the circle x* + y* = o*. This circle is called the major auxiliary 
or often just the auxiliary circle. And every point on the elhpse, 
except the vertices (0, ± 6), is exterior to the minor auxiliary drcU 

** + y* = ft*- 


Ex. 1. If 2r is the length of the interior diameter on the hne 
y = X tan 6, show that 


B sin^ 
r* “ o*'" b^’ 
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Show also that, as 6 increases firom 0 to 7r/2, r decreases steadily 
from a to 6. 


(Ill) Parametric equations. 


(а) If the point P (x, y) is on the ellipse, then the point Q 
{x, ay lb) is on the auxiliary circle, P, Q are called corresponding 
points on the two curves (Fig 68). Smce 
every ordinate of the ellipse is bja times 
the corresponding ordinate of the auxil- 
iary circle, the ellipse may usefully be 
regarded as a contracted form of the 
circle; and all properties of the circle, 
which are unaffected by such a contrac- 
tion, hold for the eUipse 

Ex. 2. The tangent at P to the ellipse 
meets the tangent at Q to the auxiliary ® 

circle on the major axis 

Ex. 3. The area interior to the elhpse is irob. 

(б) If 0 is an angle from the a:-axis to the line joining the 
centre to Q, the co-ordinates of Q are (o cos 0, a sm 0) ; and there- 
fore P is (o cos 0, b sm 6). Thus the ellipse may be represented 
by the parametric equations 

X = a cos 0, y — 6 sin 9. 

0 is called an eccentric angle of P. The whole real curve is described 
continuously as 0 ranges from 0 to 27r , any two values of 0 which 
differ by an integral multiple of 27r correspond to the same pomt 
of the elhpse. 

Ex. 4. If a triangle of maximum area is inscribed in tbe 
ellipse, its area is and its vertices have eccentric angles of 

the form 0, 0 + §rr, 0 + jw. (This may be proved by considering 
a triangle with vertices at the correspondmg points on the 
auxiliary circle.J 

(c) If we put tan fl/2 = t, the trigonometric parametric 
equations take the algebraic form 

0(1 - «*) 2bt 

* 1 -f t* • + 



This parameterisation, in the form of the ratios of quadratic 
polynomials, is of tbe type which we saw, in section 20 (c), to be 
characteristic of comes. The equations are equivalent to 
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Thus the ellipse is the locus of the mterseotion of the lines 



and these are lines which correspond in a projectivity between the 
pencils with vertices at the points A ( — a, h). A' (a, 0). 


(iv) T ang ent and polar. — ^The following equations come at once 
&om the general theory which precedes this section. 

The polar of a point (ajj, yi), or the tangent at a point {Xi, 
on the ellipse, is given by 



yvi 

6* 


= 1 . 


The tangents from an exterior point (x^, y^) have the equation 



Ex. 6. The equation of the (hrector-circle of the ellipse is 

** + y* = o® + 


(V) Conjugate diameters.— The diameters y = Ax, y = p* are 
conjugate if and only if 

Ap = - 6*/o*. 

If P is the point (a cos 6, b sm 6), the equation of the tangent 
at P takes the form 

X cos 6 , y sin 0 , 

o b ” 


The diameter conjugate to OP, O being the centre, is parallel to 
the tangent at P and therefore has the equation 

X cos 6 , y sm 6 „ 

___ ^ _ _ y. 

It meets the ellipse in points whose eccentric angles are given by 
the equation in ^ 


that is by 


cos <f> cos 9 4- sin ^ sin 9 = 0, 
cos (<ft — 0) = 0, 


the roots of which are 0 + {2k + l}nl2, where k is any integer. 
Thus the points with eccentric angles 0 and 0 -}- it 12 are on con- 
jugate diameters. 


Ex. 6. A diameter meets the ellipse at P, P ' ; and Q is any 
other point on the ellipse. Prove that PQ, P'Q are parallel to a 
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pair of conjugate diameters. The interior chords PQ, P'Q are 
called aupplemental. 

Ex. 7. OP, OQ are conjugate semi-diameters; prove that 


\OP\^ + \OQ\^ = + b\ 

Ex. 8. POP' and QOQ' are two diameters of the ellipse. 
Prove that the area of the parallelogram, of which these diameters 
are the diagonals, is greatest when the diameters are conjugate 
and is then 2ab. Prove also that the area of the parallelogram 
formed by the tangents at P, Q, P', Q' is least when the diameters 
are conjugate and is then 4ab. 

Ex. 9. The equation of the chord joining the points with 
parameters 6, (f> is 


-cos 

a 


l±i 

2 


+ |8in 


d + d> e-< 


Thus, for a system of parallel chords, 0 + is constant. 


(vi) Two ellipses reciprocal with respect to a given ellipse. — 

The line co-ordinates of the tangent at the pomt with parameter 
6 arc given by 

, cos 0 sin 0 , 

l’.m:n = : - t — : — 1 . 

a 0 

Since cos* 0 -f sin* 0 = 1, the equation of the conic-envelope 
associated with the ellipse is therefore 

a*/* + 6*m* = re*. 

The chord joining the points with parameters 0 -f a, 0 — a 
has the equation 

X f/ 

- cos 0 -f r sin 0 = cos a. 
a 0 


This is the equation of the tangent at the point with parameter 
0 on the ellipse 

5!4.y®_cos*a 
+ 62 - cos «. 

Hence, if 0 varies and a remains constant, the chords in question 
touch a second elhpse. 

The pole of the chord, named above, with respect to the original 
ellipse is the point (a sec a cos 0, 6 sec a sin 0) ; its locus is the 
elhpse 

^ 4- n ^ sec* a. 
a* 
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Since the points of the third ellipse are the poles for the first 
ellipse of the tangents of the second ellipse, these ellipses are said 
to be reciprocal with respect to the given ellipse. 

Ex. 10. The polar for the first ellipse of the point with 
parameter 6 on the second ellipse is the tangent at the point with 
parameter 6 on the third ellipse. 

(vii) Co-normal points. — ^The equation of the normal at a point 
(®i> Vi) oil ^^16 ellipse is 

{x - * 1 ) 1 / 1 / 6 * = {y — yi)xila'. 

This line passes through the point (*o> yo) ^od only if the foot 



Fie. 69. — ^Thx Rectanoxti.ab Hyfesbola or Apoixonius axd tbb 
Associated Concubbeet Nobmaxs. 


of the normal is at an intersection of the elhpse with the rect- 
angular hyperbola (Fig. 69) 

o*(a: — Xg)y = b^y — yo)x. 

This rectangular hyperbola, called after ApoUoniua, is a particular 
case of the rectangular conic described in section 31 (viii). 

The /-parameters of the feet of the normals from (* 0 , y^) are 
therefore given by „ 


g[- a(l - /«) _ 

“ L 1 + /* " 




26/ 


0(1 - /«)- 


which simplifies to 

/« + 2/®(a*o + o* - b‘)l{byo) + 2/(a*o - + b^)l(byo) -1 = 0. 


This equation, having real coefficients, has 0, 2 or 4 real roots. 
Actually there are at least two different real roots ; for, denoting 
the real quartic polynomial by /(/), we have/(0) < 0, and/(/) > 0 
for numerically large /; being a contmuous function of /, /(/) 
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therefore vanishes for at le^ one positive and at least one 
negative value of t Hence, at least two real normals can be 
drawn from an arbitrary real point. (This result is related to the 
intuitively obvious fact that the branch of Apollonius’ hyperbola 
which passes through the origin necessarily meets the ellipse in 
two distinct real points ) 

Let ti, ts, <4 be the roots of the quartic when all are real. 
Then we see that a necessary and sufficient pair of conditions for 
the normals at the points with these parameters to be concurrent 
is 

= 0 , = - 1 . 

If 6 i, 03, 04 are corresponding eccentric angles, we have 


tan ^(0^ + ^2 4- ^3 + ^4) = 


S^i — . 

1 — ^^1^2 "t“ ’ 


and therefore a necessary (though not sufficient) condition for 
concurrency of the normals is 


0j 4“ ^2 4” ^3 "i~ ^4 “ V (mod ^tt). 


Bx. 11. Two of the feet of four concurrent normals lie on the 
line lx + mp + n = 0 . Prove that the other two feet lie on the line 

* 4 - ^ - ^-0 

+ n"® 

and that the point of concurrence is 

/ (o® — b^)(bhn^ — n^)l (o* — 6*)(n® — o*Z*)m\ 

\ + bhn^)n ’ (aH^ + 6*m*)n / ‘ 

[This is most simply done by observing that a conic of the 
pencil determined by the elhpse and the rectangular hyperbola 
of Apollonius is the pair of lines m question.] 


(viii) Concycllc points. Circle of curvature. 

(a) The real circle 

.** + y^ + 2gx + 2fy + c = 0 

meets the ellipse in points whose {-parameters are given by 

(a* - 2ga 4- c)t^ + 4bffi 4- 2 ( - o» 4 - 26 * 4- c)fi + + 

(o* -i- 2ga -|- c) = 0. 

The coefficients in this quartic being real, the circle has 0, 2 or 4 * 
real, and possibly coincident, intersections with the ellipse. The 
remarks which follow apply whether the intersections are real or 
not. 
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If ti, ti, tg, ti are the roots of the quartic, we have Sfj = 
Conversely, if this relation connects the four parameters, the 
corresponding points lie on a circle, because then we have 
effectively just three independent linear equations from which to 
determine g, f, c. 

If the four points on the circle have eccentric angles d^, d^, 6^, Ot, 
the last relation is equivalent to tan + 6^ + 6^ + ^^) = 0, or 

Si 62 + 6s + s 0 (mod 2ft). In this form it is perhaps 
simpler to see that, conversely, if ® 0 (mod 2fr), 

then the points with these eccentric angles are concyclic. In fact, 
the circle through the points with angles 0^, d^, 6^ meets the ellipse 
in a point with angle ^4', where 61 + 62 + 62 + 6^ - 0 (mod 27 t ). 
Hence 04 s 04' (mod 2fr), so that both 6^ and 0/ are eccentric 
angles of the same point. It is worth noting that this result shows 
that concyclic pomts cannot be co-normal, and vice versa. 

(6) Let Py Q, B, 8 he the four intersections of the circle and 
ellipse. Any pair of opposite sides of the quadrangle PQSS is 
given by an equation of the form 

(Ja + p - 1) + + y* + 2gx + 2fy -f c) = 0. 

A pair of parallel linos through the origin is thon 
Ja + p+ A(a:*-f y*) = 0; 

the form of this equation shows that the two lines are equaUy 
inclined to the axes. This statement applies, with the usual con- 
ventions, when two or three of the four points coincide; a fact 
which is of practical use. Thus, when Q coincides with P, the 
tangent at P and the line BS are equally inclined to the axes 
And, when Q, B both coincide with P, the tangent at P and the 
line PS are equally inclined. 

When P, Q, B coincide, the circle, which is uniquely deter- 
mined, is called the circle of curvature at P ; and its radius is called 
the radius of curvature of the ellipse at P. The centre of the circle 
is obviously on the normal at P. 

If 0 is an eccentric angle of P, the equation of the tangent to 
the ellipse at P is 

-cos 0 -f rsin 0=1. 
a b 

Therefore the equation of P8 is 

- cos 0 — X sin 0 = 008* 0 — sin* 0. 
a b 
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The circle of curvature belongs to the pencil determined by the 
ellipse and this pair of lines ; therefore its equation is 



+ (^cos 0 + |sin 5 — ij^^cos — gsmd — cos*^ + sin*^^ = 0, 

where A is determined by 

A , cos® 5 _ A sin* B 

The equation of the circle is therefore 
,co8*0 , sin*0\/a:* y* \ 

= (^* - p) (f cos fl + 1 sin fl - 1 ) (? cos 0 - 1 sin - cos 2 $) . 

This equation may be rewritten m the form 

a:* + y® — 2(o® — 6®)(*/a) cos® 0 -f- 2(a® — b^){ylb) sin® 9 

+ (o® — 26®) cos® 0 — (2o® — 6®) sin® 0 = 0. 


The centre of the circle, called the centre of curvature, is the point 

and the radius of curvature is (o® sin* 0 + 6® cos* B)*'*l{ab). 


Ex. 12. The normal at the point P', with parameter 0', 
meets the normal at P in the point C. Prove that the limiting 
position of G as 0' — ^ 0 is the centre of curvature at P. 

[This provides the most rapid method for obtaining the 
co-ordinates of the centre of curvature. From this point of view, 
the centre of jcurvature is the intersection of the normal at P with 
the line whose equation is obtained by differentiating with r^ard 
to 0 the equation of the normal. It is the contact-point of the 
normal in regard to the envelope consisting of all the normals of 
the ellipse.] 

Ex. 13. The locus of the real centres of curvature is the real 
curve given by 

{axr + (byf* = (a* - 

[This may also be described as the locus of points from which 
two normals to the ellipse coincide. It is known as the evdluie. 
of the ellipse.] 
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(lx) Foci, eceentrleity. — ^Fiom the point of view of real f;;eo- 
metry, the foci may be introduced by the characteristic property, 
that every pair of perpendicular lines through a focus is a pair 
of conjugate lines. 

If, then, (Xj, is a focus, the equations of a pair of per- 
pendicular lines through the point are 

y — — *1), y — yi= —{x — Xj)lm. 

These are conjugate if and only if 

— b* = Xi^ — yi® + (tn — l/m)Xiyi. 

This being the case for all values of m, the foci arise as the inter- 
sections of the axes with the rectangular hyperbola 

ajs — = a® — 6®. 

Two foci are therefore real, namely the points F{ — (a* — 6®)*^, 0), 
F'( (o® — 6®)*'*, 0). The other two are unreal. 



Flo 70. — Focvs-Dibgcibix Fboferties or an Ellipse, 

It is usual to define a number e ( > 0), called the eccentricity 
of the ellipse, by means of the equation 

0*6® = o® - 6®. 

Evidently e < 1, The co-ordinates of F, F' ma;y then be ex- 
pressed as (— oe, 0), (oc, 0) respectively. 

The correspondmg directrices are respectively 

X = — aje, X = aje. 

(x) A geometrical property of the ellipse. — ^Let T be an exterior 
■point, and let its polar hne meet the eUipse at P, Q, and the 
directrix corresponding to Fab E (Fig. 70). Let the tangents TP, 
TQ meet this d^ctrix m 17, F respectively. We prove that FT, 
FR bisect the angles between FP, FQ and between FU, FV, 
A similar statement applies in regard to the focus F’. 
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First observe that the polar of ^ is FT. Therefore FB, FT 
are conjugate, and, since F is a focus, perpendicular. Moreover, 
FB, FT JMrm FP, FQ ; therefore FB, FT bisect the angles between 
FP, FQ. 

The second part involves the complex part of the plane, if we 
are to use a projective argument Let the directrix meet the 
ellipse at the unreal points L, M. Then the pencil of conics 
touching TP, TQ at P, Q respectively determines an involution 
on the directrix in which U, V and L, M are pairs of mates, and 
jR is a double point. The other double point is the intersection 
of the directrix with the polar of B, namely FT. Therefore FB, 
FT harm FV, FV and therefore bisect the angles between these 
lines. 

An algebraic argument, which proves the statement as well for 
the parabola and the hyperbola, will be found in the section on 
polar co-ordinates. 

Ex 14. The tangent at P meets the directrix corresponding 
to F at V. Prove that FP is perpendicular to FV. 

(xl) Distance properties. — ^Let the line through P (o coaff, 
b sin 6), parallel to the major axis, meet the directrix correspond- 
ing to F at if and the other at M'. Then 

|FF| * = (o cos 9 -f oe)* -|- 6* sin* 9 
= (o -I- oe cos 9)*, 

and therefore, with unsensed lengths, 

|FF| = a + ae cos 9. 
also |Filf) = o cos 9 -j- a/c. 

Therefore IFFI = e PM\. 

Similarly \F'P\ = e PM’\. 

It follows that 

\FP\ + |F'F1 = e{\PM\ -f IFilf'l) = e(2o/e) = 2a. 

The property \FP\ = e|Filf|, with e < 1, is a common starting 
point for a metrical tneory of the ellipse. Some indication of the 
development of this theory, usmg polar co-ordinates, will be 
found m section 36. 

The property \FP\ -f- 1F'F| = 2a provides a method for draw- 
ing the ellipse mechanically. If a loop of string, of total length 
2a -f- 2ae, be kept taut in the shape of a triangle, with two vertices 
at F, F' and the pencil at P, the pencil will trace out the ellipse. ’ 

(xii) Further properties. — ^The tangent at P meets the major 
axis at the point T (o sec 9, 0), exterior to the segment FF' (Fig. 71). 
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Since 

\FT\ aaecff + ae a + ae cos 0 _ fFPI 
[F^l ““osecfl— ac'“o — oe cos 0 ~ 

FT bisects the angle fix»m F'P to PF. Therefore the normal at 
P bisects the angle from FP to PF'. 

On FP take S, with P between F and H, so that \PH\ 

Then let F'H meet the tangent at P in Y'. The triangles PHY\ 
PF'Y' are congruent. Therefore PT' is perpendicular to the 
tangent and Y' is the mid pomt of F, H. 



Pio 71 — Fdbtkeb Focal Properties op an Ellipse 

Moreover |PO| = jOP'| , therefore OY' is parallel to FH, 
and I OP' I = Thus the foot of the perpendicular from 

F' to the tangent at P is on the auxiliary circle ; and, similarly, 
the same is true in regard to the other focus. 

Ex, 15. The normal at P meets the major axis at 0 and the 
minor axis at K. Prove that \PG\I\PK\ — and that 

\PO\^l(\FP\ . |P'P|) = 62/0*- 

34. The hyperbola. < 

(1) Standard form of the equation. — ^'I'he standard form for the 
equation of a hyperbola is ‘ 

** yj - 1 

o* 6* ~ ’ 

with o > 0, 6 > 0. 

. Many properties of the hyperbola may be immediately in- 
ferred from those of the ellipse simply by replacing 6* by — 6*, 
or b by ib. And indeed there is no distinction at aU in regard to 
projective properties in relation to the containing modified complex 
plane. 
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Ex, 1. The equation of the conic-envelope associated with 
the hyperbola is aH* — bhn* = n®. 

(11) Elementary properties. — We have remarked that the 
centre is an exterior point. The set of exterior points therefore 
consists of those for which a:®/o® — < 1 ; and the set of 

interior points consists of those for which a!*/a* — y®/6* > 1. 
The curve is symmetrical about the centre and each axis (Fig. 72). 



Pio 72 — ^The Hypeeboia with its Asymptotes Aum Auxiuabt Cmo£B. 


The hyperbola meets the %-axis in the vertices A (— a, 0), 
A' {a, 0), but has no real intersections with the y-axis. The 
x-axis is called the transverse axis and the other the conjugate axis. 
Since 

** , y® 

o® 6**^0*'^ a*’ 

every point of the hyperbola, except A, A', is exterior to the 
auxiliary circle x® -f- y® = o® The curve is in fact unbounded ; 
for to every value of x® > o®, there correspond two real values of 
y. The curve has no real point for which x® < o®. 


The asym]()totes are real ; their equation is 


or, separately, 


o® 


y _ 

6 ®~ 


l+l-o- 


X 

a 



The asymptotes are perpendicular if and only if a = 6 ; the oonio 
is then a rectangular hyperbola, and its equation takes the form 

X* — y* = a®. 
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Since, for any point on the hyperbola, 

yl 1 ^ 

6* ~ o* ^ a®’ 

the whole curve lies within that angle between the asymptotes 
which contains the x-axis. 


(iii) Parametric equations. 

(o) The parameterisation of the hyperbola by means of real 
singly-periodic (tngonometnc) functions of a real eccentric angle 
is not possible in the same way as for the ellipse. However, a 
correspondence between the h 3 T)erbola and the auxiliary circle may 
be set up as follows. 

Let Q be a point on the auxiliary circle such that 0 is an angle 
from the x-axis to OQ. Let the tangent at Q meet the x-axis at 
N. The ordinate at N meets the hyperbola in two real points; 
we choose that point P which is on the same side of the x-axis 
as Q. Then the co-ordinates of P are given by 

X = a sec d,y — b tan 9. 


As 6 varies from —nl2 to +v/2, P describes continuously 
the whole part of the hyperbola on the positive side of the y-axis , 
and as 9 varies from it/2 to 3ir/2, P describes contmuously the 
whole part of the hyperbola on the negative side of the y-axis 
These parts are called the branches of the curve 

Futtmg t = tan 0/2, we obtain an algebraic parameterisation 
given by 

X 1 -f- y 2t 

a ~~ 1 — b ~ 

These equations give 


a b a 


t . 1. 


The hyperbola is therefore the locus of the mtersectibn of the lines 


and these lines correspond in a projectivity between the pencils 
with vertices at A', A respectively. 

Ex. 2. The distances from the asymptotes of the point (x, y) 
on the hyperbola are p and q\ prove that pq — a^b^l{a^ + b^) 
and that either p oi q tends to zero as |x| or jyj increases without 
limit. 
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(6) An alternative parameterisation, based on the identity 
cosh® if> — sinh® ^ = 1, is 

X ~ a cosh y = b sinh 
for the branch on the positive side of the j/-axis, and 
X = — a cosh y = ~b sinh 

for the other branch. The whole of each branch is described 
continuously as <f> vanes from — w to + «. 

(c) A parameterisation, involving an unreal function of a real 
angle tfi, which is often favoured because of its analogy with the 
parameterisation of the ellipse, is 

z = a cos ill, y = ib sin 

There is a (1, 1) correspondence between the point (o cos tfi, ib sin 0) 
on the hyperbola and the point (a cos t(f, b sin i/t) on the ellipse 
x^la^ + y*/6® = 1, and so also between the point on the hyperbola 
and the point (a cos tfi, a sin t/i) on the auxiliary circle z® + y® = a®, 
common to the hyperbola and the ellipse. 

(iv) Statement on particular allied loci. — The following formulae 
may be inferred at once from the corresponding formulae for an 
ellipse ; they are derived by substituting — 6® for 6® in the formulae 
relating to the ellipse. 

The equation of the polar of a pomt (Zj, y^) or of the tangent 
at a point (z^, y^) on the hyperbola is 

1 

o® 6* ~ • 

The equation of the tangents from an exterior point (z^, y^) is 



The equation of the director circle is 

z® -f y* = o* — b^. 

This circle is real only if o > 6. In the case when the hyperbola 
18 rectangular, the director circle is the point-circle at the origin. 

The diameters, y — (tx, y = n'x are conjugate if and only if 
im' = b^ja^. 

Ex. 3. The asymptotes of a rectangular h3rperbola bisect the 
angles between any pair of conjugate diameters. 

Ex. 4 P is on one and Q is on the other of the conjugate 
hyperbolas z®/o® — y®/6® = ± 1, and OP, OQ are mates m the 
common involution of conjugate diameters ; prove that the 
tangents at P and Q to their respective hyperbolas meet on a 
common as3nnptote. 
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Ex. 5. The reotan^lar h3^Tbola of Apollonius, which 
determines the feet of the normals from a point (x„, y^), has the 
equation 

- * 0 )^ + - yo)» = 0. 

Pi'ove that there are two or four real normals through every real 
point, allowing for possible coinoidences 

Ex. 6. If the line lx + my = 0 contains two of the feet 
of four concurrent normals, prove that the other two lie on the 
line 

__IL_ 1=0- 

aH bhn n ’ 

and find the co-ordinates of the point of concurrence. 


(v) Concyclic points. — Just as in the case of an ellipse, we can 
prove that a real circle meets the hyperbola in 0, 2 or 4 real points. 
In the case of four pomts, the real lines joining these m pairs are 
equally mchned to the axes. 


Ex. 7. The equation of the circle of curvature at the point 
(a sec 6, b tan 6) is 

/sec*0 , tan*fl^/a:2 yf I / 1 . 1 \ 

— ^^sec d — |tan0 — l^^^seo 6 -)-|tan 6 — sec®0 — 0^ 


or 


+ y* — 2(a* -f b^){xla) sec® 6 -J- 2(o* + b^){y/b) tan® 0 -f- 

(o® + 26®) sec* 0 + (2a® + 6®) tan® 0 = 0. 

Fmd the co-ordinates of the centre of curvature and the radius of 
curvature 


(vi) Foci, eccentricity.— As for the ellipse, the foci of the 
hyperbola are at the mtersections of the axes with ^he rectangular 
hyperbola 

— y* = o® + 6*. 

t 

Two foci are therefore real and two unreal. The real foci are the 
points F{ — oe, 0), F'{ae, 0), where the eccenirictty e is defined by 

a®e® = o® + 6®. 

The corresponding directrices are respectively 
x = — ale, X = o/c. 

Since e > 1, the directrices are exterior to the hyperbola. 
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Ex. 8. Consider section 33 (x) in relation to the hyperbola. 
Ex. 9. The eccentricity of a rectangular hyperbola is \/2. 


(vil) Distance properties. — ^Let the line through a point P on 
the hyperbola parallel to the transverse axis meet the directrix 
x~ — aje in M and the other directrix in M'. Then we may 
prove, as for the elhpse, that 

l^-PI = e|PJIf|, \F'P\ = ejPif'l, 
and that, if P is on the positive side of the ^-axis. 

\FP\ - \F‘P\ = 2a, 
whereas, if P is on the negative side. 


jP'Pl - |PP| = 2o. 

And we may also show that the tangent at P is the internal 
bisector of the angle FPF ' ; and that the feet of the perpendiculars 
from the foci onto the tangent lie 


on the auxiliary circle (Fig. 73). 

(vlil) Equation of the hyper- 
bola referred to the asymptotes as 
axes of co-ordinates.— Usi^ ob- 
lique axes, rectangular in the 
case of a rectangular hyperbola, 
the equation of the hyperbola 
referred to its asymptotes has 
the form xy = k. If we choose 
the positive senses on these axes 
suitably, we may arrange for k to 
be positive. Puttmg k = c*, the 
equation becomes 

xy = 



Fio. 73 — Focal Puofisuties of 
TBS Hyperbola. 

C». 


The curve may then be parameterised by means of the equations 
x = ct,y = cjt. 

The equation of the tangent at the point with parameter t is 
. x/t -{-yt = 2c. 

This meets the asymptotes at the points (2c{, 0) and (0, 2c/(); 
the pomt of contact is therefore the mid point of these two. The 
line co-ordinates of the tangent are given by 

I : m : n = lit : t : — 2c. 


The equation of the conic-envelope associated with the hyperbola 
therefore becomes 

= icHm, 
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85. The real parabola. 

(1) Standard form of the equation. — The positive senses are 
chosen on the axes of co-ordmates so that the equation has the 
form 

y® = 40* 

with o > 0. 

It IS easily verified that the polar of the point (— o, 0) has two 
real mtersections with the parabola. The extenor of the parabola 

18 therefore the set of pomts for which 
y® — 4o* > 0, and the mterior is the 
set for which y® — 4a* < 0. The 
curve is symmetrical about the *-axis 
(Fig. 74). 



(ii) Parametric equations. — ^The 
curve admits the very simple para- 
metric equations 

* = ot®, y — 2(U. 

It is generated by the point com- 
mon to the lines 


2* = ty,y = 2at 

which correspond in a projectivity between the pencil with vertex 
at the vertex (0, 0) of the parabola and the pencil of parallel 
diameters. 


(iii) Tangent. — ^The equation of the tangent at the point with 
parameter t is 

yt = X of®. 

The line co-ordinates of the tangent are given by 
I . m : n = I : — t : at^; 

therefore the equation of the associated comc-envclope is 

om® = nl. 

Ex. 1. Perpendicular tangents meet on the director-line 

* + 0 = 0 . 

Ex. 2. The equation of the chord joinmg the points with 
parameters is 

Mh + tz) = x + 

and the pole of this line is the point -f t^)). 

Ex. 3 The mid points of the interior chords parallel to 
y = /iX he on the diameter y = 2a/fi. 
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(Iv) Normal. — ^The equation of the normal at the point P with 
parameter t is 

xt y = 2at. 

This line meets the ai-axis at the point + 2 a, 0 ). The 
difference between the abscissae of N and P is therefore 2 o, which 
is constant; this distance is called the subnormal. 

The parameters of the feet of the normals which are concurrent 
at the point (x„, y^) are the roots of the cubic 

+ (2a — x^)t — j/o = 0. 

There is always at least one real root. Evidently 

^1 + ^2 " f " ^ ~ 


Ex. 4 . A curve whose subnormal is constant, for aU points 
on the curve, is a parabola. 

Ex. 5 . If <1 + <2 + *3 = 0, the normals at the points with 
parameters tj, <3 are concurrent. Fmd the co-ordinates of the 
point of concurrence 

Ex. 6. The feet of the normals from (Xf^, y^) are at the access- 
ible intersections of the parabola with the rectangular hyperbola 
xy + {2a- XQ)y — 2ayo = 0 . 

Ex 7 The locus of the intersection of the normals at the 
extremities of a variable chord of given gradient is a normal. 

(v) Concyclic points. — ^The real circle 

** + !/*+ 2grx -f 2/y + c = 0 

meets the parabola in the points whose parameters are given by 

a^t* + 2a{2a -(- g)t^ -f 4 /a< c = 0 . 

This equation has 0 , 2 or 4 real roots, possibly with coincidences 
If tj, (3, are the roots, we have 

^1 + ^2 + ^ + ^4 = 0* 

Conversely r there is a circle through four points with parameters 
h> ^2> *3i *4 S'lch that <1 -t- <3 -f <3 -f- <4 = 0 . For the circle through 
the first three of these points meets the parabola agam m the pomt 
whose parameter is — Hi + + t^) and this is the same as the 

point with parameter 

Ex. 8. A circle through any three co-normal points passes 
through the vertex of the parabola. 

Ex. 9 . The equation of the circle of curvature at the point 
with parameter t is 

(1 + — 4aa:) + {x — yt + at*){x + yt — 3afi) = 0 . 
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The centre of curvature is the point (o(2 + 3<*), — 2afl) and the 
radius of curvature is 2a(l + <*)*'*. 

jEx. 10. The centre of curvature at the point with parameter 
t is on the normal with parameter — 2i. 

(vi) Focus. — We have seen that the parabola has just one 
focus. Let this be (x^, y^. The equations of two perpendicular 
lines through this are 

y — yy = m{x — * 1 ), y — yi = — {x — ajJ/m. 

These lines are conjugate if and only if 

2a = (m — l/m)yi + 2 * 1 . 

This being the case for all values of m, we have *1 = a, ^i = 0. 
The focus is therefore the point F{a, 0). 

llie directrix is consequently the Me * + 0 = 0, which has 
already arisen as the director-line. 

Let the diameter through any point P (*, y) of the parabola 
meet the directrix at M. Then |PP| = \PM\ = * + o. The 
property \FP\I\PM\ = constant is analogous to properties of the 
elhpse and hyperbola. Since the constant is 1 in the present case, 
we say that the eccentricity of the parabola is 1. 

Ex, 11. The polar of a point B on the directrix is the line 
through F perpendicular to BF. If it meets the parabola at 
P, Q and the directrix at O, prove that PB, QB are the bisectors 
of the angles between FB, BO. 

Ex. 12. The foot of the perpendicular from the focus to any 
tangent lies on the tangent at the vertex of the parabola. 

(vil) The orthocentre of a triangle of tangents is on the 
directrix (Fig. 76). — ^The algebraic proof is straightforward. It 

is mteresting also to deduce the theorem 
from that of Brianchon. Let A, B, C 
be the tangents, D the ^directrix, I the 
inaccessible hne. From the exterior 
point B . D a second tangent B' is 
drawn, and from C . b a second tangent 
C'; then B is perpendicular to B' and 
C to C'. Applying Brianohon’s theorem 
to the hexalateral (AB'C', ICB), we find 
that the lines joining A . B to I . C', 
A . C to I . B', B . B' to C . C' are concur- 
Pio. 76 .— The Obthocektre rent. The first two lines are altitudes of 
» OH triangle of tangents and the third is 

TBix. thedirectrix D. Thetheorem is Steiner’s. 
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(vlli) The clreumeirele of a triangle of tangents passes through 
the focus. (Fig. 76). 

(a) Let the points of contact of the tangents have parameters 
h’ 'Fhen the equation of the circumcircle is 

^ I ^ I ’’ = 0 

x — yti + ^ ® + a<2* a? — yta + otg* 

with A + /I + V = Mata + /iMi + vt^ta, 

^(^2 + ^a) + /*(^3 + tj) + v(<i + ^ 2 ) = 0. 

Therefore 

A : p : V = (1 + h^){ta - h) : (1 + h^){ta - h) : (1 + - y . 

The statement is now obvious. 


(6) The theorem may also be inferred from the fact that, since 
the tnangle FIJ is also circumscribed 
about the parabola, there is a conic 
through the vertices of the two tri- 
angles. As it passes through the cir- 
cular points I, J, this conic is the cir- 
cumcircle m question. 

(c) Five lines, of which no three 
are concurrent, determine a unique 
irreducible comc-envelope. Therefore 
one parabola touches the sides of a Kig, 76 — Thb Oiucumcibcus 
given quadnlateral of accessible lines. o*' a Twanolb or Tan- 
Taking the sides in threes, it foUows 
that the four circuincircles of the tri- 
angles so formed have a point, called the Miquel point of the 
quadrilateral, in common, namely the focus of the parabola. 

Ex 13. The orthocentres of the four triangles formed by the 
sides of a quadrilateral, taken m threes, lie on a hne, and the 
feet of the perpendiculars from the Miquel point to the sides lie 
on the hne mjdway between the first line and the Miquel point. 



86. Foeal prtiperties of a real conic : polar co-ordinates. 

(1) Polar co-ordinates. — A number of interesting properties of 
a real conic may be derived from the property 

|FPl/|Pif| = e, 

already noted. Polar co-ordinates are the most suitable. 

Some preliminary remarks are necessary. If we take the pole 
and initial line of the system of polar co-ordinates r, 0 to be the 
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origin and x-axis respectively (Fig. 77), the distance co-ordinates 
*, y are related to r, 6 by the equations 

x = r cos 6, y — r sin 6. 

While the distance co-ordinates of P are unique (for a given 
scale of measurement) the polar co-ordinates of P are not unique 
In fact, if (r, 6) are polar co-ordinates of P, so also are (r, 6 -{- 2kiT) 
and (— r, 6 + {2k + l)ff), where k is any positive or negative 
integer or zero. 

Every accessible line has an equation of the form 
lx my + « = 0, 

with I, m not both zero. In polar co-ordinates this becomes 
r{l cos fl + sin 0) + » = 0. 

Thus every accessible line has an equation of the form 
a cos 0 -f 1 ? sin 0 = wir, 

with tt, V not both zero. The converse is obviously true. 




Fio. 78 — Figure reI/Ating to the _ 
Polar Equation op a Circle. 


Equivalent forms for the equation of a line in polar co- 
ordinates are easily seen to bo 

A cos (0 -t- a) = wIr, B sin (0 -f- p) = wjr, 

and, with a redundant parameter, . 

C cos 6 D cos (0 — a) = wjr. 

The equation of a circle of radius a with centre at the origin 
is obviously r = a If, however, the centre is at the point {r^, oLg) 
(Fig. 78), the equation, derived from the extended form of Pytha- 
goras’ theorem, is 

r* — 2rro cos (0 — aj) + »’o® = 
reducing to the simple form 

r = 2o cos (0 — oj) 

when the pole is on the circumference (rj = a). 
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Ex. 1. The tangent at the point (r^, 0j) on the circle 
f * — 2rr0 cos (fl — (*o) + 
has the equation 
rj cos (0 — — Tg cos {0 — clq) — (a® + ror^ cos (flj — ao) — ro*Vr. 


(il) Polar equation of a real conic. — Consider now a conic, with 
focus F and associated directrix D (Fig. 79). We take F as pole 
and the focal axis as initial line, measur- 
ing 0 so that, if .X is the foot of the per- 
pendicular from F to D, the angular oo-" 
ordinate of X is w. Let the ordinate-^ 
through F meet the conic at L, L ’ ; LL‘ is 
called the latua rectum of the come and 
we denote \LL'\ by 2A. Let F be a general ^ | 
point on the conic, with co-ordinates (r, 

0), and let PM, LN be the perpendiculars 
from P, L to D For an ellipse or para- 
bola, we restrict r to be positive ; then 
lPP|/|PJlfl = \FL\I\LN\ = c, 
and so, first, 

|PX| = = A/c 

Therefore 

|PJf I = |PZ| -1- r cos 9 = A/c -f r cos 0, 
and r = e(A/c -f- r cos 0). 












Fio. 79. — Figure bei.at- 
iNO TO THE Polar 
Equation of a Conic. 


The equation of the conic is therefore 
A/r = 1 — c cos 0. 

In the case of a hyperbola, let 26^ be the magmtude of that 
angle between the asymptotes which contains the transverse 
axis , and let k be any positive or negative integer or zero. If P 
is on the branch of the hyperbola which lies between D and F, 
we assign to P polar co-ordinates (r, 0) such that r > 0 and 
2kir + 00 < 2kiT + 271 — 00 And, if P is on the other branch, 

we assign to P polar co-ordinates (r, 0) such that r < 0 and 
2kiro — 0 <0 < 2k7r -f 

Then, as above, and with the same definition of latus rectum, 
we find that these co-ordinates of P satisfy the equation already 
found, namely A/r = 1 — e cos 0. 

Ex. 2. If the focus is the pole and the focal axis is the line 
0 = a>, prove that the equation of the conic is • 

Xjr = 1 — e COB (0 — oj). 


(ill) Equations of chord and tangent.— The equation of a chord 
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is most conveniently obtained when its intersections with the conic 
are given with angular co-ordinates in the form a ± 

By part (i), the equation of the chord may be put in the form 

A/r = C cos 6 + D cos {6 — a). 

C, D are determined by the equations 

1 — e cos (a •+■ P) = <7 cos (a + p) -f i> cos p, 

1 — e cos (« — P) = C cos (a — p) -f- 2) cos p. 

Therefore G = — e, i) = sec p. 

Thus the equation of the chord is 

A/r = sec p cos (6 — a) — e cos 6. 

Now let p — ^ 0. Then the limit of the chord is the tangent 
at the point with angular co-ordinate a, and its equation is 

A/r = cos (6 — a.) ~ e cos 6. 

The tangents at the points with angular co-ordinates Cg 
meet on the line given by 

cos (6 — aj) = cos (ff — aj) 

Thus, the tangents meet on one of the bisectors of the angles 
between the lines joining the focus to the points of contact. 

Ex. 3, The tangent at the point with angular co-ordmate a 
meets the directrix in the point for which ff = x 7r/2. Thus the 
Xiolar of a pomt on the directrix is the perpendicular through F 
to the line joimng the point to F. 

(Iv) Equation of the polar of a point. — ^The points of contact 
of the tangents drawn from an exterior point (ri, 6^) have angular 
co-ordinates of the form 6i ± p, as we have just seen. Since the 
tangent at the point with angular co-ordinate p contains 
{^i> ^i)> P is determined by the equation 

A/rj = cos p — e cos 

Therefore, by part (iii), the equation of the polar of (r^, 0j) is 

(e cos 0 -f A/r)(e cos + A/rj) = cos (8 — 6j). 

Ex. 4. A variable chord, joining the points with angular 
co-ordinates a P> subtends a fixed angle 2p at the focus. Prove 
that the pole of the chord lies on the fixed conic 

(A sec P) /r = 1 — e sec p cos 6, 
and that the chord touches the fixed conic 

(A cos p) /r = 1 — € cos p cos 6 

at the point with angular co-ordinate a. 
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Ex. 6. If two tangents to a parabola meet at a constant 
angle, their point of intersection is, in general, on a hyperbola 
with the same focus and directrix as the parabola. Discuss the 
case where the angle is a right angle. 

Ex. 6. PFP', QFQ' are two perpendicular focal chords of a 
conic. Prove that 

IPi*) . \FP’\ \QF\ . \FQ’\ 

is constant. 

Ex. 7. A circle of constant radius passes through the focus 
of a conic and meets the conic at the points P, Q, B, 8. Prove 
that 

IFPl . IFQl . jFBI . IF8I 

is constant. 

87. Conies in relation to a triangle: trilinear co-ordinates. 

Trilinear co-ordinates were defined in section 11 (iv) for a 
modified real euclidean plane. The restriction to a real plane is, 
however, unnecessary; the essential thing in the definition is that 
the unit point is to be so chosen that, in the case of real accessible 
points, ^e homogeneous co-ordinates are proportional to the 
distances of the points firom the sides of a real triangle of reference. 
In this section, therefore, we suppose that the plane is a modified 
complex euchdean plane : properties of the real plane may be 
inferred as particularities. 


(1) Equation of a circle. — ^The equation of the circumcircle of 
a real triangle of reference ABC necessarily hae the form 

/Py + fl'y* + = 0- 

The equations of the tangents at A, B, C are respectively 


P+Z-o -4-&-0 

From the geometry of the real part of the circle, these equations 
are seen independently to be respectively the same as 

e + Z+J-o, 5+1-0, 

6*c c a a b 

where a, b, c denote the real distances \BC\, \CA\, fABj. Therefore 
f:g:h = a:b:c, 

and the equation of the circumcircle is 

oPy -j- bya -f- ca^ = 0 * 
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The equation of any circle is of the form 

+ cy){la + wip + »y) = 0. 

This is because the circle belongs to the pencil determined by the 
circumcircle of ABC and the pair of lines consisting of the accessible 
line together with that line which joins the accessible common 
points of the two circles, if there are accessible common points: 
If there are no accessible common points, the pair of lines is to be 
taken to be the inaccessible line counted twice, in which case 
I : m : n = a : b : c, and the circle is concentric with the circum- 
circle. 


(ii) The eonie-envelope {I, J). — ^The circular points are those 
given by the equations 

a^y -t- bya. -f cap = 0, 
oa -j- 6p -j- cy = 0. 

If I, m, n are co-ordinates of a Ime through I or J, then these two 
equations hold simultaneously with 

la mp -|- ny = 0. 

From the last two, we have 

X : ^ : y = bn — cm . d — an . am — 61, 
and therefore the equation of the conic-envelope {I, J) is 

6 c 


671 — cTw cl — a» ^ am — 61 
This equation may be rearranged and expressed in the form 
1* -t- 771* -1- 71® — 277171 cos A — 2nl cos B — 2lm cos (7 = 0, 

the cosines refemng to the angles A, B, C oi the triangle of 
reference. (Note that a* = 6* -f- c* — 26c cos A, etc ) 


+ 


= 0 . 


(ill) Circle with given centre and radius. — We find the equation 
of the conic-envelope associated with a circle of given real centre 
and real radius. 

Let the distances of the centre from BC, CA, AB be respectively 
Og, Po, yo> taking account of sign ; and let the radius be r. 

The conic-envelope belongs to the range determined by the 
pencil with vertex at (og, Pg, yg) counted twice and by the conic- 
envelope (7, J). Therefore its equation has the form 

(log -f TTiPo -f- Tlyg)* 

. = i(l® -j- 771® -f 71* — 277171 cos A — 2nl cos B — 21771 cos C). 

To find k, we observe that a particular tangent of the circle, 
parallel to BC, is (c/. Ex. 1 of section 11 (iv)) 

2Aa = (og -f r)(aa -f 6p -f oy), 
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where A denotes the area of the real triangle ABC, Expressing 
the fact that this line belongs to the conic-envelope,, we find 
without difficulty that k = r*. Therefore the equation sought is 

(Zao -f- + nyo)* 

= -1- -{- »* — 2mn cos A — 2nl cos B — 2lm cos C). 

(iv) Rectangular conics . — We prove next that a necessary and 
sufficient condition for the conic 

pa* -)- gP* + ry* 2u^ 2vyx 2wx^ = 0 

to be rectangular is 

P 4- 9 + r 2ii cos A —2v cos B — 2w cos C = 0. 

Let /, J have co-ordinates (necessarily not distances) 
(°^i> Pi> Vi)) (‘X 2 > ^ 2 > V 2 )- Then there is a number £ 0 such that, 

for all I, tn, n, 

(hi -t- mPi + nyi)(ix2 -f- -f ny^) 

s k(P + m* -j- n* — 2mn cos A — 2nl cos B — 2lm cos C). 

Therefore a^aa = ^^pa = yiy 2 = 

Piy 2 + P 2 yi = —2k cos A, y^aa -j- = — 2k cos B, 

*ip2 + azPi — — 2k COB C. 

The given conic is rectangular if and only if /, J are conjugate 
points; that is, if and only if 

p«i*2 + jPiPs + fym 

+ «(Piy2 + P2yi) + «'(yi«2 + ys^i) + + osPi) = O- 

Substituting the expressions just found, and dividmg by k, this 
condition becomes the one stated above. 

The condition is important on account of its linearity. From 
this it follows at once that if two conics are rectangular, so is every 
conic of the pencil which they determme. (Cf section 31 (i) Bx. 3.) 

Ex. 1. The lines 4- mjp + n^y = 0, iga 4- -f- n^y = 0 

are perpendicdlar if and only if 

^ 1^2 4* nii«ia -f — (miTtg -f m^iii) cos A 

— {riilz -t- Wail) cos B — (l^ma + Zjmi) cos C = 0. 

Ex. 2. Every conic through the vertices and orthocentre of a 
triangle is rectangular. So is every conic through the centres of 
the inscribed and escribed circles. 

Ex. 3. The equation of the nine-point circle of the triangle of * 
reference is 

(— oa -f 4- cy)a cos .4 4- (<*« — 6p 4* cy) P cos B 

4- (oa 4- — cy)y cos C = 0. 
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(V) Conle with given oppodte fool. 

(a) Let us suppose that two opposite foci F (a^, y.), F' 

( 02 , ^ 2 > Yz) ^ central conic are given. This is equivcdent to Iwing 
given four tangents to the conic, namely FI, FJ, F'l, F'J. The 
associated conic-envelope therefore belongs to the range deter- 
mined by these four hues. Two members of the range are the 
conic-envelope (F, F'), whose equation is 

(loi -f- nyi){lct2 + ^ 1^2 + »ya) = 0» 

and the conic-envelope (7, J), whose equation is 

P m* -f- n* — 2«m cos A — 2nl cos B — 2lm cos C — 0. 

The envelope associated with the central conic has therefore an 
equation of the form 

(Zaj -j- mPi -1- nyi)(let2 -}- tn^i -+- ny^) 

-f- i{Z* -)- m* 4 — 2m» cos A — 2nZ cos B — 2lm cos C) = 0. 


(b) If a parabola has given focus (a^, y^) and touches the 

inaccessible line at {a^, p 2 > Va). ““a + ^Pa + cya ~ 

last equation in (a) may similarly be proved to represent the conic- 
envelope associated with the parabola. 

Further, if the parabola is inscribed in the triangle of reference, 
we have 

«i«a = PiPa = yiVa = - *. 

and therefore 


- + r + - = 0- 
«i Pi yi 


Thus we have proved again that the circumcircle of a triangle 
formed by three tangents of a parabola contains the focus of the 
parabola. 


Ex. 4. The circumcircle of a triangle self-polar with respect 
to a rectangular conic contains the centre of the conic. 


88. The projeotive aspect of metrical theorems: Signiflcance of 

diagrams. 

In euclidean geometry, the real euclidean plane Eg is explored 
by metrical methods, that is by considerations of Stance and 
angle in which the ideas of congruence of lengths and congruence 
of angles are fundamental. In consequence, the statements of 
the theorems in euclidean geometry are themselves largely 
metrical (as in the theorem that the angles opposite to the equal 
sides of an isosceles triangle are equal) and their proo& may also 
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be metrical, even when the facts asserted are purely properties of 
incidence (as in Besargues’ theorem). 

It is remarkable that metrical notions, of congruence in 
particular, m Er can be replaced by equivalent projective relations 
concerning the circular points, here J', and their join I' in the 
covering modified complex plane Em. Thus, let A, .. . and 
A, . . . denote points and lines in Er and let the hnes vaEu which 
cover AB, . . . and A, ... be denoted by {AB)', . . . and A', . . . . 
Then, the statements for Er : 


(i) A is parallel to B ; 

(ii) A IS perpendicular to B ; 

(iii) angle {A, B} = angle {C, D} = — angle {E, F} ; 

(iv) \AB\ = \CD\ 


are eqmvalent respectively to the statements for Em (ivhere the 
point A' . I' is denoted by A\ and so on) : 


(i) A' . B' is on I' ; 

(ii) A\ B' harm I\J' \ 

(iii) {A\ B ' ; /' J'} = {C\ D' ; J'} = {F\ E ' ; J ') ; 

(iv) there is a point F in Er such that (AB)' meets (CF)' on 
r, (^4^^)' meets (CB)' on I' and such that D, F lie on a conic 
though J' for which C is the pole of I' (i e. ABCF is a 
parallelogram and F, D are on a circle with centre at C). 


If now K is any figure of points, lines, conics, conic- 
envelopes, . . . m Er and if K' is the covering figure m Em, any 
metrical theorem T about K is equivalent to a theorem T' about 
K', J', 1' in which the relations between the elements of K' 

and J', I' are projective. We may call T' the projective aspect 
of T 

Theorem T' may be important for several reasons. It may 
give the reader a new understanding of the content of theorem T. 
It may have intrinsic interest, and then one would naturally 
seek a proof by projective methods. And a certain coherence is 
given to the body of metrical theorems when it is realised that the 
projective aspects of several difierent metncal theorems may be 
projectively equivalent (a relationship explained in Chapter VI) ; 
these several theorems can then be settled by a single proof (cf. 
section 30, Exs. 4-7). But it should be realised that what may 
be expressible simply in metrical terms need not be simply 
expressible in projective terms, and vice versa, since, for example, 
congruence of distances is not a simple projective idea (nor is it 
projectively invariant). 

In illustration of what has been said, let T be the theorem 
that if ABC is a triangle in Er with \AB\ —\AC\, then angle 
(AB, BC) = angle {CB, CA). 
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In Ejt, let {BCy, (CA)', (AB)' meet I' in B', E', F' respectively 
(Fig. 80)^; then T' is the theorem that if ABC is a real triangle 
such that B, C both lie on a conic through J' and having A as 
the pole of I', then {D', F' , 1', J'} ={E', D'\ V, J’). The 
reader should have no diflSculty in finding a projective proof of 
this theorem with the help of the remark iMt D' is a double point 
of the involution on I' in which F, J' and E', F' are pairs of 
mates. 


B C 


Fio 80 — ^Figubk fob the Theobem of Section 38 (o). 

More generally, it is hoped that the reader will appreciate that 
the present chapter may be considered a study of the projective 
aspects of many theorems of euchdean geometry 

Ex. 1. Simaon’s theorem for a triangle ABC in Eg is that 
the feet of the perpendiculars from any point on the circle ABC 
to the sides of the triangle are in Ime Obtain the projective 
aspect of this theorem and then prove it by projective (algebraic) 
methods. 

Ex. 2. Ceva’a theorem for a tnangle ABC in Er is that if U 
is any point, not on any side of the triangle, and AU, BU, CU 
meet BC, CA, AB at D, E, F respectively, then 

^IDC) . {CEI^) . {AFIFB) = 1. 

If, in Em, the inaccessible line meets (BC)', (CA)', (AB)' in D^, 
Ey, Fy, show that the projective aspect of Ceva’s theorem is that 

{B,C\ D,D!,).{C,A-, E,E'yi.{A,B, F,F(} = -1’, 

and show that a similar result is true of any triangle in relation to 
any point and line in Em 

Ex. 3. Menelaua’ theorem for a triangle ABC in Er is that 
if the sides are met by any transversal, not passing through any 
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vertex, in points P, Q, B, then 

{BPjPC) iCQl'^) . (ARIBB) = - 1. 

Obtain, and generalise, the projective aspect of this theorem. 

Ex. 4. Obtain, and prove by projective methods, the 
projective aspect of the theorem that the foot of the perpendicular 
to a tangent from the focus of a parabola lies on the tangent at the 
vertex. 

(6) Some remarks on the use of real diagrams to indicate the 
behaviour of conics in a complex plane may bie useful at this stage. 

A come in the complex plane actually needs a four-dimensional 
real space for its complete representation by real points. In fact, 
using complex cartesian co-ordmates x, y, let the equation of the 
curve be f(x, y) = 0. Put 

a: = *' + ix", y = y' -f ty", 

where x', x", y', y" are real. Then the equation takes the form 

f^{x', X", y', y") + iS^(x', x", y', y") = 0, 

where fi, are real quadratic non-homogeneous polynomials 
Thus the points of the complex curve are represented by the points 
of the real surface common to the three-dimensional mamfolds 
= 0, /a = 0 in the real euchdean four-dimensional space in 
which the co-ordinates are x', x", y', y". It is to be emphasised 
that, although, from this point of view, the complex conic appears 
to have the dimensions of a surface, yet we still desenbe it as a 
curve or oo^-locus : the essence of this description is that the 
points of the complex conic depend algebraically on one complex 
parameter 

This representation is incapable of physical realisation. Since 
experience shows that diagrams of some sort, be they only partly 
representative, are most useful aids to the mmd, we turn to the 
following considerations. 

A come is determined by five of its points , and, in particular, 
a conic in the complex plane is determined by its real part if the 
latter is a real conic (therefore containing an infimty of real points). 
Thus the real part represents the whole conic in the sense that, 
from it, the whole conic may be determined 

Most of the properties of a conic in which we are interested are 
projective in character and expressible in terms of relations of 
mcidence. The purpose of a diagram is to exhibit these relations 
visually. This purpose is achieved if we can find real conics and 
lines in such relative positions that they show the incidences of 
interest at the moment. 

Thus, for example, the configuration of two conics and their 

G 



178 THE , ALGEBRAIC GfEOMETRY OP A PLANE $38 

quadrangle of common points can be illustrated by two eUipses 
with four real common points ; but two real circles would not 
serve for this purpose. The properties of asymptotes may be 
shown by using a hyperbola. 

It is not always possible to find a perfectly satisfactory real 
picture : elements which stand in the same relation with regard 
to a complex conic may have to be represented by elements which 
stand, in some respects, in different relations with regard to a real 
come. For example, if we wish to represent a conic and a self- 
polar triangle together, one vertex of the real triangle has 
to be interior to the real conic and the other two have to be 
exterior. Diagrams which are intended to illustrate properties 
relative to the circular points have to be drawn so that the circular 
points are represented by two real accessible points, and the in- 
accessible line by the hne joining them. Such a diagram is, of 
course, different in appearance from the euclidean figure ; and it 
may be helpful to have two diagrams. For example, the relation 
of the foci and circular points to a central conic is best exhibited 
by the figure of an ellipse inscnbed in a quadrilateral, two of 
whose opposite vertices represent the circular points, the other 
four representing the four foci ; but the property, say, that the 
feet of the perpendiculars from the foci to a tangent lie on the 
auxiliary circle is most convincingly shown by the figure of the 
real euclidean case. 



CHAPTEE V 

FURTHER PROPERTIES OF CONICS 

89. The harmonic conic of two conic-envelopes. 

(a) We are concerned here with a generalisation, in a modified 
complex euclidean plane, of the notion of director-cmcle of a conic. 
The director-circle is the locus of the intersection of a pair of 
perpendicular hues belonging to the associated conic-envelope. 
It may therefore be described as the locus of the intersection of 
a pair of Imes of the comc-envelope which are conjugate with 
regard to the conic-envelope (I, J), or as the locus of the intersection 
of a pair of lines through I, J conjugate with regard to the given 
conic-envelope. 

(b) The last two forms of the description lead to obvious 
generalisations. First of aU we may replace I, J by any other 
pair of points. Then we find, without any difficulty, that the 
equation (in any system of homogeneous co-ordinates) of the locus 
of the intersection of conjugate lines, one passing through each 
of the fixed points (®i, y^, aj, {* 2 . y^ h)> with regard to the conic 
5 = 0, where 

8 s a®* 4 - by^ + c** + 2/ya -f 2gzx -1- 2hxy, 
is the conic 

55i2 = 8 ^ 8 ^, 

in the usual notation, passing through the two fixed points. This 
conic is called the director-conic of 5 = 0 relative to the two fixed 
points. 

Ex. 1. If the conic-envelope associated with 8 = 0 has the 
equation Al* -f J5m® Cn® + 2Fmn 2Gnl -f 2Hlm = 0 and 
if the equation -jf the reducible conic-envelope consisting of the 
pencils of lines with vertices at the two fixed points has the 
equation A'l^ 4- + C"n* -j- 2F'mn -f 2G'nl + 2H'lm = 0, 

verify that the equation of the director-conic takes the form 

{BC 4- B'C - 2FF')x^ 4- 2(OH' 4- O'H - AF' - A’F)yz 
4- (C.4' 4- C'A - 200')y^ 4- 2(HF’ 4- H’F - BO' - B'0)zx 
4- (AB' 4- A'B 2HH')z^ 4- 2(FO' 4- F'G - tiH' - C'H)xy = 0. 

(c) A further generalisation is to replace the reducible conic- 
envelope, consisting of the pencils with vertices at the two fixed 
points, by an irreducible conic-envelope. We therefore now seek 

177 
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the locus of a point such that the lines of the conic envelope 2 = 0 
which pass through the point are harmonic with respect to the 
lines of the conic-envelope 2 ' = 0 which pass through the point, 
where 

S s Al^ + fim* -f Cn^ -1- 2Fmn + 20nl + 2Hlm, 

S' ^ A'l^ + B'm^ -f (7'n® -|- 2F'mn -f 2G'nl -f- 2H'lm. 

We prove first that -f Aj = 0 , where A^, Aj are the para- 
meters of the two conic-envelopes in the range S -f AS' = 0 
which pass through such a pomt. This is equivalent to 
{ 0, 00 ; Ai, Ag} = — 1 ; 0 and oo are the parameters of S = 0 , S' = 0 
respectively. 

Let (li, nzi, n^), « 2 ) ^ through the point. 

Then any hne through the point has co-ordinates of the form 
(Ij -f + dm^, -+- flwj). The 0-parameters of those lines 

which belong to S = 0 are 6^, 6^, the roots of 

Si, + 20 Si2 + 0*2^2 = 0; 

and the 0-parameter8 of those hnes which belong to S' = 0 are 
03 , 6^, the roots of 

Sii' + 202,3' + = 0. 

The hypothesis is that {0„ 6 ^ ; 03 , 04 } = — 1, which is the same as 
(01 -f- 02)(03 -f 04 ) = 2 ( 0,03 -J- 0304 ), for this it is necessary and 
sufficient that 

22 , 32 , 3 ' = S,,S 22 ' - 1 - 2 , ,' 233 . 

The parameters A,, Aj are the values of A which make the 
quadratic in 0 

(2,, AS,,') + 20(2,3 + ^la ) + ^*(^82 + ^aaO = 0 

have equal roots and are therefore given by 

(2,2 -1- AS 12 ')* = (2,, -}- A2i,')(S 22 -f A222'). 

By the relation just before proved, it follows that A, Aj = 0 . 

The pomt equation of the conic associated with the conic- 
envelope 2 -f AS' = 0 is 

AS + A*A'/S' = 0 , 

where A, A', 8, S' have their usual significances and 

K s {BC -t- B’C - 2FF’)x» 2(OH' + O'H - AF' - A'F)yz 

+ iCA' -h C'A - 20G')y^ + 2(HF' + H'F - BG' - B'G)zx 
-f {AB' -f - 2HH')z^ + 2{FG' + F'G - CH' - C'H) 3 ey. 

Therefore, if (* 3 , 1 / 3 , 23 ) are the co-ordinates of the point already in 
question, A„ Ag are also the roots of 

A8^ + + X^A'S'^ = 0 . 
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Therefore — 0. The locus of the point is therefore the conic 
K — this is called the harmonic conic of the two given conic- 
envelopes. 

Ex. 2. The harmonic conic passes through the eight contact- 
points of the four lines common to the two conic-envelopes. 

This may be restated in the form : two conics touch the sides 
of a quadrilateral , the eight pomts of contact he on a come. 

Ex 3. The circle having two given points A, B as the ex- 
tremities of a diameter is the harmonic conic of the conic-envelopes 
{A, B) and (7, J). 

40. The harmonic conic-envelope of two conics. 

(а) The lines which meet two conics iS = 0, jS' = 0 in pairs of 
points which are harmonic with respect to each other generate a 
conic-envelope, called the harmonic conic-envelope of the given 
conics. 

By dualising the algebra of the last part of section 39, the 
equation of this conic-envelope is seen to be 4> = 0, where 

O = (6c' -t- b'c — -|- 2{gh' -f g'h — af — a'f)mn 

-f- (ca' -j- c'a — 2gg')m^ -j- 2(6/' -f- h'f — bg' — b'g)nl 
-I- \ab' -f a'b — 266')»® -f 2{fg' -f f'g — ch' — c'h)lm. 

Ex. 1. The eight tangents to 5 = 0, /Sf' = 0 at the common 
points of these conics belong to O = 0. 

Ex 2. The harmonic conic-envelope of the asymptotes and 
director-circle of a non-parabolic conic is the conic-envelope 
associated with this conic. 

(б) With modified complex cartesian co-ordmates, the har- 
monic conic-enVelope of the circles 

x* -}- 1 /* — 2uxz — 2vgz -|- cz* = 0, 

x* -f- — 2u'xz — 2v'gz -j- c'z* = 0, 

is 

(c + c' — 2uu' •- 2w')(i® -1- m*) 

-V 2(ttZ vm -\- n)[u'l + v'm -f- ») = 0. 

This conic-envelopd contains the four lines joining the centres of 
the circles, namely («, v, 1) and («', t>', 1), to the circular points; 
the centres of the circles are therefore corresponding foci of the 
conic-envelope. 

If c 4- c' — 2uu' — 2w’ = 0, the situation arises that every 
hne through the centre of one circle meets the other circle in two 
points conjugate in regard to the first circle ; and, in particular, 
the tangents from the first centre to the second circle must have 
their points of contact on the first circle As is trivial to prove. 
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the tangents to the fiist oiTcle at these points are perpendicular 
to the rcxlii to the points ; therefore at each accessible intersection 
the tangents to the two circles are perpendicular. The circles are 
then said to intersect orthogonally. 

That c + c' — 2uu' — 2w' = 0 is a necessary and sufficient 
condition for the circles to intersect orthogonally may be seen 
as follows. 

The tangents at a common accessible point y^, Zi) are 

x(xi — wsi) + y(yi — t«i) z{ — vx^ — vy^ + cz^ =0 
x(xi — u’zj) + y(yi — v'z^) + 2( — u'x^ — + c Zj) = 0. 

These are perpendicular if and only if 

(xi — ttZi)(®i — «'2i) + (yi — «Zi)(yi — v'Zi) = 0. 

Since also 

*1® + yi® — SttXjZi — 2vyiZi + czj* = 0, 

*1® + 3^1® — iu'x^Zi — 2v'yiZi + c'zt‘ = 0, 

an equivalent condition is 

*i®(c + e' — 2uu' — 2w') = 0, 

or, since * 0, 

c + c' — 2uu' — 2w' = 0. 

It will be noticed that this proof shows that if the tangents 
at one common accessible point are perpendicular, so are the 
tangents at the other such point. 

41. Coaxal circles. 

]ji a modified complex euclidean plane, the pencil of circles 
determined by two given circles, which do not touch at either of 
the circular points I, J, is called a coaxal system of circles. The 
circles of the system have in common two accessible }>oints A, B 
which may coincide, in which case the circles have a common 
tangent at .d. 

(1) The general case. — ^We suppose that d, B are distinct. 
The system contains three pairs of lines ‘as members. One 
consists of the inaccessible line IJ together with AB ; AB is called 
the radical axis of the system. The other two pairs of lines are 
AI, BJ, meeting at F, and AJ, BI, meeting at G ; these are point- 
circles; their centres F, O are called the limiting points of the 
system (Figs. 81, 82, 83). 

Lot E be the common point of AB, IJ. The triangle EFG 
is self-polar with regard to every circle of the system. The centre 
of every circle, being the pole of IJ which passes through E, 
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Fio. 81 — ^Reai. CoAXAii CiRcuiB WITH Beal Accebbible (yOimoN Pouras. 

therefore lies on FO , and, conversely, every point on FG is the 
centre of one circle of the system. FG is called the line of centres 



Fio. 82. — Beal Coaxal Circles with Beal Limztino Points. 

of the system. It is a harmonic property of the quadrangle 
ABU that FG, FE harm FI, FJ ; the radical axis, being parallel to 
FE, is therefore perpendicular to the line of centres. 



Fio. 83. — ^Thb General Fiohre fob a System or Coaxal Ciboleb. 
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Every line through E meets any circle of the system in two 
points wli^ose mid point is on FO ; and such lines are perpendicular 
to FO. The figure of the system of circles is therefore sym- 
metrical about the line of centres. From this it follows that any 
common tangent of two circles of the system meets the line of 
centres in a point from which can be drawn a second common 
tangent. 

Associated with the co-axal system mtensecting in A, .B is a 
second coaxal system consisting of the circles intersecting m F, 0. 
The limiting points of the second system are A, B We prove 
that any circle of the first system is orthogonal to any circle of 
the second system. 

A triangle of reference, symmetrically related to both coaxal 
systems, is UK, where K = AB .FO. Take A as unit point, 
then if JK is a: = 0, KI \a y = 0 and 7J is z = 0, the points 
F, O, B have co-ordinates ( — 1, 1, 1), (1, — 1, 1), (1, 1, — 1) 
respectively. 

Every circle through A, B has an equation of the form 
A(z» —xij) + z(x —y) = 0, 

and its centre is the point ( — 1, 1, A); and every circle through 
F, O has an equation of the form 

p(z* -f- a^) -f z(a: y) = 0, 

its centre being the point ( — 1, — 1, ju.). 

The harmonic conic-envelope of these two circles has the 
equation 

Z® — wi* -f A/xre® (ji — Xjmn — (A -f fi)nl = 0, 

which may be rewritten as 

( — I + m Xn){ — I — m + p») = 0. 

The harmonic conic-envelope therefore consists of the pencils of 
lines with vertices at the centres of the two circles ; therefore the 
two circles cut orthogonally. 

Ex. 1. With modified co-ordinates based on a common dis- 
tance-scale, the coaxal system associated with the system 
J .2 _l_ ^ 2Aa:z + cz® = 0 is x® -{- y® -1- 2{j.yz — cz® = 0. 

Ex 2. By the radical axis of two circles we mean the radical 
axis of the coaxal sj^stem determined by these circles. 

Prove that the radical axes derived from three circles by taking 
them in pairs are concurrent; and show that the point of con- 
currence is the centre of a circle orthogonal to all three given circles. 

(II) Special ease. — ^We consider now the case of a coaxal 
system of circles determined by two circles which touch at an 
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accessible point A. Let the common tangent of the two circles 
meet the inaccessible line at E. Then the coaxal systbm is the 
pencil of conics passing through I, J and touchmg EA at A, 
EA is called the radical axis of the system. 

Let E s (7, J)/E, then AE is the polar of E with regard to 
every circle of the system and therefore contains the centre of every 
such circle. AE is called the line of centres', it is perpendicular 
to the radical axis. 

Exactly as in part (i), we prove that the figure of the system 
of circles is symmetrical about the line of centres and that the 
common tangents of any two of the circles meet by pairs on the 
Ime of centres. 

The associated coaxal system consists of the circles touching 
EA at A. Every circle of this system meets every circle of the 
first system orthogonally at A and therefore also at the remaining 
accessible intersection. 

Ex. 3. Three circles touch in pairs at A, B, C. Prove that 
the tangents at A, B, C meet in the centre of the circle through 
A, B,C and that this circle is orthogonal to all three given circles. 

(Hi) Note. — The real circles of a coaxal system determined by 
two real circles cover a system of circles in the real euclidean plane 
embedded in the modified complex plane. The circles in the real 
plane are called a coaxal system in that plane ; properties of this 
system may be inferred immediately from what has been said 
about coaxal systems m the complex plane 

In particular, it is to be remarked that if the circles of a coaxal 
system in a real plane meet in distmct real points A, B then there 
are no real limiting points (in the covering complex plane, F, 0 
are conjugate unreal points) ; and if the system has real limiting 
points F, O then there are no real intersections (in the covering 
complex plane. A, B are now conjugate unreal points). 

The fact that the circles of two coaxal systems in a real plane 
form an orthogonal network of curves has important applications 
to various branches of mathematics. 

• 

42. Coofocal conics. 

(i) The general case. — ^Let S = 0 be the equation of an 
irreducible conic-envelope which does not contain the inaccessible 
line Every conic-envelope having the same foci as S = 0 con- 
tains the four lines common to i = 0 and to the conic-enve- 
lope (7, J), say S' = 0 , and the converse statement is true 
These conic-envelopes, with their associated conics, are said to 
form a confocal system (Fig. 84) The equation of the system is 
S -f- AS' = 0. 

The equation of the system takes a simple form if we choose 
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the triangle of reference and the unit point as follows. Let F, F' 
and H, if' be the two pairs of opposite foci, with F, H, I in line. 
Take HH' to be a: = 0. FF' to be y = 0, and IJ to be z = 0. 

The unit point is fixed by assign- 
ing to 7 a triad of co-ordinates 
(1, i, 0). 

The triangle of reference is the 
diagonal triangle of the quadri- 
lateral of lines common to all the 
conic-envelopes; therefore J has 
co-ordmates (1, — i, 0). And, the 
triangle of reference being a self- 
polar triangle relative to every 
conic-envelope of the range, 2 has 
the form of* -f- 6m* — n*. 

The equation of the confocal system may therefore be put 
m the form 



Fio. 84.— COKFOCAL CJONICS 


(oZ* + bm* — »•) -j- A(f* -f- m®) = 0 
or (o -f A)f* -f (6 -f- A)m* = n*, 

to which corresponds the point-equation 

_ _2 

o -1- A 6 -f- A 

Ex. 1. The foci F, F' have co-ordinates (±(o — 6)*, 0, 1) 
and the foci H, H' have co-ordinates (0, ±(6 — o)*, 1). 

Ex. 2. The conic associated with the conic-envelope 

S -f A(f* -1- m*) = 0, 

where 

2 s Al* -t- Bm* -}- Cn* 4- iFmn -J- 20nl -}- 2Hlm, 
has, in the usual notation, the equation 

A5 -I- ATT -I- A*z* = 0, 

K s (?(** -t- y*) -I- (A -j- 5)z* — 2Fyz — 2Qzx. 

^ = 0 is the director-circle of the conic 5 = 0. 

Ex. 3. The co-ordinates being modified complex, prove that 
the equation of the confocal system having the accessible points 
(^i> yi> ^i)> (^ 2 > ^ 2 > ^z) ^ P^h: of opposite foci is 

{Ixi + myi + »Zi)(tej + my^ -f m^) + A(Z* -1- m*) = 0. 

(ii) A property o! orthogonality. — ^It has been remarked earlier 
that the locus of the poles of a given line P in regard to a range of 
conic-envelopes is another line Q. There is one point of Q, in 
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the case of a confocal system, arising from the conic-envelope 
(7, J); this point is the harmonic conjugate, relative to 7, J, 
of the intersection of P with IJ ; therefore Q is perpendicular to 
P, And there is one conic-envelope of the system containing P ; 
the contact point of P is P . Q. Hence Q is the normal at the con- 
tact point. 

Algebraically, the pole of P (Ij, n^) with regard to the conic 
whose parameter is A has co-ordinates (Zi{o -f A), + A), — TOi). 

Its locus is therefore the line Q (a — 

which is perpendicular to P. From this it follows at once that 
P is the locus of the poles of Q. 

Consider now the two conic-envelopes of the system containing 

P, Q respectively. The associated conics intersect at P . Q, and 
therefore intersect orthogonally at the point. And, since both 
conics are symmetrical about the common axes FF', HH', they 
mtersect orthogonally at each of their remaining common points. 

There are, in fact, through every point {Xy, y,, Zj), not on a 
common line of the system, two of the associate conics, whose 
parameters A^, A, are the roots of the quadratic in A 

o + A^6-|-A~*i' 

Inserting the two values for A in this equality and subtracting, we 
have 

gj* I yi* ^ 0 

(o + Ai)(o -f Aj) (b -j- Ai)(5^ A7) ' 

which is a necessary and sufficient condition that the tangents to 
the two conics at (xi, z^) should be perpendicular. 

Ex. 4. Let P be a variable line through the point U (Xq, y^, 2 g), 
not on any side of the fundamental triangle. Show that the line 

Q, referred to in the text above, generates a parabolic conic- 
envelope; and find the focus F of this. Show that, if P now 
turns about V instead of U, then Q generates a parabolic conic- 
envelope with focus at U. Show further that OU, OV make 
equal angles Vith the axes of the confocal system, O being the 
point (0, 0, 1). 

(ill) An interval property. — ^The pairs of tangents from a point 
P to the conics of a confocal system (that is, the pairs of lines 
through P belonging to the conic-envelopes of the system) form 
an involution whose double lines are the perpendicular lines P, Q 
which touch at P the two confocal conics through the point.* 
Being perpendicular, these lines bisect the intervals between the 
tangents ^m P to any one of the conics and, in particular, bisect 
the intervals between PF, PF', where F, F' are opposite foci. 
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Ex. 5. The locus of the point in which a tangent to the conic 
x*la + = z® meets a perpendicular tangent to the confocal 

conic x^l{a + A) + + A) = z® is the circle + y® 

= (a + 6 -{- A)z®, the co-ordinate system being as in part (i). 
Interpret this statement when A = 0 and when A = — 6. 

Ex. 6. In regard to the real euclidean plane embedded in the 
complex plane, the system of comes covered by a confocal system 
may also be called confocal. 

Of the conics confocal with the ellipse a:®/a® -f- y*/6* = 1 
which pass through a given point, one is an ellipse and the 
other a hyperbola. There is thus set up, in the real plane, a net- 
work of ellipses and hyperbolas, such that every ellipse meets 
every hyperbola orthogonally. Show that each ellipse is either 
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wholly interior or wholly exterior to every confocal ellipse ; and 
that a similar remark applies to each hyperbola (Fig 85). 

Ex. 7. The harmonic conic of the two confocal conic-envelopes 

ol® + 6m® = 71®, (o -j- A)Z® -1- (6 + A)m® = n® 

may have its equation expressed in either of the forms 

2o6(^* + -t- A(a;® + y® - (o -f 6)z®) = 0. 

2(a + A)(6 + A)(j^ + j^,-*«)- 

A(a:® + y® - (a + 6 -f 2A)z®) = 0 

I 

Thus a conic passes through the eight points where each of the 
given conics is met by its director-circle. This result is contamed 
in Ex. 2 of section 39. 

Ex. 8. The parameters Aj, Aj of the conics of the system 
«®/(o + A) -[- y®/(6 -f- A) = z® which pass through the point 
(ail, y^, Zi) are such that 

_ # . „ 9 . _ 9 _ _ (® + ^i)(® + ^ 2 ) . + ^i)(& + Aa) , 

. yi . zi ^ _ - . 1. 


187 


§§42,43 FURTHER PROPERTIES OF CONICS 

To each point {x-y, y^, Zy) corresponds in general one unordered 
pair of numbers A^, Ag ; to each unordered pair of nunJbers A^, A2 
correspond in general four points {Xy, yy, Zy), namely the inter- 
sections of two confocal conics. In the case of a confocal system 
of ellipses and hyperbolas in a real plane, A^, Aj are called confocal 
co-ordinates of the point (Xy, yy, Zy). 

(Iv) Confocal parabolas. — ^Now let us suppose that the irreduc- 
ible conic-envelope 5^ — 0 contains the inaccessible line, the con- 
tact point being C ; and let F be the focus. Then if 2' = 0 is 
the equation of the conic-envelope (/, J), the conic-envelopes of 
the range 2 A2' = 0 are parabolic and all have the same focus 

F and axis FC , the range together with its associated conics is 
called a confocal system of parabolas (Fig. 86). 

There are two triangles each of which it is natural to consider 
as a tiiangle of reference. First, we may take a: = 0 to be FJ, 
y = 0 to be FI, 2 = 0 to be /J ; then let us take the unit point 
on FC by assigning to FC the equation x — y = 0. The equations 
of the conic-envelopes (F, C) and {I, J) are respectively 

(I + m)n = 0, Zm = 0 ; 

hence the equation of the range takes the form 
mn -f- nZ AZm = 0, 
corresponding to the point equation 

a:* -f y* A*2* = 2Ay2 2A2a; -f 2a:y. 

Next, we may take /J to be 2 = 0, FC to be y = 0, and the 
harmonic conjugate of FC with regard to FI, Fj (that is, the 
common latus rectum) as a: = 0. And we may so choose the 
unit point that I has co-ordinates (1, i, 0) ; J then has co-ordinates 
(1, — i, 0), The conic-envelopes {F, C) and (/, J) now have 
equations 

nZ = 0, Z* = 0 

respectively ; and therefore the equation of the range is 
2wZ -f- A(Z* -f wi*) = 0, 
correspondmg to the pomt equation 

ya = A222 — 2A2X. 

Ex. 9. Through every accessible point there pass two 
parabolas of the system and these intersect orthogonally. 

• 

48. Cases of a theorem of Poneelet 

In section 22 (iii) (/), we proved the simplest case of a theorem 
due to Poneelet (see section 69 (ii)), namely that : 
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If one triangle can be constructed to have its vertices on one 
conic and itia sides touching another conic, then an infinity of such 
triangles can be constructed for the two conics. 

Another case of Poncelet’s theorem is now given as an 
application of the concept of director-conic. Metrically, the 
theorem to be proved amounts to the easily proved statement 
that an infinity of rectangles can be constructed so that their sides 
touch a given conic and their vertices lie on the director-circle of 
the conic. 



Fio. 87 . — Figure Relatixo to a System ot Quausamoles. 

Let 5 = 0, 5' = 0 be two given conics such that there exists 
a quadrangle having its vertices P, Q, B, T on 8' = 0 and its 
sides PQ, QB, BT, TP touching S = 0 (Pig. 87). We prove that 
an infinity of such quadrangles can be constructed. 

Let PQ meet BT at F and let QB meet TP at 0\ and let 
S' = 0 meet FO at U, V. The director-conic of 5 = 0 relative 
to U, V passes through the six points P, Q, B, T, U, V and is 
therefore the same as S' = 0, with which it has all these points in 
common. 

Therefore, starting with any two points F’, O' on UV, which 
are harmonic with respect to U, V, and constructing the tangents 
from these points to /8 = 0, we obtain a figure of four points and 
four lines having the required property. Clearly, every point of 
S' = 0 and every tangent of ^ = 0 belongs to just one such 
figure. • 

Ex. 1. Let A be the pole of UV with regard to S ~ 0 and 
let B, C be the two points on FO, harmonic with' regard to both 
F, 0 and U, V. By taking ABC as tnangle of reference and 
assigning to U co-ordinates (1, », 0), show that 8, S' take the 
forms 6a:* -f- oy* — 062* and a:* -{- y* — (a 6)2* respectively. 

•> 

44. Heelprocatlon. 

(a) Let /5 = 0 be the equation of an irreducible conic, where 
S = ax^ 6y* -f- C2* -j- 2fyz -f- 2gzx -(- 2hxy. 
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The co-ordinates Zj) of a point P and the co-ordinates 

(li, nil, ^ 1 ) polar line P are then connected by the equations 

: «ii : «i = oasi + %i + + byi -f /*i : gxi +fyi + ezi, 

which are equivalent, in the usual notation, to 

^ = kli V Hnii -f Oui : Hli -|- Bnii -f P»i : Oli -f Pm^ -f- Cui. 

These equations, connecting the co-ordinates of a jioint and of 
a line, belong to a class, called correlations, which we shall consider 
in detail later. 

The symmetry and linearity of the equations lead at once to 
the proposition that, if P describes a line Q, then P turns about 
the pole Q of Q ; and P corresponds to P in a projectivity between 
the points of Q and the lines through Q. The proof, which 
is trivial, depends on the fact that, if P s AP^ -f (iPt, then 
P — AP j flP 2 - 

Next, we observe that if P describes a conic S' = 0, where 
S' = a'x^ -f 6'y* -f c'z* 2f'yz -}- 2g'zx -f- 2h'xy, 
then P generates the conic-envelope S" = 0, where 

s a'(A.l -j- Htn Gn)^ -f- . . , ^ 

+ 2f'{Hl + Bm -1- Fn){Ol Fm -f On) + . . . ; 

and, if P generates a conic-envelope, P describes a conic. 

Generally, let T be a figure of points and lines and let V be 
the figure of the polars of these points and the poles of these lines 
with regard to = 0. The Y' is said to be the rectprocoZ of Y 
relative to the conic S = 0. The relation is reflexive : Y is the 
reciprocal of Y'. Moreover, as is evident, the figure Y' is dual to 
the figure Y and harmonic relations between the elements of Y 
correspond to harmonic relations between the reciprocal elements 
of Y' ; and vice versa. 

Ex. 1 . If Y consists of a conic and an inscribed triangle, then 
Y' consists of a conic-envelope and a circumscribed triangle. 

Ex. 2. The reciprocal of a conic and a triangle self-poW with 
regard to it Is a conic-envelope and a triangle self-polar with 
regard to this. 

• 

( 6 ) For convenience we say that, if the conic-envelope S" = 0 
is reciprocal to the conic S' = 0 , then the conic S" = 0 , associated 
with the conic-envelope, is reciprocal to the conic fif' = 0 ; and a 
similar conventimi applies to the conic-envelope S' = 0 . 

Any two irreducible conics S' = 0, S" = 0 are reciprocal with 
regard to at least one other conic S = 0. The proof of this 
theorem is now outlined and, for brevity, the conics are referred 
to as S', 8", 8. 
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A point having the same polar line for S' as for 8" must 
reciprocAite, with regard to such a conic as 8, into a line having the 
same pole for S' as for 8". And the common points of 8', 8" 
must reciprocate into the common tangents of 8', 8". 

A point P having the same polar Q for 8' as for 8 must also 
be the pole of Q for 8". Thus if 8', 8" have a umque common 
self-polar triangle, this is the only comihon self-polar triangle of 
8 with either S' or 8". 

If S', 8" touch at one point only, 8 must touch them at this 
point, and any two of 8, S', 8" must have the same order of 
contact. 

If S', 8" touch at two points, 8 must either touch them at 
these two points or else the triangle formed by the common 
tangents and the chord of contact must be self-polar relative to 8. 

Thus the following cases occur • 

(a) When 8', 8" have a unique common self-polar triangle 
there are four conics 8, each having this triangle self-polar 
Referring co-ordinates to this triangle, we can take 

S' = a'x^ + -|- c'z^, 8" = a"x^ + b"y^ + c"z\ 

and then the four conics 8 are given by 

8 E aa;2 -f hy^ -f cs® with o® = a'a", ft® = h'h", c* = c'c" 

(jS) When S', 8" touch at one point 0 and meet at two other 
points, there are two conics 8, each touching S', 8" at 0. We 
can take 

S' = *2 -1- + 2yz, 8" ^ x^ + -f- 2\yz, 

and then 

S = a;* -f iy* -I- 2fyz with b = \(f + 1/f), /* = A. 

(y) When S', 8" have three-point contact, we can take 
S'=zx- y*, S"^zx-y^ + 2Xyz, 
and then there is just one conic 8 given by 

S = za: — y* -}- Ayz -f- j^A^z®. 

(d) When S', 8" have four-point contact, we can take 

8' = zx — y*, 8” = zx — y^ + Xz^ ' 
and then either 

S=zx — y^ + JAz* 

or, with any /, 

Ss zx +y^ 2/yz -f + A)z® 

(e) When 8', 8" touch at two points A, B, there are two 
« conics 8 which touch them at A, B, and also two comes 8 for 

which any given common self-polu triangle of S', 8" is also self- 
polar. We can take 

S'^zx-y\ 8"^zx-Xy\ 
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and then either 

iS = zx + 6y^ with = — A, 

or else 

S s ax* + fciy* + cz* with 6* = 4coA*. 

(c) Reciprocation has interesting metrical properties when it 
IS earned out relative to a circle. 

The reciprocal of a circle relative to another circle is, in general, 
a conic with one focus at the centre of the second circle, and 
conversely ; but, if the two eircles are concentnc, the reciprocal 
is a third concentric circle. The proof is immediate. 

Let us now consider a confocal system of conics; let F, F' 
be a pair of opposite foci and let I, J be the circular points. We 
reciprocate relative to any cucle with centre at F. 

The confocal conics touch FI, FJ , therefore their reciprocals 
pass through 1, J and are circles Moreover, the conics all touch 
the accessible lines F'l, F'J ; the circles therefore all pass through 
the poles A, B of the.se lines relative to the circle of reciprocation. 
The reciprocal of the confocal S 5 'stem of conics is thus a co-axal 
system of circles The radical axis is the reciprocal of F' and 
the limiting points are the reciprocals of IJ, namely F, and of the 
line joining the other pair of opposite foci. 

Ex. .*{. Show that the reciprocal of a system of coaxal circles 
relative to any circle with centre at a limiting point is a system 
of confocal conics What is the reciprocal of the orthogonal 
system of coaxal circles ^ 

Ex. 4 Prove the theorem of section 33 (x) by reciprocation. 

Ex. 5. A variable conic, for which a fixed point F and a fixed 
line D are respectively focus and corresponding directrix, meets 
another fixed line L at P, Q. Prove that the tangents at P, Q 
generate a conic-envelope winch contains D, L and has a focus at F. 

Ex. 6. The sides of a triangle PQR touch a parabola whose 
focus is F. Prove that the perpendiculars through P, Q, R to 
FP, FQ, FR respectively are concurrent. 

Ex 7. Prove that the reciprocal of a parabola relative to a 
circle whose centre is on the directrix is a rectangular hyperbola. 

Ex 8. O 18 a fixed point on a conic and P, Q are variable 
points on the conic such that OP is perpendicular to OQ. Prove, 
by reciprocation, lhat PQ passes through a fixed point. 

Ex. 9. The directrices of the parabolas having a given focus 
and touching a given line pass through the image point of the 
focus in this hue 


45. Outpolar and inpolar conics. 

(1) Outpolarlty and inpolarlty. — ^We consider now in detail the 
relation between a conic 8 = 0 and a conic-envelope S' = 0, when 
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it is possible to inscribe a triangle in /Sf = 0 so as to be self-polar 
with r^ard to S' = 0. In these circumstances we say tiiat 
S = ontpolar to S' = 0. It may be stated now, though it is 
convenient to defer the proof until we have initiated the theory 
of the invariants of pairs of conics under hnear transformations 
of the co-ordinates, that a necessary and sufficient condition for 
the conic to be outpolar to the conic-envelope is 0' = 0, where, 
m the usual notation, 

0' s aA’ + bB' + cjO' + 2fF' + 2gQ’ -f 2AH'. 

The importance of this condition lies essentially in its linearity in 
the coefficients of each of S, S'. 

There is a dual relation between a conic-envelope S = 0 and 
a conic S' — 0 when it is possible to find a triangle whose sides 
belong to S = 0 and which is self-polar with regard to 5' = 0. 
We then say that S = 0 is inpolar to )8' = 0 ; and a necessary and 
sufficient condition for this is 0 = 0, where 

0 = -f Bb' -f Cc' -f 2Ff' + 2Gg' + 2Hh'. 

The algebraic conditions show at once that, if iSf = 0 is outpolar 
to S' = 0, then S' = 0 is inpolar to /S = 0. The proof of this 
fact, in the case where 5 = 0, S' = 0 are both irreducible, is also 
immediate by reciprocation , for then, as we showed in the previous 
section, there exists an irreducible conic with regard to which the 
polars of the vertices of the triangle, mscribed in 5 = 0 and 
self-polar with regard to S' = 0, are three lines which belong to 
S' = 0 and form a tnangle self-polar with regard to 5 = 0. 

If iS = 0 is a pair of different lines P, Q and outpolar to an 
irreducible conic-envelope S' = 0, it is evident from the definition 
that P, Q are conjugate with regard to S' = 0 ; and the condition 
0' = 0 is easily verified Then the two lines of S' = 0 wffich 
pass through the point P . Q, together with any other line of 
S' = 0, form a triangle self-polar with regard to /S = 0, according 
to the usual conventions. 

If /S = 0 is irreducible and outpolar to a reducible conic- 
envelope S' = 0, consisting of the lines through two different 
points P, Q, a triangle self-polar with regard to S' = 0 
must necessarily have PQ as one side and its rem aining sides 
harmonic with regard to P, Q, When such a triangle is inscribed 
in 5 = 0, it follows that P, Q are conjugate with regard to the 
conic. The condition 0' = 0 is again easily verified. 

Finally, if S = 0 consists of two lines P, Q and S' = 0 consists 
of the pencils with vertices at two points P, Q, the conic being 
outpolar with regard to the conic-envelope, then a triangle in- 
scribed in S = 0 and self-polar with regard to S' = 0 must be 
formed by PQ, P (or Q) and some fine through Q . PQ (or P , PQ). 
Therefore P, Q are harmonic with regard to P, Q^ and a triangle 
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belonging to S' = 0 and self-polar with regard to Sf = 0 consists 
of PR, QR, where i? = P . Q. / 

The reader is left to consider the possibilities arising when 
S = 0 consists of a line counted twice or S' = 0 consists of a 
pencil counted twice. 

(II) A theorem connected with outpolarlty. — ^We have remarked 
in other words in section 22, and indicated an algebraic proof of 
the foot, that if 5 = 0 is outpolar to S' = 0, then an in^ty of 
triangles can be inscribed in /S = 0 each to be self-polar with 
regaid to S' = 0. Then, also, it follows that there exist an 
infinity of triangles belonging to S' = 0 which are each self-polar 
with regard to 5 = 0. 

A geometrical proof of the first theorem may be of interest ; 
the second theorem follows by duality. In view of the remarks 
already made m part (i) of this section, we restrict ourselves to 
the case where both 8 = 0 and S' = 0 are irreducible. 

First, let ABC, A'B'C be two triangles self-polar with regard 
to S' = 0 and have no vertex of either on any side of the other. 
Then, if P' = A' B' . BC and Q' = A'C . BC, the poles of AB, 
AC, AB', AC are respectively C, B, Q', P' and the four lines 
correspond with the four points, in the orders named, in a 
projeotivity. Therefore 

A{BCB'C')~ (CBQ'P') A {BCP'Q') a A'(BCP'Q') "a A'(BCB'C'). 

Consequently A, A', B, C, B’, C lie on a conic. 

Xext, let us suppose that UVW is the triangle, inscribed in 
5 = 0 and self-polar relative to S' = 0, m virtue of which 5 = 0 
IS outpolar to S' = 0 Take any point 17' on 5 = 0 and let its 
polar with regard to S' = 0 meet 5 = 0 in V',W'. The polar 
of V' with regard to S' = 0 passes through U' and meets V'W 
in a point W". By what we have just proved, a conic passes 
through U, V, W, U', V, W”. This conic has five points in 
common with 5 = 0 and therefore is 5 = 0, hence W" is W. 
Thus U'V'W is self-polar with regard to S' = 0, and, since V 
has been chosen arbitrarily on 5 = 0, the theorem is proved. 

Ex. 1. Referring to the text, prove that BC, CA, AB, B'C, 
C'A', A'B' touch a conic.' 

Ex. 2. If ABC,’ A'B'C are two triangles inscribed in a conic, 
prove that there exists a conic with regard to which both triangles 
are self-polar. And consider the dual of this theorem. 

(III) Peneils of outpolar conics. — ^Let 5^ = 0, 8^=0 be two 
conics each outpolar to the conic-envelope S' = 0. We prove that 
every conic of the pencil -(- ^8^ = 0 is outpolar to S' = 0. 

The proof is trivial by algebra since 0,' = 0, 0,' = 0 together 
imply ©i' -|- A©*' = 0. 
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Geometrically, let be a base point of the pencil and let A 
be its^olar relative to S' = 0. Then, by part (ii), = 0, = 0 

meet A in pairs of points and C^, each pair being con- 

jugate with regard to S' = 0. Therefore the involution of pairs 
of pomts in which A meets the conics of the pencil is the same 
as the mvolution of pairs of pomts on A which are conjugate with 
regard to S' = 0. Hence, any conic of the pencil meets A in 
B, C, the triangle ABC is self-polar relative to S' = 0 ; and there- 
fore the conic is outpolar to S' = 0 

If the base points of the pencil are distinct, they form a 
quadrangle AA'A''A''' whose pairs pf opposite sides are pairs of 
conjugate Imes with regard to S' = 0 ; and it will be recognised 
that Hesse’s theorem is a particular case of the theorem just 
proved. Such a quadrangle is called a polar quadrangle relative 
to S' = 0. A restatement of the theorem proved is that every 
conic passing through the vertices of a polar quadrangle relative 
to S' = 0 is outpolar to S' = 0 

Ex. 3. If ABCD and ABG'D' are two polar quadrangles 
relative to S' = 0, then A, B, C, D, C, D' lie on a conic. 

Ex. 4. If ABC IS a triangle self-polar with regard to S' = 0 
and D is any other point, then ABCD is a polar quadrangle. 

(Iv) Gaskin’s theorem. — As an application of the theorem in 
part (ill) we prove Gaskin’s theorem which asserts that the circum- 
circle of a triangle, which is self-polar with regard to a given conic, 
IS orthogonal to the director-circle of the conic. 

Consider two such circles, intersecting in. A, B and in the 
circular points I, J. These circles determine a co-axal system 
whose limiting pomts are C ^ AI . BJ and D = AJ . BI. Cl, CJ 
are then conjugate with regard to the conic ; therefore the director 
circle passes through C, similarly, it passes through D. The 
director-circle therefore belongs to the conjugate co-axal system 
and is therefore orthogonal to the given circles. 


46. Remarks on Chapter V. 

There is little to add to what has been said already in the text. 
The problems considered consist of a set of very interesting 
applications of the principles developed in the first three chapters 
of this book. 

The orthogonal systems of curves which have been obtained 
should be considered in relation to the proposition that, if x, y, 
u, V are real and a: -j- iy = ^{u -f- iv), where ^ is a holomorphio 
function, then the curves, in the real euclidean plane in which 
x, y are rectangular distance co-ordinates, given by u = constant 
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intersect orthogonally the curves given by v = constant. In 
particular the following cases should be examined. / 

Ex. 1. If X iy = u %v, the curves u = constant, 

V = constant are orthogonal systems of hnes. 

Ex. 2. If (* 4 - iy)® — u + tv, the curves « = constant, 

V — constant are two orthogonal systems of rectangular hyperbolas. 

Ex. 3 If X ty = a cos (u -1- tv), the curves u = constant 
are the hyperbolas and the curves v = constant are the ellipses 
of a confocal system. 

Ex. 4 . If a; + iy = a tan {u + iv), the curves u = constant, 

V — constant are conjugate systems of co-axal circles. 

Such orthogonal systems of curves, it may be mentioned, find 
place in the theory of electrostatics, steady flow of electrical 
currents, magnetic fields, and hydrodjuiamics. 

The theory of reciprocation is referred to in the next chapter 
in connection with the more general theory of correlations. 
Perhaps it may be said that mtercst in reciprocation is mainly 
concerned with the metrical considerations arising when we 
reciprocate with regard to a circle , and in these applications of 
the theory geometrical methods prevail over algebraic methods. 

In connection with the theory of outpolar conics it is to be 
noted that a general linear condition imposed on the coefficients 
in the equation of a conic is equivalent to making the conic out- 
polar to a certain conic-envelope, and a corresponding remark 
apphes to inpolarity 

In the usual notation, a single hnear condition 

aA' + bB' -f cC + 2fF' + 2gO' + 21iH' = 0 

on the coefficients of a conic jS = 0 is equivalent to the condition 
that the conic should pass through a certain point P (x^, y^, 
if and only if 

A' : B' : C : F' : O' : H' = Xi^ : . y^z^ : z^Xi : x^y^, 

that is if and only if the equation of the conic-envelope S' = 0 
may be written “m the form 

, (1*1 + mi/i + nzi)® = 0. 

Thus the condition that the come should pass through P may be 
expressed by saying that the conic should be outpolar to the 
conic-envelope consisting of the pencil of lines with vertex at P 
counted twice. 

The conics outpolar to four general conic-envelopes S^' = 0, 
Sg' = 0, S3' = 0, S4' = 0 form a pencil ; and every conic of the 
pencil is outpolar to every conic-envelope of the system 
AjSi' -f A^Sj' -f A3S3' + A4S4' = 0. The conics of the pencil 
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have four common points, which equally determine the pencil; 
therefore the linear conditions imposed by these four points are 
equivalent in aggregate to the four outpolarity conditions defining 
the pencil and, moreover, must each be obtainable as a linear 
combination of the outpolarity conditions. Thus the system 
AjSi' + + AgSg' + A4S4' = 0 contains just four members 

each consisting of a pencil of lines counted twice ; the vertices of 
these pencils of lines are the base points of the pencil of conics. 
We remark further that there are just three pairs of lines such 
that each pair is conjugate with regard to all the members of the 
system A^Si' + AjSj' + AgSg' + A4S4' = 0; these are the line- 
pairs in the pencil of conics. 



CHArTBR VI 

COLLINEATIONS 


47. Collineations. 

(1) Definition. — We now consider in detail the simplest aspect 
of the theory of correspondences between the points of two 
modified complex euclidean planes n, ir'‘, these planes may, in 
particular, coincide. 

Let there be a (1, 1) correspondence between the points of w 
and ir ' m which the points of every line in ir correspond to the 
points of a line in ir' and vice versa. The correspondence deter- 
mines two transformations ; one, T, transforms any point P oiir 
into the corresponding point P' = T{P) in ir ' ; the other, 2^^, 
called the inverse of T, transforms P' into P — T-\P'). T, as 
also T~^, is called a collineation. 

The points on corresiionding lines are in (1, 1) correspondence ; 
if this subsidiary correspondence, which we describe as being 
induced by T, is projective for all pairs of corresponding hnes, the 
collineation T is called a homography or projective collineatton ; 
is then also projective. 

A collineation evidently sets up a (1, 1) correspondence between 
the lines of ir and those of ir' ; every pencil of lines in ir corresponds 
to a pencil in ir' and vice versa. The correspondence between 
corresponding x>encils is projective if and only if the collineation 
is projective. 

Harmonic relations between elements in ir clearly correspond, 
under any collineation, to the same harmonic relations between 
the corresponding elements in ir'. 

The points of an irreducible conic in it correspond, under 
any colhneation, to the pomts of an irreducible conic in 
ir' ; and a projective collineation induces a projectivity between 
the points of the two conics. A similar statement applies to 
irreducible conic-envelopes. 

A collineation between two (possibly coincident) modified real 
euclidean planes is defined exactly in the same way as in the 
complex case. Clearly a collineation between two complex planes 
induces a collineation between the embedded real planes. In 
section 49 (iii) we prove a theorem, due to von Staudt, that every 
collineation between real planes is necessarily projective. Since 
we are able to give, below, an example of a non-projective 
collineation between complex planes, we observe that there is an 
important distinction between the real and complex cases. 

197 
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(ii) Examples of projective and non-projective colllneations. 

(o) Ve may assume that the reader will generalise the idea of 
a modified complex euclidean plane to three dimensions and arrive 
at the notion of a modified complex euclidean space. 

Then the simplest example of a projective collincation between 
two different planes, both contained in such a space of three 
dimensions, is obtamed by defining corresponding points P, P' to 
be points in line with a given point 0 which does not belong to 
either plane (Fig. 88). 


(6) If the planes ir, rt' coincide, the definition of projective 
collincation is satisfied by making every point correspond to itself ; 
we have the projective collineation identity. 



Fio 88 — PERarECTivE be- Fjo 89 — Points Cobbebpondino 

TWEEN Two Planes in a Pabticulab Collineation 


For a less trivial example of a projective collineation 
between coincident planes, we may take a different plane tt", 
contained with w in a space of three dimensions, and set up, as 
m (a), a collineation between the points P of w and P" of tt" 
and another collineation between the points P" of tt" and P' of 
It'. The correspondence between P and P' clearly determines a 
projective collineation. 

But we need not go outside the plane it = n' for an example 
Consider two irreducible conics A, B in the plane and make P 
correspond to P' when the polar of P relative to A coincides with 
the polar of P' relative to B. P is transformed into P' by a 
projective collineation. 

(c) With arbitrarily chosen systems of reference in the (distinct 
or coincident) complex planes it, w', with respect to which co- 
ordinates are x, y, z and x', y', z', a collineation is determined by 
fbe equations 

x' :y' :z' = x :y :z, 

where x, £ are conjugate complex numbers, and so on. This 
collineation is not projective, as we may see by observing that 
corresponding points on the corresponding lines x = 0, x' = 0 
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haTO co-ordinates of the form (0, 1, B), (0, 1, B)\ the parameters 
0, 0 do not satisfy any non-singular bilinear equation. /)r we 
may observe that a cross-ratio is transformed by the collineation 
into the conjugate complex cross-ratio 


(Hi) Projective collineations. — In each of the planes ir, ir' 
(where n' may be n) lot us take a system of reference (the two 
systems not necessarily being the same when n' is n). It is 
convenient to use co-ordinates x^, X3, instead of the more 
customary x, y, z, in ir, and x^, x^, x^ in it'. 

Let us consider the equations 


where p + 0 and 


0 + 


SjjXj 

- f - ® 12®2 " I " ® 13 ^ 3 > 

tjjXi 

+ ®22 

*2 " 1 “ <* 23 ® 3 > 


+ ®32 

*2 <* 33 ® 3 > 


<*12 

<*13 


®21 

<*22 

<*23 


®31 

<*32 

<*33 

• 


For shortness we wnte those equations in the form 


pXl dljXjy 

where it is intended, according to a commonly accepted sum- 
matton convention, that terras involving a repeated suffix are 
summed with respect to that suffix (thus a,jXj stands for 
c,iXi 0,2X2 -t- 0,3X3) ; and we denote the matrix of the co- 
efficients a,j by (o) and their determinant by |a|. 

Since |o| #= 0 , the equations are reversible ; we have 

p’x, = A^x/, 

where p' =t= 0 and A,, is the cofactor of Oj, in |a|. 

The equations tlius set up a ( 1 , 1 ) correspondence between the 
points of IT and n'. Moreover, the line Z,x, — 0 in tt corresponds 
to the line 1,'x,' = 0 in it', where 

• ol,' = A,jl, [a =¥ 0), 

or, equivalently, 

• a'l, = Ujilj' {o' + 0). 


Thus points correspond to points and lines to lines, both in (1, 1) 
manner. 

The point (ii, -f Avi), this symbol standing for a set of three 
co-ordinates, corresponds to the point («/ Xvi), where pii»' = 
Oiflij and pVi — a,jty As A varies, the two points describe corre- 
sponding lines and the two points correspond projectively on these 
lines. This remark applies to every pair of corresponding lines. 
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« 

The correspondence represented by the linear equations there- 
fore (^termines a projective collineation. For the remainder of 
this section it is convenient to know that the converse of this 
statement is true; the proof is given in section 49 (ii). 

Because of this equivalence between projective coUineations 
and sets of three linear equations we intend (except in regard to 
von Staudt’s theorem in section 49 (iii)) to restrict our attention 
to those coUineations which are projective. Accordingly, we 
may now agree, for brevity, that “ colUneation ” is always to be 
taken to mean “ projective collineation ” in what follows. 

(iv) The group of coUineations in one plane. — If 8, T are two 
coUineations, operating in one plane rr, such that T(P) = P', 
8{P') = P", it 18 clear that P corresponds to P" in a new coUinea- 
tion ; this coUineation is denoted by ST and is called the product 
of Thy 8, P" = 8T(P). Since 8-HP") = P', P-i(P') = P, the 
inverse of 8T is T~^8~^. 

Granting that ewry (projective) coUineation may be re- 
presented by a triad of linear equations as in part (iii) above, or, 
what comes to the same thing, by an equality between ratios 

Xi 1 X 2 I *3 = ‘ ^23^} " 

we may prove, exactly as in section 9 (iii), that the colUneations 
in w form a group with respect to the above definition of multipUca- 
tion; and that the inverse of a coUineation as defined abov^ 
is the same as the inverse in the group sense. As usual the 
coUineation identity is denoted by I. 

The group of coUineations is not abeUan. This may be in- 
ferred from the foUowing exercises. 

Ex. 1. If 8 is given by : y' : z' = oa: : y : z and T is given 
hy x' . y' : z' = X : by : z, show that ST and TS are both given 
hy x' • y' : z' = ax : by : z 

Ex. 2. If iS is given by x’ : y' . z' = ax : y : z and T by 
x' : y' . z’ = X + bz . y : z, show that ST is given by x' -y' :z' — 
"ax -1- abz : y : z and that TS is given by x’:y':z' — 
ax bz : y : z. 

(v) Invariant elements of a colUneation in one plane. 

(a) A point which corresponds to itself in a collineation in one 
plane may be caUed a united point of the collineation, according 
to the terminology of projective transformations on a line ; but 
we desenbe it now as invariant under the collineation. A point 
not corresponding to itself is variant. 

A line may correspond to itself Jn one or other of two ways. 
First, every point on the line may be invariant; we then say 
that the line is totally invariant. Otherwise, it may correspond 
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to itself in such a way that its points correspond in a projeotivity 
which is not identity; we then say that the line is sinj/ply in- 
variant ; it contains two invariant points, these coinciding if the 
projectivity on the line is parabolic. A collineation for wMch the 
inaccessible line is invariant is called affine. 

Similarly, a pencil of lines may be invariant ; if every line of 
it is invariant, tne pencil is totally invariant ; otherwise the pencil 
is simply invariant, in which case it has two (possibly coincident) 
invariant lines. Every point on every line of a pencil is invariant 
if and only if the collineation is identity. 

(6) A conic may be invariant under a collineation. (For 
example, the conic ze — y^ = Oia invariant under the collineation 
given hy x' : y‘ : z' = X : —y:z, both sets of co-ordinates refer- 
ring to the same frame.) 

Let the variable point P correspond to P' on the conic ; and 
let A be any given point on the conic. The pomt A', correspond- 
ing to A, is also on the conic. It is a property of the conic that 
A(P') A A'(P'); and a property of the collineation that 
A'(P') A A(P). Hence A{P) a A{P'). From this it follows 
that, in any parameterisation, the parameters of P, P' are con- 
nect^ by a non-singular bilinear equation. Hence, either every 
point of the conic is invariant or else just two (possibly coincident) 
points on it are invariant. 


Centre 
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48. Perspective colUneations. 

• 

(1) Definitions and elementary properties. — ^A collineation in 
one plane which Ipaves invariant every point of a given line co and 
every line through a given point O is called a perspective collineation 
or plane perspective. O is called the centre and u> the axis of the 
perspective. If 0 is not on co, the perspective is called a homology 
(Fig. 90) -, if 0 is on w, it is called an elation (Fig. 91). 

It is evident that the collineation identity is both a homology 
and an elation. We prove that a necessary and sufficient 
condition for a perspective to be identity is that at least one point 
A, not 0 nor on to, should be invariant. 
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Let P be any j)oint different from those already specified. 
The lin^ AP has mvariant points at A and AP . w and is therefore 
invariant. If P is not on AO, then P is the intersection of the 
invariant lines AP, OP and is therefore invariant. If P is not 
on AO, let Q be any point not already specified and not on AO ; 
then by what we have just observed, Q is mvariant and so is 
QP, therefore, again, P is invariant. 0 is obviously invariant 
There/ore every point in the plane is invariant, that is the per- 
spective 18 identity. 

The condition is therefore sufficient , its necessity is clear. 

Therefore, in the case of a homology, other than identity, 
every kne through 0 is simply invariant, and the projectivity 
induced on each such line has distinct united points, at O and where 
the line meets w. And in the case of an elation, every hne through 
0, except tt}, is simply invariant, and the projectivity induced on 
each such line is paraboUc, having its coincident united points at 0. 

In both cases, corresponding points P, P' are in line with 0 , 
and corresponding lines P, P' meet on a>. 

(ii) A perspective is determined by its centre, axis, and one pair 
of corresponding points. — We now prove that a perspective is 
determined uniquely when the centre 0, axis a>, and one pair of 
non-coincident corresponding points A, A' are given. 

Let, then, P be any point in 
the plane not already specified 
we have to show that its corre- 
sponihng point P' is determined 
umquely. If P is not on OA, P' 
IS the point on OP such that 
AP, A'P' meet on to , and, if P 
is on OA, P' is the point on OP 
such that QP, Q'P' meet on to, 
Q, Q' being any pair of distinct 
corresponding points not on OA 
(by Lesargues’ theorem, P' is 
independent of Q, Q'). 

It should bo remarked, in 
the case of a homology, that if 
OAA' meets to in .6 and OPP' meets to m C, then, by what has 
.just been said, if O, B harm A, A', then O, C harm P, P' (Fig. 
92). Such a homology T is called a harmonic homology, it is 
umquely determined by 0, to; and it has period 2; that is 
T*(P) s P for all positions of P. 

(Hi) Equations of a homoiogy. — ^We prove that a homology 
may be represented by equations of the form 

x' : y' : z' = ax : y : z. 



Fig 92 — Hahmonic Homology. 
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We choose a system of reference so that 0 is assigned ihe co- 
ordinates (1, 0, 0) and <u the equation x — 0. Let A, A^be two 
non-coincident corresponding points; to these we may assign 
co-ordinates of the forms (aiQ, y^, Zo), (oxq, j/o> *o) 'with a 0, oo and 
Xq + 0. Let corresponding points P, P' have co-ordinates 
{x, y, z) and (x', y’, z') respectively. 

First, suppose that P is not on OA, and let AP meet cu at B. 
Then B is represented by either of the symbols 

xA —x^P^ (xyo — x^)B + {xzg — xfi)C, 

where OBC is the triangle of reference and B, C are assigned the 
co-ordinates (0, 1, 0), (0, 0, 1) respectively. Also, since A'P' 
passes through B, B is also represented by the symbol 

x'A' — oxqP ' s (x'y^ — ax^')B -f {x'zq — aXf/i')C. 

Therefore 

^0 — Xq H _ a«o — gpZ 
ic'j/o — aXfU' x'Zq — oioSi" 

Since also y' :z' = y :z, 

we have x' y' : z' ~ ttx •. y \ z. 

If P is on OA, the same result is reached by using, instead of 
A, A', two distinct corresponding points Q, Q', not on OA ; by 
what we have just proved, these have co-ordmates of the form 
Vv Zi), (,ax^, zj respectively. 

Finally, we observe that the invariant points at 0 and on ut 
have co-ordinates which satisfy x' : y' . z' = ax : y : z. This 
completes the proof. 

The equations show at once that the collineation identity 
arises when a = 1, the equations then being 

x' ; y' :z' — X :y : z. 

.And the homology has period 2 if and only if o® = 1, o + 1, that 
is if and only if a ~ — 1 ; this is the case of the harmonic homology, 
and the appropriate equations are 

x' :y' :z' = —X .y :z. 

» 

(iv) Equations of an elation. — ^Next we prove that an elation 
may be represented by equations of the form 

x' : y' :z' = X + az : y •. z. 

This may be done as in part (iii), but it will be more useful to 
indicate an alternative method which also apphes m the case of 
a homology. 

We take 0 as (1, 0, 0) and w as z = 0. Then, if P{x, y, z) 
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corresponds to P' (*', y', z'), we must have y' xz' = y :z since 
P, P' ars.in line with O, and, when * = 0, z' = 0 and : y' = « : y, 
since w is totally invariant. 

These conditions are satisfied by the equations written above. 
Moreover, these equations represent a collineation ; and, in view 
of the conditions mentioned, the collineation is an elation with 
centre 0 and axis co 

To show that every elation with the assigned centre and axis 
has equations of this form, it is enough, by the uniqueness theorem 
of part (ii), to show that we can find a so that any assigned pair 
of distinct points A, A', in line with but different from 0, corre- 
spond. In fact. A, A' must have co-ordinates of the form (Xg, 
Vo, Zg), (kxg, yg, Zg) respectively, if + 0, with oo, Zq# 0; 
we have therefore only to take 

a= (k— l)X(flg-\ 

And if Xq = 0, A, A' have co-ordinates of the form (0, yg, Zj), 
(»oi !/o> 2o)> ®o2o =*= 0> i®ke 

a = X^g^. 

There is no periodic elation except identity (given by a = 0), 
this having period 1 

Ex. 1. Prove the theorem of part (lii) of this section by the 
method of part (iv) and the theorem of part (iv) by the method 
of part (iii). 

(v) Metrical forms of perspectives. 

(a) A homology is said to be homotftetic when the centre O is 
accessible and the axis w is inaccessible. Homothetic figures are 
similar since the lines which determine any angle in one figure 
are parallel to the lines which determine the corresponding angle 
in the other figure. In regard to the embedded real plane, if 0 
is real and if the real accessible points P, A correspond to real 

accessible points P', A', then OP’ jOP = OA’/OA ; tliat is OP' jOP 
IS constant (Fig. 93). By reason of this property, a homothetic 
homology is also called a dilataMon. 

A harmonic homothetic harmology has the property that 0 is 
the mid point of any pair of corresponding points P, P' (Fig. 94) ; 
the homology is called reflection in O. When O is real, correspond- 
ing figures in the embedded real plane are congruent. 

(b) Consider a homology whose axis ca is accessible and whose 
centre O is inaccessible. In regard to the embedded real plane, 
if (t) and 0 are real and the line joining corresponding real points 
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P, P' meets ta at R, then PRjRP' is constant. By reason of this 
property, .such a homology is also called a uniform the 

direction associated with 0 

In the case of a harmonic uniform stretch, the mid point of 
any pair of corresponding points P, P' is on the axis. And if, 
further, O and the inaccessible point on a> are harmonic with regard 
to the circular points, PP' is perpendicular to <o ; the homology 
is called reflection in to (Fig. 95). 



Fio 93 . — Diiatatiok. Fio. 94. — ^Rbixbctxoit m thb 

Cbkibb. 


(c) If an elation has its axis (and therefore its centre) inaccess- 
ible, then any two pairs of corresponding points P, P' and Q, Q' 
form the vertices of a parallelogram with the two sides PP' and 
QQ' in a fixed direction. In regard to the embedded real plane 


p' 

P 

/ 

\ 

A 

A 

o> 


Fig. 95. — Reflection in 
THE .Vxis 



Pig. 96 — Translation. 


(Fig. 96) if O is real and if P, P' are corresponding accessible 

real points, PP' is constant and corresponding figures are con- 
gruent. By reason of this property, an elation with inaccessible 
axis is called a’ translation in the diction corresponding to the 
centre. 


49. Fundamental theorems on oollineations. 

(i) A unique colllneation transforms a given quadrangle into 
another given quadrangle. — We prove that there is a unique 
collineation which transforms any given quadrangle ABCD into 
any given quadrangle A'B'C'D' of the same or of a different plane. 
In doing so, we show that the collineation may be expressed as 
the product of a finite number of perspectives. 
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This thewem of uniqueness is most useful ; it should be con- 
siderq^l in relation to the theorem of section 48 (ii). 

If the two quadrangles arc in the same plane and A is not A' 
let be any point on AA\ different from A, A', and let wj 
be any line not through ^ or (Fig. 97) Then there is a 
perspective with Oj as centre and aij as axis which transforms 
A into A'. Let transform B, C, D into C^, respectively. 

Let Og point on B^B', different from B^, B', and let 

a >2 be any line through A' but not through B^ or B'. There is a 
perspective with O 2 as centre and wj as axis which transforms 
A', Bi into A', B'. Let transform C^, Dj into C^, D^. 



Fia 97 — FiornE fob Tiit Tueobem in Section 49 (1). 

Let O 3 be any point on CgC', but not or C, and let Tj be 
t.he perspective with 0, as centre and A'B’ as axis which trans- 
forms C 2 into C It IS necessary to remark that C" is not on 
A'B' , nor is Cj, for otherwise would be on A'Bi and therefore 
C would be on AB. Let transform into D^. cannot be 
on a side of the triangle A'B'C, for otherwise would be on a 
side of A'B^^'t would be on a side of A'Bfi^, and D would 
be on a side of ABC. 

Let A'D', B'Dg meet at D^. Then there is a perspective T^, 
with centre B’ and axis A'C, which transforms into and 
there is a perspective Tj, with centre A' and akis B'C, which 
transfor ms Dj into D'. 

The coUincation T^T ^T 2 T 2 'I'i transforms A, B, C, D into 
A', B', C, D’ respectively. It is a product of five plane per- 
spectives, three of which may each be selected in an infinity of 
ways 

If the second quadrangle lies in a different plane from the first, 
both planes lying in a space of three dimensions, only one extra 
step is required. Let 0 be any point outside both planes; the 
correspondence between a point P of the first plane and a point 
P' of the second plane, when O, P, P' are in line, is called a space 
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perspective-, clearly it is a coUineation between the two planes. 
Then we have only to project ABGD from O onto the secon/i plane 
and apply the construction just described to this new quadrangle. 

Having shown the existence of a coUineation which has the 
required properties, we must next prove that it is unique. For this 
it is enough to show that, given A, B, C, D, P and A', B', C, 
D', P', the point P', which corresponds to F in any coUineation 
transforming A, B, C, D into A', B', C, D', is determined 
uniquely. 

Now, in fact, if P is not on any side of the quadrangle ABGD, 
P' is uniquely determined as the intersection of A'P', B'P' where 
A{B, G, D, P) aA’{B', O', D’, P’) and BIA, G, D, P) “ B'(A', G', 
D', P'). if P IS on the side GD, opposite to AB, the above 
reasoning is still valid if P is not at G, D or AB . GD. The argument 
serves, muiahs mutandis, when P is on any other side of the 
quadrangle but not at a vertex. If P is at il, JB, C or D, P' is at 
A', B', C' or D' respectively If P is at AB . GD, P' is at 
A'B ' . C'D', and so on. 

Ex. 1. Prove that a collmeation which leaves the four points 
of a quadrangle each invariant is identity; and deduce that a 
coUineation which makes two quadrangles correspond is unique 

(11) Equations of a coUineation. — ^Equations for the colHneation 
which transforms A, B, C, D into A', B', G', D' are now easily 
obtained. If we lake two systems of reference, one with ABG 
as triangle of reference and D as unit point, and the other with 
A'B'C' as triangle of reference and D’ as unit point, and rely on 
the uniqueness theorem, the equations are at once seen to be 

px, = x„ t = 1, 2, 3, /> 4° 0. 

If the two planes are the same, the coUineation may stUl be 
represented by a set of linear equations in which both sets of 
co-ordinates are attached to a single system of reference. Refer- 
ring to the systems just mentioned, let (,x") be the co-ordinates, 
relative to the first system, of the point which has co-ordinates 
(x,') relative tc the second system; these co-ordmates are con- 
nected by equations of the form 

p'x," = a,jx/, ip' + 0, \a\ + 0). 

Then, relative to the first system, the equations of the coUineation 
are 

p"x” = p" = p’p. 

Ex. 2. Find the equations of the coUineation which trans- 
forms the quadrangle (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1) into 
the quadrangle (o,), (6,), (ct), (d,)- 

Ex. 3. A coUineation of period 2 is a harmonic homology. 

H 
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[Let P be a variant point and P' its corresponding point. Then 
there oaust be another point Q, not on PP', which is also variant 
(otherwise we could easily show that P would be invariant); 
let Q' be its corresponding point. Q' is not on PP' since Q is not 
thereon and the collineation is of period 2. Let PP' meet QQ' 
at 0 ; and let O, X harm P, P' and O, Y harm Q, Q'. Then the 
harmonic homology with centre 0 and axis XY transforms 
PP'QQ’ into P'PQ'Q ; by the uniqueness theorem it is the given 
collineation.] 

Taking P, P', Q, Q' to have co-ordinates (1, 0, 0), (0, 1, 0), 
(0, 0, 1), (1, 1, 1) respectively, show that the equations of the 
collineation are 

x' :y' iz' = —p + z: —X + z : z, 

and verify algebraically that the period is 2. 

Px. 4. Find the equations of the collineation which trans- 
forms A (1, 0, 0), B (0, 1. 0), C (0, 0, 1), D (1, 1, 1) into B, C, 
D, A respectively. This collineation has penod 4 ; verify this 
algebraically. 

(ill) Von Staudt’s theorem for a real plane. — ^The reader is 
reminded that, for the sake of abbreviation, we decided in section 
47 (iii) to use the word “ collineation ” to mean “ projective 
collineation.” This abbreviation has necessarily to be abandoned 
for the following discussion but is resumed in the next section. 

We prove the theorem of von Staudt that every collineation 
(now understanding the word in its wide sense) in a modified real 
euclidean plane is a projective collineation. 

Let K be any given collineation in the plane and let ABCD 
be any given qua^angle. Then the points X(A), X(B), X(C), 
K{D) are also the vertices of a quadrangle. 

By part (i) of this section, there is a projective collineation 
T which transforms K(A), K{B), K(C), K{D) into A, B, C, D 
respectively. The collineation TK, this product being defined as 
in section 47 (iv), therefore has four invariant points, at .^, J3, C, 
D. We prove that TK = 7, the collineation identity. Since 
colhneations (in the wide sense) obviously form a group with 
respect to the same rule of combination as for projective oollinea- 
tions, we can then infer that K = 2^^, that is that X is a 
projective collineation. 

To prove that TK = I, it is enough to prove that every point 
on each of AB, BC is invariant ; for then, if P is any point not 
on these lines and if we take through P any two lines not con- 
taining B, both lines ore invariant since their intersections with 
AB, AG are invariant; consequently their common mint P is 
invariant. This proof is carried out only for the line BU since the 
argument applies, mutatis mutandis, to AB. 



§49 


COLLINEATIONS 


200 


On BC we have already three points invariant under TK, 
namely B, C and the intersection of BC with AD. Let ue^'take 
a (real) co-ordinate system with ABC as triangle of reference and 
D as unit point; and let TK transform the jioint (0, 1, 6) into 
the point (0, 1, /(fl)), where f{6) is a real function of B. Then 
we have ' 

/{0) = 0./(l)=l./(«) = oo. 

Since harmonic relations are invariant under TK, it follows 
that {/(fli), /(flj) ; /(fla), /(fla)} = — 1 if and only if {Bi, B^ ; 
® 8 > ^ 4 } = — 1- Hence, since {0, 2fl; B, co) = — 1, we have 
(0, f(20 ) ; /(fl), 00 } = — 1 ; that is 

/(20) = 2/(0). 

And, since {6, (^ ; ^(0 -|- ^). 00 } = — 1, we have 

+ - 1; 

that is m + f (<!>) = mio + ^))- 

Combining these results, 

m+m==f{0 + <!>). 

Hence, for any integer n > 0, 

/(fl)+/((n-l)0)=/(«0) 

and so, inductively, 

nf(0) =f{n9); 

and then /( — m0) + f{n9) = f[0) = 0, 

so that /(— n0) = —f{n9) = — n/(0). 

Hence, for any non-zero positive or negative integers p, q, 

gfiPlQ) =f{p) = Pfi.^) = Pi 
thus, for all rational values of 0, 

. m = e. 

Our object is to show that this last result holds also for all 
irrational values of<0. For this purpose we show that/(0) is a 
non-decreasing function of 0. Since {0, ~ 0; 1, 0®} = — 1, we 
have {/(0),/(- 0); l,/(0®)} = - 1; that is 

m = mm 

Hence, if A( = /**) is any positive number, 

fie -f A) =/(0) -f /(A) =/(0) + [/(p)]«; 
that is to say/(0) is non-decreasing. 
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If, now, 6 is irrational, for every rational number 6 i <6 and 
ever5>' rational number 62 > B we have 

Oi =/(0i) <m <m) = 62, 

that is 

<m<e2; 

therefore f{0) — 0. 

The proof of our theorem is now completed. 

Ex 5 Prove that any coUineation between two different 
modified real euclidean planes is projective. 

50. Invariant points of a oollineation in one plane. 

(I) A coUineation having three invariant points in line is a 
perspective. — We restrict ourselves again to projective collinea- 
tions 

We have already remarked that a coUineation which has four 
invariant points, of which no three are in line, is identity. 

We prove now that a coUineation, not identity, which has 
three invariant points in hne, is a perspective. 

The coUineation induces on the line a projectivity with three 
united points which is therefore identity; every point on the line 
18 therefore united. 

Taking the line to be x = 0, the equations of the coUineation 
have the form 

x' : y' • z' = OjX : o^x : O3X + 1>2Z. 

Let 0 be the point (uj — 6,, Uj, Og) Then, if F, P' are corre- 
sponding points, their join PP' meeting x = 0 at Q, we have bonds 

O^P' -bgP, Q sP' - a^P, 

{0,Qi P,P'} = aJb2. 

Therefore P, P' correspond in a perspective with centre O and 
axis X = 0. 

Ex, 1. Obtain this result geometricaUy. 

(II) A coUineation, not identity nor a perspective, has three 
invariant points, not in iine. — ^We next prove that a coUineation, 
which is neither identity nor a perspective, has three invariant 
points, by part (i), these points are not in hne. We describe 
such a coUineation as general. 

There is at least one variant point P ‘, let it be transformed 
by the coUineation into P' ; and let P' be transformed into P". 
three points are different. 

Corresponding lines through P, P' intersect in the points of a 
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conic K], and corresponding lines through P', P” intersect in the 
points of a conic K^', the transform of (Kg. 98). 

There are two possibilities to consider, according to whether 
P, P', P" are in line or not. 

If P, P', P” are on a line X, then the conic Kj consists of X 
and another line Y ; and Kj' consists of X and Y', the transform 
of Y. If Y, Y' are coincident, then 
Y is "totahy invariant , for if Q is a 
point on 'f,Q = PQ . P'Q corre- 
sponds toQ = P’Q . P"Q , the coUi- 
neation would then be a perspective. 

Therefore Y, Y' are different; let 
them meet at A. A is an invariant 
point and is the only one not on X. 

On X, the induced projectivity has 
two (possibly coincident) united 
points ; these, with A, are the three 
invariant points of the collineation. 

If P, P', P" are not in Ime, j-jq 
the conics Kj, Kj' are both irreduci- 
ble and meet at P' and in three other 

(possibly coincident) points A, B, C, each of which is mvariant. 
There is no other invariant point, otherwise the conics would 
coincide, having five points in common, and the oolhneation would 
be identity. 



98 — iNVAniANT Points or 
A Collineation 


(iii) SimpUfled forms for the equations of a collineation —We 

are now in a position to put the equations of a collineation into 
simplified forms We have already done so in the case of a 
perspective, it remains to deal with the case of a collineation 
having three non-colhnear invariant points ly, h, 




Fio. 99. — The DirrERENT Arbanoements of the Invahiant Points 
of a Qenebal Collineation 


If the invariant points are distinct, we take them as the 
vertices of the triangle of reference (Fig. 99 (o)). Taking any 
other point, not on any side of this triangle, as unit point, let its 
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tFBQsfonn be (a, b, e). Then the equations of the oollineation are 
x' : y' z' = ax • by cz. 

In order that the colhneation should not be a homology, a, b, c 
must be all different. 

If I^, /g are infinitely near (c/. section 25), that is, if the oonios 
Kj, K,' touch at /g, the common tangent there being /g/g, we 
take /j as (1, 0, 0), as (0, 1, 0) and /g/g as x = 0 (Fig. 09*(6)) 
Then a; = 0 is transformed into x' = 0, 2 = 0 into z' = 0^, and the 
point (1, 0, 0) into itself. The equations therefore have the form 

x' :y' :z' = a^x : : OggZ. 

The projeotivity induced on the line z = 0 is parabolic. The 
point (0, 1, A) is transformed into (0, Ogg + Aogg, Xogg), that is, into 
(0, 1, fi), where /i.(agg + Aogg) = OggA. The united points of the 
projeotivity are given by = A and, by hypothesis, both arise 
when /X = A = 0. Hence agg = Og,. The equations therefore 
take the form 

x' : y' : z' = ax : by cz :hz, 

and we require a 6, since the oollineation is not an elation. 

If /j, /g, /g are infinitely near, that is, if the conics Kg, K.^' 
have three point contact, at Jj, we take /g as (0, 1, 0) and Jg/g 
as * = 0 (Fig. 99 (c)). Since the conics are irreducible, /g does 
not lie on * = 0 Then ® = 0 is transformed into *' = 0, and 
(0, 1, 0) into itself. The equations therefore have the form 

x' :y' '.z' = Oil* : Ogi* + + OggZ : Ogi* + OggZ. 

The projeotivity induced on * = 0 is parabolic, so, as before, 
Ogg = Ogg. Also the projeotivity induced on the self-correspond- 
ing pencil with vertex is parabohc ; therefore On — Cgg. The 
equations therefore take the form 

x' : y' : z' =: ax •. bx ay cz •. dx az. 

(Iv) Similitude. 

(а) Among the oollineations which are of inetrical interest 
because they leave the inaccessible line at least simply invariant, 
we consider here those for which the pair of tiircular points I, J 
is invariant. Such oollineations are divisible into two categories 
according as 7, J are transformed into 7, J respectively or into 
J, 7 respectively. 

(б) First let us consider the oollineations for which 7, J are 
invariant points. 

If the induced projeotivity on IJ is identity, such a oollineation 
is either a dilatation or a translation or is the oollineation identity. 
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If the induced projeotivity is not identity, such a oollineation is 
either a homology with centre at I (or J) and axis through J 
(or /) or is a general collineation with two of its invariant points 
at I, J. 

^ any of these cases, let P be an accessible point and let U, V 
be two inaccessible points ; then, if accents denote corresponding 
points, 

P{U, F; I,J} = PW, V'. I,J}- 

Hence (section 10 (vi) (b)), corresponding figures are directly 
similar. The Collineation is called a direct similitude. 

With modified complex co-ordinates based on rectangular 
axes, let I, J have co-ordinates (1, i, 0), (1, — i, 0) respectively. 
Then the equations of a direct similitude have the form 

x' : y' •. z' = px qy -{■ rz •. ux vy wz •. z 


with 

1 : — i = p — qi : u ~ vi. 

Hence, 

(q + u) — (p — v)i = 0, 
(g + tt) + (p — w)t = 0 

and so 

V = p,q=: — u. 


Therefore the equations of a direct similitude take the form 
x’ :y' :z' — px — uy rz : ux py wz'.z. 

The equations represent a general collineation with three 
distmct invariant pomts, the third being at A (f, tj, 1), if and 
only if 

pi — UTj + r = + pi) + w = f); 

and then the equations may be written as 
x' -.y' : z' 

= I* + -»?*):«*-[- u{x — iz) + p(y — 1 J 2 ) : z. 

Putting p = R cos 9, u — Rain 9 and using (JT, Y), (X', Y') 
for the unmodified co-ordinates of corresponding accessible points, 
we have 

X' -i = i?[(Z - i) cos 0 - (T — 1 ,) sin 9], 

T -■>} = R[(X -i)Bm9+(Y -7i) cos 0]. 

From this form of the equations, we see that the direct similitude 
is the product of the commutative collineations T^, given by 

X^-i = R(X- f), 

. Y,-ri^R(Y-r,), 

and Tj, given by 

Z' - f = (Xj - i) cos 9-(Yi- ri) sin 9, 

Y' —Tj == (Zj — i) sin 0 + (Fj — -q) cos 9. 
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is a dilatation with centre at A. If ^ is a real point and if 9 
is real* determines a positive rotation, about A and through 
the angle 6, of the embedded real plane ; accordingly, it is con- 
vement to describe as being, m aU cases, a positive rotation, 
about A and through the interval 6, of the complex plane. 

Ex. 2 Find the simplified forms of the equations 

x' : 1 /' . z' = px — uy + rz : ux + py + wz : z 

which represent (i) a translation m the direction of the line 
y — Xx, (ii) a homology with centre I and axis y tx — 0. 

(c) Now let us consider the colhneations which interchange I 
and J. 

Such a collineation induces on IJ an involutory projeotivity 
whose united points A, B are harmomc with regard to I, J. 
Therefore the coUineation is either a harmonic homology with 
centre at A (or B) and axis through B (or A), that is a reflection, 
or is a general collineation with two invariant points at A, B. 
With the notation of (b), we have, in either case, 

P{U, V, J,J}^P'{U\ V'-, J,i}- 

Hence, corresponding figures are contra-similar. The colhneation 
is called a eontra-similitude. 

The equations of a contra-simihtude may be shown, as m (6), 
to have the form 


x' : y' : z' = px + uy + rz : ux — py + ivz : z; 


and when these equations represent a general collineation with 
its third invariant point accessible, at J (f, ij, 1), they may be 
put in the form 

x' :y' : z' 

= $z + p{x — ^z) + u{y — rjz) : tf. -f M(a: — ^z) — p{y — ■qz):z 

Again putting p = R cos 6, u = R sin 9 and using {X, T), 
(X', Y') for the unmodified co-ordinates of corresponding access- 
ible points, we have 

X' — I = R[(X ~ $) cos 9 + {Y — 7)) sin 0], 

Y' — 1 ) — 5[(X — sin 9 — (Y — p) cos 9] 


From this form of the equations, we see that the contra-simflitude 
18 the product T^T^Ti of the colhneations T^, given by 


Tj, given by 



x-i, 

-{Y-rf), 


Xj — f = (Xi — $) cos 0 — (Fj — ij) sin 0, 
Yz—ri = (Xj — I) sm 0 + (Fi — Tj) cos 0 , 
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and Tj, given by 

Z' - f = B{X, - f), 

Y' -7,== R(Y^--n). 

Thus, this contra-similitude is expressible as the product of a 
reflection by a direct similitude. 

Ex. 3. Show that the contra-simihtude considered in the text 

is also the product of the direct similitude by the reflection 
in the line 7 — = (X — ^) tan d 

(d) Let Ti, denote any two direct similitudes and S^, 82 
denote any two contra-similitudes. By observing that the pro- 
duct of two collineations is a colhneation and by considering the 
effects on the circular points of the various projectivities induced 
on the inaccessible hne, we see that TjT2 and 8^82 are both 
direct simflitudes and that T181 is a contra-simihtude. 

Hence, the direct similitudes and the contra-similitudes taken 
together form a group, called the similarity group, relative to the 
rule of multiplication for collineations ; and the direct similitudes 
form a sub-group of the similarity group. 

We use the term similitude, without qualification, to refer to 
a coUmeation which is specified to the extent of being either a 
direct similitude or a contra-similitude. 

51. Miscellaneous properties of collineations. 

Some interesting properties of collineations are contained in 
the following exercises. 

Ex. 1. Two elations in one plane, which have a common 
axis, are commutative , and dually. 

Ex. 2. Two homologies with the same centre and axis are 
commutative. 

Ex. 3. A collineation with three distinct non-collinear in- 
vanant points is, m many ways, a product of three homologies. 

Ex. 4. If T is an elation with centre 0 and if P is any point 
off the axis, O, P harm T{P), T-^P). 

Ex. 5 If an irreducible conic is invanant under a homology, 
the homology is harmonic, and its centre and axis are respectively 
pole and polar relative to the conic. 

Ex. 6. A coUmeation has three distinct invariant points 
Zj, Zj, Zg, not m hne. P corresponds to P' and moves so that 
PP' passes through a fixed point E, not on any invariant hne. 
Prove that P, P' generate two conics intersecting in Z^, Zj, Z3, K. 

Ex. 7. IVo irreducible comes K, K' are given in the same or 
.different planes. On K take three ^stinct points A, B, C, the 
tangents at A, B intersecting at JD; and on K' take three distinct 
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points A\ B\ C, tho tangents at A', B' interseoting at D'. The 
coUin^tion, which transfonns A, B, C, D into A', B', C, D' 
respectively, transforms K into K'. 

[Therefore we can find a collineation to transform a given 
irreducible conic and a given point off the conic into a circle and 
its centre. We have thus a means of converting a considerable 
number of well-known properties of a circle into theorems relating 
to an irreducible conic; and vice versa. The next exercise 
illustrates this notion.] 

Ex. 8. The tangents from O to an irreducible conic K touch 
the conic at X, Y. P, Q are variable points on K such that 
0{X, Y; P, Q} is constant. Prove that PQ touches a fixed conic 
which touches K at X, Y. 

Ex. 9. Find the most general collineation which leaves 
invariant the conic zx — = 0. 

[Parameterise the conic by the equations x:y:z = A‘;A:l. 
To every point, with parameter A, corresponds a point, with para- 
meter n, where A, ft are connected by a relation of the form 

oAfi + b\ + eii + d=0, ad + 6c. 

From this, 

fji* : ft : 1 = (6A -|- d)* . — (6A -f d)(aX + c) : (oA -f- c)*. 

This correspondence is clearly effected by the collineation 

: y' : z' = 6*x -f- 2bdy -f d*z : — - abx — (od -f bc)y — dcz 

: o*® -f 2acy -j- ch. 

By the uniqueness theorem, this is the only collineation which 
induces the same projectivity on the conic. 

Verify that, for pairs of corresponding points on the conic, 

o*asc' -h 2adyy’ -f d*zz' = b^xz' + 2Jbcyy' -|- c®zx'.] 

Ex. 10. Find the collineations which leave invariant the 
conic Jf * -f F® = r*Z® and the pomt (0, 0, 1). 

[Put X -f- iP = rx, X — iY = rz, Z = y. Then we seek a 
collineation of the form in Ex. 9 which leaves invariant the point 
for which x = 0, y = l,z = 0. We must therefore have 

0:1:0= 26d : — (ad -f 6c) : 2ac, ad + 6c. 

The possibilities are either (i) o = d = 6, 6+0, c + 0, or 
(ii) 6 = c = 0, a + 0, d + 0. 

In case (i) the collineation is 

x' -.y' :z' — b*x ; — bey : cH 

which is the same as 

X' : F' : Z' = iX(6* c») -|- itF(6* - c*) 

: - iiX(6« - c*) + iF(6* -f c») : - 6cZ: 
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Patting b — — ce*®, this takes the form 

X' T' : Z' = X cos a— y8 ma:Xsina + T cos a : Z. 

In case (ii) the collineation is 

:y' :z' = dH : — ady : dhs, 
which is the same as 

X' :T' :Z' = kX{a* + d«) + \iY{a^ - d») 

: - iiX{d^ - o*) - jr(d2 + o*) : - adZ. 

Putting d — — oe*^ this takes the form 

X' : y' : Z' = Z cos p + y sin p : Z sin p — T cos p : Z. 

Metrically, what we have shown is that the coUineations which 
leave a circle and its centre invariant are (i) a rotation about the 
centre, (ii) reflection in a diameter ( y = Z tan |p). 

Reflection m the centre corresponds to a rotation with a = it.] 


52. The algebraic classification of coUineations in one plane. 


(1) The characteristic equation and matrix. — We take the 

equations of the collineation to be 


with 


*1 ’ ; ®a)23 • 



®11 ®12 ®18 
®ai ®22 ®*» 

®S1 ®38 ®33 


* o» 


the co-ordinates (x,)i {xi) being attached to the same system of 
reference. 

An invariant point is characterised by the possibility of finding 
T (=t= 0) so that, at the point. 


Xi = rxi, i = 1, 2, 3. 


The invariant points are therefore determined by the /undamenfcd 
equaticm 

rx, = a,jXj, » = 1, 2, 3, 

where r is a root of the characteristic equation 




Oil — * 

®12 

®18 

®81 

®22 ~ f 

®28 

®81 

®S2 

®83 


The characteristic matrix of the equations of the collineation is 


M{t)^ / Oil — ^ ®18 ®is \ 

1 ®21 ® 2 S — * ®28 I 

\®8X ®»a ®83 — ^/ • 
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(11) Intrinsic algebraic characters of a collineation.— We prove 
that, fdl' any change of the co-ordinate system in the plane, the 
ratios of the roots of the characteristic equation and the rank of 
the characteristic matrix corresponding to each of these roots are 
unaltered. These ratios and ranks therefore represent intrinsic 
characters of the collineation itself. 

On changing to a new system of reference, the points with 
the old co-ordinates (*<), {Xi') acquire new co-ordinates (a:,), (*,') 
respectively, given by equations of the form 

Xj^ *2 ■ a;3_= bjrOCr bjfXt T byXf, 

3?! ^ • 3J3 = b-^fXf ^ b^fXf ! byXf f 

with |6| + 0. 

The new equations of the collineation are then 
where 

Ctt = btfdrjBij, i, i = 1, 2, 3, 

and Bitj denotes the cofaotor of m |6|. 

Let (a), (b), (c), (B) denote the matrices of the Oy, 6*,, c^, 
respectively, and let (1) denote the unit matrix Then the 
characteristic matrix M(t) of the new equations of the coUineation 
is given by 

M{t) = (c) - <(l) 

= {b)(a)(BY -t{l) 

= (b)(a)(By - t(b)(By F=«16|-i 
= (6)(a)(5)' - <(6)(l)(fi)' 

= (6)[(a)_- <(1)](5)' 

= (b)M(t)(By, 

(By denoting the transpose of (B). 

Since the determinant of a product of matrices is equal to the 
product of the determinants of the matrices, we have now 

A(0 = |6i»A(0. 

The roots of the equation in i A(t) = 0 are thus the same as the 
roots of Jihe equation in T A(T) = 0; hence, since |6|r= t, the 
roots of A(t) = 0 are proportional to the roots of A(t) = 0. 

If a matrix is multiplied on either side by a non-singular matrix, 
the rank of the product matrix is equal to the rank of the given 
matnx. Since (6) and (B)' are both non-singular, it follows that 
M(t) and M(t) both have the same rank. 

Hence^^if t is a root_of A(i) = 0 and M(t) has rank n, t | 6 | is 
a root of A{t) — 0 and M(T\b\) has the same rank n. 
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This result may also be obtained directly as foUows. If the 
rank of M{t) is n, the fundamental equations * 

TXi = 

are equivalent to just n linearly independent equations. Chang- 
ing to the new co-ordinate system, these equations become 

Taking linear combinations of the last equations, we obtain the set 

'rbia.Bic^lc — b/^jBrjXr, 

of which we can say only that they are equivalent to not more 
than n linearly independent equations. Now 

biJBiit = 0 if h + k, 

bhiBh = |fe| if h = k, 
and bkidijBrj — Cat j 

so the last set of equations may be written as 

r\b\xH = Ctoov. 

Hence, the rank of Jf(Tl6|) does not exceed n, the rank of M(r). 
Moreover, we infer that tne invariant points given by the equations 
TXi = are among those given by the equations r\b\Xh = Ci^ 
By considering the mverse change from the new co-ordinate 
system to the old, we prove in the same way that the rank of 
M{t) does not exceed the rank of Jf(T|6|). Therefore the two 
ranks are equal. And, similarly, the two sets of invariant points 
given by the two sets of fundamental equations are identical. 

(iii) Projeetive invariants of a collineatlon in one plane.— The 
algebra of part (ii) may be interpreted in another way. The 
equations there which represent the change from the old co- 
ordinate system to the new may be taken to represent a collinea- 
tlon of the given plane into itself or into another plane. The 
equations 

!Cj ; ^2 • — CiicXt C2tXk I 

then represent a new collineation which we describe as a projective 
transformation of the old one. 

Then what the algebra proves is that the ratios of the roots 
of the characteristic equation and the ranks of the characteristic, 
matrix corresponding to these roots are invariant under the pro- 
jective transformation These invariants are called (algebraic) 
projective invariants of the collineation. 
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(iv) Special and non-speelal eolUneatlons. — It is an easy matter 
to shoTP Vhat the derivative with respect to < of every minor of 
A(t) is expressible as a sum of minors of A(() of order one less than 
that of the selected minor. For example, we have 

aA(o _ 

dt 


and 



o,j 

+ 

®33 ~ * 

®81 

+ 

®11 — ^ ®12 

^32 ®33 

— t 

“ l 3 ®11 ■ 

- t 

®81 ®28 ~ * 


0 ^22 
Ot O32 


t fljs 

®33 ^ 


— {®22 — “f" {®33 — ^)‘ 


It follows that, if r is a root of A(t) = 0 and if M{t) has rank 
n, then t is a root of multiplicity ^ 3 — n, equality holding if 
» = 0 . 

We call h = Z — n the mrtual multiplicity of t ; and we have 


2k <3, 


the summation covering all the roots of A{t) = 0. If equality 
holds in this summation, we say th&t the collineation is non- 
specud] if inequality holds, the colhneation is special. 


Ex. 1. The collineation scj' . x^' : a:,' = oxj : bz^ : cxj is non- 
special ; and the collineation *1' : : x^' = ax^ . bx^ -f cx^ : 6*3 

is special. 

Ex 2. By analogy with part (iv), define special and non- 
special projectivities on a line; and show that the non-special 
projectivities are those with distinct united points and that the 
special projectivities are the parabolic projectivities. 

[It is straightforward (and the reader should do this) to classify 
collineations in a space of any dimension k into non-special and 
special collineations, by direct analogy with the considerations in 
part (iv). With similar notation, the non-special collmeations 
are then those for which 2k = k 1 and the special collmeations 
are those for which 2k < k -t- 1.] 

Ex. 3. It was remarked in Ex. 16 of section 9 that a cyclic 
projectivity on a line cannot be parabolic. Deduce that a cyclic 
collineation m a plane is non-special , and show that the roots of 
its characteristic equation are proportional to nth* roots of umty , 
n being the period of the collineation. 


(v) The geometrical distinction between special and non-spedal 
collineations. — If r is a root of A(<) = 0 for which M{t) has rank 
<n, the corresponding fundamental equations are equivalent to 
just n linearly independent linear equations; therefore they 
determine a set of invariant points which constitute a totally 
invariant space of dimension 2 — n (= k — - 1). 
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These totally invariant spaces, derived from all the distinct 
roots of A{t) — 0, may all be contained by a line (as* in the 
case x/ : x ^' : x,' = ox^ : bx^ + ex* : bx^) or consist of one line 
(as in tne case x^' : Xj' : Xg' = Xj oxg : Xg : Xg) or consist of one 
point (as in the case x^' : Xg' : Xg' = oxg : 6xg + oxg + cxg : dxg + 
oXg). Accordingly, let k (•^ 2) be the dimension of the space 
of least dimension which contains all the totally invariant q>aces 
mentioned. Then, as may easily be seen by enumerating all the 
possible oases, 

£ *1~ la 


(This result also follows simply from a theorem quoted in part 
(viii) below.) 

The space of dimension k, being determined by totally in- 
variant spaces, is itself at least simply invariant under the 
collineation ; and therefore the given collineation, in so far as it 
transforms the pomts of this space, induces a coUineation (if 
fc = 2) or projectivity (if 1: = 1) or identity (if k — 0) within the 
space. In regard to this induced transformation, the invariant 
spaces are just those of the given collineation. Hence, by apply- 
ing the analogue, for a space of dimension k, of the inequality in 
part (iv), 

Sh < Jfe + 1. 

Therefore 

^ 1 , 


Thus, in the case of a non-special collineation, the least space 
which contains the totally invariant spaces is the plane itself. 
And, in the case of a special collineation, the totally invariant 
spaces are contained by a line or consist of one point. 


(vi) Enumeration of the different types of collineation. — "We are 
now ready to enumerate the various types of collineation which 
occur, beginning with those which are non-special. 

Non-speciaJ, coUineatioris. 

(а) A{t) has three different zeros r^, Tg, Tg. Each of these is 
necessarily a dimple zero, making M{t) have rank 2, and so = 3. 
Each zero gives rise to a single invariant point ; and these points 
form a triangle, •since it takes a plane to contain them. Taking 
a new triangle of reference with vertices at the invariant points, 
and using the fact that the ratios of r^, Tg, Tg and the corresponding 
ranks of ilf(t) are invariant, the equations of the collineation are 
seen to take the form 

Xj' : Xg' : Xg' « TjXi ; T,Xg : TgX,. 

(б) A(0 has a simple zero tj and a double zero Tg. M{ti) 
necessarily has rank 2 ; but Af (r,) may have rank 1 or 2. The 
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non-special case is where M(r^ has rank 1. Then leads to a 
single invariant point and tj to a totally invariant lihe, which does 
not contain the point, since the two need a plane to contain them. 
If we take the point to have co-ordinates (1, 0, 0) and the line 
to have the equation = 0, the equations of the coUineation 
become 

x^' : Xj' : Xj' = TjXj ; : r^Xg. 

This is the case of a homology; it is harmonic if and only if 

•^1 + ’’2 = 0 . 

(c) A(t) has a triple zero may have rank 2, 1 or 0 , 

the non-special case is where M{ti) has rank 0. Then the funda- 
mental equations are satisfied identically and every point is 
invariant. The coUineation is identity ; and its equations, 
referred to any triangle, are of the form 

®1 • •l'2 • ! ®2 ! iCg. 

Special collineations. 

{d) A(<) has a simple zero Tj and a double zero Tg, for both of 
which M{t) has rank 2. Here A, -|- = 2, there are just two 

distinct invariant points, but with different properties Let 
(1, 0, 0) arise from ti and let 1^ (0, 1, 0) arise from Tg. Then, 
since these are invariant points, the equations of the coUineation 
have the form 

Xj ; Xj 1X3= Tj^Xj 0X3^3 • '^8^3 "I” 023^3 • ®33®3- 

Since tj is a double root of A{t) = 0, Ugj = The orientation 
of the line Xj = 0 is at our disposal ; let us choose it so that 
013 = 0 ; then Xj = 0 is a simply mvariant Ime through /g. The 
equations are then 

®X • ®3 I = ViXi ; VgXg -4- 023^3 . TgXg. 

This we recogmse as the case where there are two infinitely near 
invariant points at /g. 

I 

(e) A(i) has a triple zero tj and M{tj) has rank 1. Here 
= 2 ; there is a totaUy invariant line whicji we take to be 
Xx = 0. Since each point on the hne is invariant, the equations 
of the coUineation have the form 

• ®2 • ~ 1®1 • ®Z1*1 "1“ 1®2 ' 031®X “t” 1®8* 

The coUineation transforms the line (Zj) into the line (Z,'), where 

’ ia ' la ~ '’’ill "1 “ ®4i^ 2^ “t" ®3i^3^ • ^xZg^ "• f-J/a'- 
Corresponding lines meet on Xx = 0; and, from the last equations. 
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they coincide when they pass through the point (0, Ojn <^i)' We 
choose the triangle of reference more speciiicaUy no^ so tr^t this 
point if^ ( 0 , 1 , 0 ), that is so that = 0 . Then the equations of 
the collineation are 


: x ^' : *3' — Tjajj : ^21^1 "f" '’’1*2 • 

These are the equations of an elation with centre at ( 0 , 1 , 0 ) and 
axis Xi = 0. 


(/) A(i) has a triple zero and Jf(Ti) has rank 2. There is 
a single invariant point which we take to be (1, 0, 0). The 
equations of the collineation then have the form 

: 3^2 : Xg' = T^Xi -f- lligXg -1- O^gXg ■ T^Xg + 023^3 " ®32®2 "f" 

We may further choose *3 = 0 to be a simply invariant line through 
1 1 ; then Ogj = 0 The equations become 

Xi ' : Xg ; arj' = Ti*! +' 012*2 + “13*3 = ’'1*2 + 023*8 = *i®8- 

These are the equations of a collineation which, from a geometrical 
point of view, we regard as having three infinitely near invariant 
points. 


(vli) Projective equivalence of collineations. — ^We are now in 
a position to prove that it is sufficient for the projective equi- 
valence of two collineations that they have the same projective 
invariants. 

Two such collineations can, in fact, be transformed by separate 
collineations to the same standard form, which must be one of 
those enumerated in part (vi). We have, therefore, only to show 
that any two collineations in the same standard form are pro- 
jectively equivalent 

It is enough to discuss one standard form as an example ; and 
it may be left to the reader to deal similarly with the other forms. 
Type (/) is perhaps the least obvious case, so we fix attention on 
that. 

We have then to consider two collineations, given by the two 
sets of equations 

Xi Xg : 2:3 1= TjSJj -f- OrigXg -j- Ux3*3 " '*'1*2 ® 23*3 ' ‘*'l*3> 
l/l' • Vz • Vz — ■’" 1^1 ■(" ^ 12^2 -h ^ 13^3 •' ''’ 1^2 + ^ 23^8 ’ ''■ 1 ^ 3 - 

A coUineation which transforms one set of equations into the 
other must transform the mvariant point ajj : *2 ; *3 = 1 : 0 : 0 
and the invariant hne 0:3 = 0 into the invariant point : ffg'.i/a — 
1 : 0:0 and the invanant line Vg — O', and must therefore have 
the form 


Xy:Xg'.Xg = py^ + qyg ■\-ryg\vyg-\- imjg : yg. 
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f 

It may now be verified by direct computation that the two given 
sets of equations are equivalent under the collineation for which 


P 

V 


_ 0^2^23 

ft 

•* 

h b * ® 

^12^23 

— u, 

f 

— T^f U; = 

^1S®28 

— fbs. 

^23 

^12^28 

®12 


(viil) Comments. — It wiU have been noticed that the algebraic 
treatment leads to a grouping of the different types of collineation 
which differs from that arising from the geometrical approach. 
The collineations which we described earlier as general are character- 
ised algebraically by the fact that every root of A(t) = 0 makes 
M{t) Imve rank 2. In this connection we should note that, in 
general, a multiple root of A(2) = 0 does not necessarily annul all 
the second order minors of A(<). 

Then, also, the geometrical treatment leads to the idea of 
infinitely near invariant points. To reach this idea algebraically, 
we may choose to regard cases (d), (/) as limiting cases of (a). The 
reader should have no difficulty in carrying out the limiting 
processes. 

The language of this section has been in as general terms as 
possible. This has been done with a view to suggesting the 
general treatment of coUineations in a space of any number of 
dimensions. This generahty is especially apparent in part (v), 
where it seemed preferable to give expression to a geometrical 
theorem rather than to enumerate a series of algebraic details. 
In that part, we have used the theorem that the linear space of 
least dimension k, which contains a given set of linear spaces of 
dimensions n^, Wj, . . . , n,, has + - + + 

This theorem is very easily verified in the cases k= 1, 2, which 
are all that we need here 


53. Ciorrelations. 

(1) Definitions ol correlation and attached coiiineation. — ^It is 
natural to consider, after collineations, a somewh&t similar type 
of correspondence between the points of one plane n- and the 
lines of another, or coincident, plane n'. <■ 

Let there be a (1, 1) correspondence between the points P of 
n and the lines P' of rr'. The correspondence determines a direct 
transformation K which transforms P into P' and an tnverae 
transformation which transforms ?' into P. The relation 
between P, ?' is symbolised by the notation ?' =i K{P), 
P = .K-MP')- 

If the points of every line P in transform into the lines 
through a point P' in n', and vice versa, K is called a correlation ; 
and it follows that K~^ is also a correlation. 
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If, in all cases, the correspondence between the points of a 
line in one plane and the lines through a point in the other ]^ne 
is projective, we say that the correlation is a prc^ective correlation. 
In this section we are concerned only with jprojective correlations ; 
so from now on we take “ correlation to mean “ projective 
correlation.” 

An obvious example of a correlation is reciprocation with 
respect to an irreducible conic ; but, as we shall sec, this is not the 
most general kind of correlation. 

In the case of coincident planes n, it', there is a coUineation 
determined by the relations 

P' = K(?), P = P', P' = A(P). 

This coUineation, transforming P into P', is caUed the attacked 
coUineation of K ; denoting it by T, an obvious definition of the 
product of two correlations gives T = K^. 

(11) Fundamental theorem. — Collineations and correlations may 
be expected to have a number of analogous properties. Thus 
we should expect the following fundamental theorem to be true, 
as it IS : there is a unique correlation which transforms any given 
quadrangle ABCD of it into any given quadrilateral A'B'C'D' 
of ff'. 

Take any irreducible conic K' in «•', and let A', B', C, D' be 
the poles of A', B', C', D' with resjiect to K'. Let 8 be the 
coUineation which transforms ABCD into A'B'C'D' and L the 
correlation which transforms pomts of it' into their polars with 
respect to K'. Then the transformation 8 foUowed by the 
transformation L determines a correlation, denoted by L8, which 
transforms ABCD into A'B'C'D'. 

The uniqueness of the correlation is proved as in section 49 (i) 

(iU) Equations of a correlation. — ^Let [W) be co-ordinates of P' 
and (x,) be co-ordinates of P. 'Then, as in section 49 (li), we may 
easily show tha(j the correlation K is represented by equations of 
the form 

^ = a^^, i — 1 , 2 , 3 , 

with p + 0, |oj 4= 0. 

The equations of K’^ are then 

al, = a„x,', i = 1 , 2 , 3 . 

If the planes it, it' coincide, we may assume without loss of 
generality that aU co-ordinates refer to a common S 3 r 8 tem of 
reference. The equations of the attached coUineation T then 
become 


» 


0a^' = OijXi, * = 1 . 2 . 3 . 
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(Iv) The incidence conic and conic-envelope of a eoTrelatlon in 
one iKane. — ^We now restrict attention to correlations in one plane. 
Corresponding to the notion of invariant point in a coUineation, 
we have that of incident pair in a correlation. A point P and its 
corresponding line P' are said to constitute an incident pair when 
P is on P'. 

For such a pair we have 


and therefore 


f,'*. = 0, 
= 0 , 


showing that the points P lie on a conic K, called the incidence 
conic-, conversely, if P is on K, it belongs to an incident pair. 
Similarly, the lines of the incident pairs are the lines of a conic- 
envelope K', called the incidence conic-envelope, whose equation is 


A„k%' - 0 . 

where is the cofactor of in |a|. In general, K and K' 
are not associated. 


Ex. 1. P is a point on K, prove that the lines of K' which 
pass through P are correlative to P in A, K'^. 


(v) Involutory pairs of elements. — point P and its correlative 
line P' are said to be an involutory pair when P — K (P'). Then 
the co-ordinates of P satisfy the equations 

a,jXj = rapXj, i = 1, 2, 3, 
where t is a zero of the determinant 


2 )( 0 - 


— 

®12 

^21 

®13 

togi 

- toi2 

O 22 

^ ^22 

®23 

togg 

toi3 

®32 

— ^23 

®33 

togg 


The involutory points P are, m fact, the invariant points of 
the attached colUneation P; and the involutory hnes are the 
invariant lines of T. It appears to be natural to classify K on 
the basis of the algebraic system of classification already ^opted 
for coUineations. 

I)(l) is a skew-symmetric determinant of odd order and there- 
fore is zero, as may be verified directly. Thus 1 is always a root 
of D(t) == 0 ; the other two roots have the form t, 

Ex. 2. The involutory pomts correspondmg to a root t ( + 1) 
of J)(t) = 0 he on the incidence conic K ; and the correlative 
involutory lines belong to K'. 
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(vi) The projective invariants of the attached coilineation. — 

the equations of T are expressed in the form • 

0a:,' = c.ja^, 

we have a,j = <in<^ 

and therefore, with the usual matrix notation, 

( ®ii ^11 ^81 ®i3 ^i\ 

®al ^12 ®22 ^22 028 ^32 I 

O31 toja O32 t023 O33 — ^33/ 


= (a) — <(a)' 

= (o)'(c) - <(a)'(l) 
= (o)'[(c) - t(l)] 



Hence the characteristic determinant of the attached 
coilineation 7’ is a constant multiple of D{t), and, for equal 
•values of <, the ranks of the corresponding matrices are equal. 
Let us denote by L{t) the matrix corresponding to D(t), that is 

L(t) s (o) — t(a)'. 

The ratios of the roots of D{t) = 0 and the ranks of L{t) which 
correspond to these roots are projective invariants of T. 


(vii) Classification of correlations having non-special attached 
collineations. — We consider now the particular types of correlation 
which arise, beginning with the cases where T is non-special. 


(a) D{t) has zeros 1, t, with t® + 1. The corresponding 
ranks of L{t) are each 2 There are three involutory points, not 
in line; and, with these as vertices of the tnangle of reference, 
the equations of T may be taken in the form 


: * 2 ^ • * 3 ^ = 3^1 • ■’■^2 • 


From the identity 
we find that • 


(o) = (a)'(c), 


®I8 — ®21 — ®13 — ®31 — ®22 — ®33 — ®32 — ‘r®23" 

The equations of the correlation therefore have the form 

‘ li • I 3 — • ®23®3 • 'r®23*2i 

With ^11^23 ^ 

The incidence conic K has the equation 

On®i* + ®23(1 + = 0 
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and it touches the involutory lines = 0, = 0 at the in- 

volutbry points arising from t, respectively; and it is to be 
observed that K does not contain the involutory point (1, 0, 0) 
arising from the unit root of D(t) = 0. 

The incidence conic-envelope K' has the equation 

'’^28^1^* + (i + ® 

and it contains the involutory lines *2 = 0, *3 = 0 but not = 0. 
Its associated conic touches K at the involutory points arising 
from T, 

(6) D{t) has zeros 1, — 1, — 1; L{\) has rank 2 and L{— 1) 
has rank 1. T is a harmonic homology whose equations may be 
taken to be 

®1 • • ®8 ~ ®1 • ®2 • — ® 8 ‘ 

We find, again from the identity (o) = (o)'(c), that 

®12 “ ®21 ~ ®18 ~ ®31 ~ ®22 ~ ®33 ~ ®23 “ I ” ®82 ~ 

Therefore K has equations of the form 

• li • ^3 — ® 11®1 ’ ® 23*3 • — ® 23 * 2 * 

The equation of K is a:j® = 0, which is that of the axis of 
homology counted twice , and the equation of K' is Zj'* = 0, 
which is that of the pencil, with vertex at the centre of homology, 
counted twice. 

(c) Z)(0 has zeros 1, 1, 1 and L(l) has rank 0. In this case 
Oij = Oj, for all i, j. The matrix (a) is symmetric ; and the 
equations of the correlation express that a point P and its 
correlative line P' are respectively pole and polar relative to the 
irreducible incidence conic K. The conic-envelope K' is now 
associated with K. We have K — K-^, T = I-, iT is called a 
polarity. 

Ex. 3. A correlation in which the sides of triangle are 
correlative with the opposite vertices is a polarity. 

Ex. 4. Prove that K, K' are associated if ^nd only if is a 
polarity. 

Ex. 5. Any collineation may be expressed as a product of 
two polarities. (Cf. section 9 (vi) (d).) 

(vili) Classification of correlations having special attached 
eoUtaeatlons. — ^We come now to the cases where T is special. 

(d) D{t) has zeros 1, — 1, — 1; i(l), Zi(— 1) both have rank 
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2. T has a simple invariant point and two other infinitely near 
invariant points ; we take the equations of T' in the form,, 

: *2' : aig' = *1 : — *2 + ^*8 : ~ ® 8 * 

We find that 

® 1 * ~ ®ai ~ ® 2 a ~ ®ia ~ ® 3 l ~ ®38 ~ — ® 28 > ~ ^^ 28 * 

The equations of K therefore have the form 

Zj : Z 2 • Z 3 = ■ Oa3®3 • — ®83®2 "I" i 6 ® 2 S® 8 " 

The equation of K is 

4- ^6^23*3* = 0, 

so that K consists of two lines harmonic with regard to the 
involutory lines = 0, X3 = 0. And the equation of K' is 

“23^1'* + = 0, 

so that K' consists of two pencils with vertices harmonic with 
regard to the involutory points (1, 0, 0), (0, 1, 0). 

(e) D{t) has zeros 1, 1, 1; and L(l) has rank 1. T is an 
elation whose equations may be taken to be 

Xi : X,' : X 3 ' = Xj : 6 xj + x* : X 3 , 

the axis of the elation being Xj = 0 and the centre (0, 1, 0). We 
find that 

®]2 — ®21 ~ ®a8 ~ ®33 ~ ®32 ~ ®18 ~ ®31’ 

These equalities however require |a| = 0. Therefore there is no 
correlation whose attached coUineation is an elation. 

(/) D{t) has zeros 1, 1, 1, H}) has rank 2. T has three 
infinitely near invariant pomts; its equations may be taken as 

Xi' : Xj' : X3' = Xi+ 6x3 + CX3 : Xg + dx^ : X3. 

We find that 

®ll — ®ia “•®21 “ ®1S ~ ®31> ®23 — ®sa ~ d 022 = — bdi^, 

C®13 “{■ ^®23 ~ 

The equations df K therefore have the form 

Zj • ^2 • ^ “ doi^i : — ®i3(^®8 "t~ ^*3) • ®i3(^®i 4" c)®2) 

4 - a 88 *« 8 - 

The equation of K is 

Ol3( — 6X3* 4 ~ (fid — 2c)X2X3 idx^'j^ “I" = 0. 

Thus K is an irreducible conic touching the involutory line at 
the involutory point. 
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64. Projective Invariants. 

(I) Absolute projeetive invariants. — ^Any numerical or geo- 
metrical property of a configuration of points, lines, curves in a 
plane which is unchanged when the configuration is subjected to 
any colhneation is called a projective invariant of the configuration. 
In order to distinguish these projective invariants from other 
semi-invariants, to be mention^ shortly, the description absolute 
is applied. 

Two configurations are said to be prqjectively equivalent when 
either may be transformed into the other by means of a coUinea- 
tion; they have the same projective invariants. 

For example, any two irreducible conics are projectively 
equivalent (the proof is indicated in Ex. 7 of section 51). In fact, 
also, any two reducible conics, each consisting of a pair of distinct 
lines or each a hne counted twice, are projectively equivalent. 

In this book, attention has been concentrated on projectively 
invariant properties of configurations. It is therefore natural to 
enquire into the classification of configurations according to their 
numerical projective invariants. This process has already been 
earned out in some cases ; and now we consider further aspects 
of the matter. 

(II) Relative projective Invariants. — ^If the collineation 

Xi — CyXj 

transforms the homogeneous quadratic polynomial a,jXfiej (with 
a,j = Ojt) into a,j'x,'xj' (with a,/ = a/), we have 

|al = |c|*|a'|. 

We call |cj the modulus of the colhneation. Since |a| differs from 
|a'| only by a factor which is a power of the modulus, we say 
that |a| is a relative projective invariant of the conic a^jX^Xj = 0, 
in distinction from an absolute invariant which does not mvolve 
the modulus. 

The same algebra shows that ]o| is a relative invariant with 
respect to any change of the system of reference. « 

(ill) Projectively equivalent pairs of conies. 

(a) We consider next the circumstances in which two pairs of 
conics are projectively equivalent. 

Let the conics A, B, given respectively by the equations 

A = a^jXtXj = 0, Oy = for all i, j, 

B = byXtXj = 0, btj = bj, for all i, j, 

be transformed by the collineation 

Xr' = Ct^„ |f( #= 0. 
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They become the conics A', B', given by 

A ' s a,jX,'xj =0, B' s by'x/xj' = 0, 

where 

^ Cfj. 

The characteristic matrix of the two polynomials A, Bis 


= / ®ii "I" ^^11 

®12 “I" ^^12 

®13 "I" 

1 a2i + Xb^i 

®22 A622 

®23 “f" 

\®81 + Afeji 

®32 “I" ^^32 

®33 + 

s (a) -f- A(6); 




and we define the characteristic determinant D{X) of the two poly- 
nomials to be the determinant of this matrix. The equation 

I)(X) = 1(a) -1- A(6)| = 0 

IS called the characteristic equation or discriminating cubic of A 
and B ; its roots determine those members of the pencil determined 
by A, B which are reducible. 

Let M'(\) be the characteristic matrix of A' and B'] then, if 
a bar now denotes a transposed matrix, we have 

M{X) = (o) -f A(6) 

= (£)(a')(c) + X(c)ib'){c) 

= (c)[(a') + A(6')](c) 

= {c)M'{X){c). 

Hence, if D'(X) is the characteristic determinant of A', B', we have 

D(A) = lc|2i)'(A). 

Since A, B are unaltered if A, B are multiplied independently 
by any non-zero constants, it follows that the ratios of the roots 
of D{X) =0 are absolute projective invariants of the pair A, B 
By an argument just like that of section 52 (ii), the ranks of 
Jf(A), for thfse values of A given by D(X) = 0, are also absolute 
projective invanants of the pair A, B. These two sets of invariants 
are the fundamental invariants of the pair of conics. 

It is to be ’observed that the algebra proves also that the 
fundamental invariants of the pair A, B are absolutely invariant 
with respect to a change of the system of reference. 

(6) We now prove that, conversely, two pairs of conics with 
the same fundamental invariants are projectively equivalent. . 
For brevity, we limit the discussion to the case where all the conics 
are irreducible, though there is no difficulty in dealing with the 
cases where two or all of the conics may be reducible. 
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(sc) i>(A) = 0 has three different roots A^, Ag, A,. Jf(A<) 
necesEVirily has rank 2. The pencil of conics determined by A, 
B has three distinct line-pairs; and therefore A, B have four 
distinct common points. With the diagonal triangle of this set 
of points as triangle of reference, we may take A s tttXi*, 
B 3 with the ratios ai/p,, ag/pj, ag/Pa all different. These 
ratios are then the same as — Ai, — Ag, — A3 in some order which 
we may suppose, without loss of generality, to be the order written. 

Similarly we may express A', B' in the forms oj'a:,'*, Pi'®<'* 
respectively, with similar remarks following. 

Since the two sets of fundamental invariants are the same, we 
have 

^ . *2 . “3 _ 

Pi ■ P2 ■ Ps Pi' ' P2' ■ Ps" 

From this it is clear that the collineation 



transforms the conics A, B into the conics A', B' respectively. 

(P) D(\) = 0 has roots Aj, Aj, with Aj + Ag. JfCAg) 
necessanly has rank 2 but M(\^) may have rank 1 or 2. 

In both cases the pencil of conics contains only two distinct 
line-pairs A, B therefore touch at one or two points. 

Suppose first that A, B touch at P and meet again at two 
I'oints Q, B. Take PQB as tnangle of reference and choose the 
unit point so that the common tangent at P is given by x, -f- Xg = 0. 
Then we may take 

A = 2a:i(xg + x^) + 2 (tx^^, B s 2 xi(xg + x^) -f 2 ^x^i, 

with a #= p. Hence, Aj = — 1, Ag = — a/p. This is the case 
where M(\i) has rank 2; we shall see in a moment that, when 
A, B have double contact, ilf(Ai) has rank 1. 

In the same way, then. A', B' touch at one point only and we 
may take 

A ' s 2*1 '{*g' -f x^') + 2a'a:g V. 5' = 2*1 '(*2' + *3') + Sp'aJgV. 

with a' 4= p'. By the invariance of Aj/Ag, a/p = a'/P'. Hence the 
collineation 

a *1 = «®1 , *2 = *2 , *8 = *8 

transforiQs A, B into A', B'. (This coUineation is a homology with 
centre P and axis QB if the frames of reference coincide.) 
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Now suppose that A, B touch at Q, B, their common tangents 
meeting at P. With PQB as triangle of reference, we m»y take 

A B oca?!* + 2 * 2 * 8 , -8 ® + 2 ar 2 * 8 , 

with a + p. Then = — 1 , Aj = — a/p, and Jf (A^) has rank 1 . 
Similarly, we may take 

A' B a'*i'® + 2 * 2 '* 3 ', B' B p'*i'* + 2 * 2 '* 3 ', 

with a' * P'. By the invariance of A^/Aj, a/p = a'/P'. Therefore 
A, B correspond to A', B' in the collmeation 



(This collineation is a homology with centre P and axis QB if the 
frames of reference coincide.) 

(y) I)(\) = 0 has roots A^, Aj, Aj. Jlf(Xj) may have rank 1 
or 2. 

In both cases the pencil of conics has only one distinct line- 
pair. A, B therefore nave three-point contact at a point P and 
meet again at one more point Q; or else they have four-point 
contact. 

Suppose first that A, B have three-point contact. Let the 
tangents at P, Q to A meet at B. Then, with PQB as triangle 
of reference and unit point on A, we may take 

A = 2 * 3 * — 2 * 1 * 2 , B B 2 * 3 * — 2 * 1*2 + 2 (X* 2 * 3 . 

Hence Ai = — 1 and Jf(Ai) has rank 2. We shall see that, when 
A, B have four-point contact, 3 f(Ai) has rank 1 . 

Similarly we may take 

A' s 2*3'* — 2 *i'*2', B' s 2*3'* — 2*i'*2' + 2a'*2'*8'. 

This time no relation necessarily connects a, a'. The collineation 

a *1 ^ (x*i , oc*2 ^ a *2 , 3/3 = *3 

• 

transforms A, B into A', B' respectively. 

Lastly, if A, B have four-point contact at P, let the tangent 
to A at another point Q meet the tangent to both conics at P 
in B ; take PQB as triangle of reference and the umt point on A. 
Then we may take 

A B 2*3* 2*1*2, ^ ^ 2*3* ”- 2*1*2 ®^3^« 

We have Ai = — 1 and M{Xi) has rank 1. 

'Similarly, we may take 

B 2 *,'* - 2*i'*2', B' b 2*3'* - 2*i'*2' + a'*/* 
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There is no relation between a, a'. The coUineation 



transforms A, B into A', B' respectively. 

Ex 1. If A, B are both irreducible, there is an associated 
collineation T defined as follows : a point F(x) has a polar line 
P relative to A, and Q (y) is the pole of P relative to B; P, Q 
are corresponding points. Prove that the equations of T are 
a^jXi = 6b^y„ t = 1, 2, 3. 

A', B' are two other irreducible conics in the same plane as 
A, B or in another plane, and T' is the associated collineation 
Prove that, if A, B are projectively equivalent to A', B', then T 
IS projectively equivalent to T'. 

Ex. 2 A pencil of conics, with four distinct base points, is 
projectively equivalent to any other such pencil; and there are 
24 collineations which effect the equivalence. 

Ex 3. A IS an irreducible come and B is a reducible conic 
Prove that, except for at most three values of 0 the conic 
A + OB = 0 IB irreducible, and that, if N(n) is the characteristic 
matrix oi A = 0, A OB = 0, 0 not being one of these particular 
values (of which one is oo ), then 

N(fi) = MW //x + ] 0 0 \, 

0 fi + 1 0 

\ 0 0 f,+ l/ 

where A(^ -j- 1) = 

Hence deduce, using part (in) of this section, that if A', B' is 
another pair of conics, irreducible and reducible respectively, and 
having the same fundamental invariants as A, B, then A, B and 
A', B' are projectively equivalent pairs 

The reasoning may be extended to the case of two pairs of 
reducible conics A, B and A', B', neither pair having a line in 
common ■ but in this case it is much more direct to consider a 
coUineation which transforms the four common points of A, B 
into those of A', B'. 

I 

(iv) Relative projective Invariants of a pair of conics. — The 
fundamental invariants of A, B are of less frequent use than certain 
relative projective invariants which we next consider. 

The polynomial Z)(A) may be written in the form 

A + A0 + A*©* + A®A*, 

where 



using the ordinary notation of cofactors (cf section 25 (iv)). , 
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By the relation D(X) = |cl*D'(A) of part (iii) of this section, 
A, 0, 0*, A* are relative projective invariants of the^pair of 
polynomials A, B 

Any ratio of two polynomials, homogeneous in A, 0, 0*. A*, 
which are also homogeneous separately in the and in the 6,^ 
and are of the same degree in the a,^ as in the is an absolute 
projective invariant of the two conies A, B Among the simplest 
of such absolute mvariants are 

02 0IK2 08 0*3 

M*’ A^’ AM*’ AA *a» 

the last two of these may each be expressed in terms of the first 
two. 

Ex. 4 We may develop a theory of the projective equivalence 
of two pairs of conic-envelopes in exactly the same way as for 
two pairs of conics In the case of a pair of irreducible conic- 
envelopes = 0, Bijltlj = 0, prove that the corresponding 

relative invariants, having regard to the usual notation, may be 
expressed in the forms A*, A0*, A*0, A*® respectively. 

(v) Geometrical significance of the vanishing of a reiative 
invariant. — The relation A = 0 imphes that the conic A and all 
projectively equivalent conics are reducible. Similarly, the 
relation 0 = 0 implies a geometrical projectively invariant 
relation between A, B which we investigate next. 

Let us suppose first of all that A, B are both irreducible. We 
make use of the fact that the relation 0 = 0 is invariant under 
any change of the system of reference We therefore choose a 
triangle of reference PQR as follows P is to be any point of B 
not on the rccijirocal of B relative to A ; the polar of P relative to 
A then meets B in two distinct points, one of which is taken to be 
Q , and with P not on the tangent to A at a common point of A 
and B the polars of P, Q relative to A meet in B, not on PQ 

Then, PQIi being self-polar relative to A, we may take 
A s Oi*!* -f 02*2* + 03*3®, with ajOjOa =t= 0, and B = bx^ -f 
2 b ^ x ^^ -f 2 b .^ x^i 263a;ia;2, with 26)6363 + 663*. Hence 0 = 

6(3203, and ‘therefore 6 = 0, so that R lies on B. 

Thus 0 = 0 implies that, in an infinity of ways, triangles 
may be inscribed in B w'hich are self-polar relative to A ; that is 
to say B is outpolar to A. 

Conversely, if B is outpolar to A, then 0 = 0. For then there 
exists a tnangle in rega^ to which A, B may be expressed as 
above with 6 = 0. 

Ex. 6. Prove, in a similar way, that 0 = 0 is a necessary 
and sufficient condition for an infinity of triangles to exist, each 
of which is circumscribed about A and self-polar relative to B. 
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Ex. 6. If B consists of a pair of distinct lines, prove that 
0 = 0 is a necessary and sufficient condition for the lines to be 
conjugate relative to A. 

Ex. 7. If B consists of a line counted twice, prove that 0 = 0 
is a necessary and sufficient condition for the hne to touch A. 

Ex. 8 A necessary and sufficient condition that there may 
exist an infinity of triangles inscribed in A and circumscribed 
about B, both conics being irreducible, is 0*® = 4A*0. 

Ex. 9 If B is inpolar to Aj, Aj, then B is inpolar to every 
conic of the pencil determined by A^, Aj. 

Ex. 10. The co-ordinates (*) of any point on any line-pair 
in the pencil determined by A, B satisfy the equation A -|- Afi = 0 
with D{\) = 0 ; and conversely. Hence the equation represent- 
ing all the line-pairs in the pencil is 

AB3 _ QB'A + 0*HA« - A*A» = 0. 

Ex. 11. The equation representing all the point-pairs in the 
range determmed by the conic-envelopes S = 0, T* = 0, associ- 
ated with A, B, is 

— AO^'Fi'S -t- A*0TS» — A**S» = 0, 

Ex. 12. If A, B touch at one or at two points, two roots of 
X)(A) = 0 are equal, and therefore 

(9AA* - 00*)2 = 4(02 - 3A0*){0*2 - 3A*0). 

Ex. 13. If A, B have three- or four-point contact, all the 
roots of i)(A) = 0 are equal, and therefore 

3A^_@ ^ 

0 0* 3A*’ 

(vi) Covariant curves. — A. curve C, which is derived from two 
conics A, B, by any projective construction is projectively equi- 
valent to the curve C', derived by the same construction from a 
projectively equivalent pair of conics A', B'. We say that C is 
a eovariant curve of A, B. ' 

Examples of eovariant curves are (i) the harmonic conic of 
the conic-envelopes associated with A, B ; (ii) the conic associated 
with the harmonic conic-envelope of A, B ; (iii) the set of four 
common tangents of A, B. 

Since a knowledge of the relative invariants of A, B amounts 
to a knowledge of some of the fundamental invariants of A, B, 
we might expect that some covariant curves would have their 
equations expressible in terms of 

A, 0, 0* A* A. B; 
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and, oorresponding to the influence of the remaining fundamental 
invariants, that other covariant curves might have their equations 
expressible in terms of these six expressions together with those 
expressions whose vanishing represent certain particular co- 
variant curves. We had an example of the first circumstance in 
Ex. 10 ; other examples are to be found below. 

Starting instead with two conic-envelopes S, T, we may define, 
m the same way, cordra-variant envelopes of S, T ; and make 
similar inferences. 

Ex. 14. The equation of the set of four common tangents of 
A, B is where = 0 is the harmonic conic of the 

conic-envelopes associated with A, B (the poljmomial F is defined 
to be the polynomial denoted by K on page 178, allowing for 
differences of notation). 

Ex. 15. The equation of the set of four common points of 
.4, £ is O® = 424^, where S = 0, T = 0 are the conic-envelopes 
associated with A, B and O = 0 is the harmomc conic-envelope 
of A, B (the polynomial d> is defined on page 179, apart from a 
difference of notation) 

Ex 16. The come associated with 0 = 0 has the equation 
F = Q*A -f 0 jB ; and the como-envelope associated with = 0 
has the equation AA*0 = 0A*S 0*^4*. 

Ex. 17. The oomc-envelope which is the reciprocal of B 
relative to A has the equation ©S = AO. 

Ex. 18. The conic which is the reciprocal of Y = 0 relative 
to A has the equation F = 0*.4. 

Ex 19. The reciprocal, with regard to A, of the harmonic 
envelope of A and B has the equation 0^4 = AB. 


(vii) Similar conics. — (a) Two irreducible conics A, A' are 
said to be aimilar when they are projectively eqmvalent under a 
si m ilitude. 

If then a similitude 8 transforms A into A', either A, A' are 
both central comes and 8 transforms the centre, foci, axes, 
directrices and director-circle of A into the centre, foci, axes, 
directrices and director-circle of A' or else A, A' are both parabolas 
and 8 transforms the focus, axis and directrix of A into the focus, 
axis and directrix of A'. 

(6) Let S = 0, 2' = 0 be the equations of the conic-envelopes 
associated with two conics A, A'; and let / = 0, J = 0 now 
represent the pencils of lines with vertices at the circular points. 
Then A, A' are similar if and only if the pairs of conic-envelopes 
S = 0. // = 0 and 2' = 0, // = 0 are projectively equivalent. 
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With modified complex oo-ordmates based on rectangular 
axes, i^et 

A s ax^ + + C2* + 2/i/z + 2gzx + 2hx}/, 


Then the relative invariants of the pair S = 0, = 0 are 

A®, A(o 4- b), ab — A®, 0. 


Hence, the ratio {ah — /t®)/(a + h)® is an absolute invariant of A 
under the similarity group of coUmeations. 


Ex 20. If A is not parabolic and if <f> is an interval between 
the asymptotes, prove that 


tan® ^ = 


4(A® — ab) 
(a + b)» • 


Ex. 21. Any two irreducible conics are similar, for which 
the absolute invariant {ab — h^)l{a + i)® is the same. In 
particular, any two proper parabolas are similar ; and so are any 
two proper rectangular comes. 


55. A configuration of twelve points in a eompiex plane. 

Let Ai, A^, Ag, Bi, JBg, JSg be six points, of which no three 
are in lino, such that, if i, j, k is any permutation of the suffices 
1, 2, 3, At IS the pole of AjAu relative to the conic K< passing 
through Aj, A*, B^, B^, B^. 

We prove that 

(a) if r, 8, t also denotes any permutation of the suffices 1, 2, 
3, then Br is the pole of B,Bt relative to the conic K,' passing 
through Aj, Ag, Ag, B„ Br, 

(P) the triangles A,AjAt, BrB,Bt are in perspective. The 
triangle B^B^B^ thus stands in the same relation to the triangle 
A^AgAg as AjAgAg does to B^B^B^. 

We show further that 

(y) the six centres of perspective thus arising may be arranged 
as two triads C^, Cg, Cg and Dj, Dg, X)g such that any two of the 
triangles AgAgAg, B^BJB^, CjC^C^, stand m the same 

relation to each other as do the triangles AjAgAg, B^B^B^ to 
each other ; and that the six centres of perspective arising from 
the two triangles selected are the vertices of the remaining two 
triangles ; 

(S) the sides of the four triangles named above form a con- 
figuration dual to that of the twelve points. 
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Let A1A2A3 be taken as triangle of reference and as unit 
point. Then the equations of the conies K^, K,, ’Ig are 
respectively 

a:* — yz = 0, y* — zx = 0, z* — aiy = 0. 

Hence Bj, B3 have co-ordinates (tu®, to, 1), {to, to^, 1) respectively, 
where to is a complex cube root of unity 

We may represent Br by (c®, e, 1) where c = 1, to or to* accord- 
ing as r = 1, 2 or 3; and then we may represent B„ B, by 
(e^®, erj, 1), (e®Tj, ctj®, 1) respectively, where 1; = to if r, < is 
a cyclic permutation of 1, 2, 3 and tj = to* for the other three 
permutations. 

The equation of K,' is then 

€®i/z czx -1- ary = 0 ; 

and the polar of Br relative to this conic is given by 

car + €®y -f z = 0, 
which is the equation of B,B, 

The hnes A^Br, A^B,, A^Bt are easily shown to be concurrent 
in the point (e®ij®, e, 1). Giving to c, rj their different possible 
values, we obtain co-ordinates for the six centres of perspective 
in the form 

CiitoM.l), Gjj ( 1 , < 0 ®, 1 ), ( 73 ( 1 , 1 , to®), 

(to, 1 , 1 ), D., ( 1 , to, 1 ), B 3 ( 1 , 1 , to). 

The axis of perspective of the triangles AiA 2 Ag, BtB,B, has 
co-ordinates (eij, c®, 1) Again giving to e, 17 their different 
possible values, the six axes of perspective are seen to be 

CgCg (to, 1, 1), CgC^ (1, tO, 1), C^Cg (1, 1, to), 

BgBg (to®, 1 , 1 ), BaBi ( 1 , to®, 1 ), ( 1 , 1 , to*). 

The complete proof of theorem (y) may be achieved laboriously 
by elementary methods but may be dealt with more satisfactorily 
by studying the group of collineations under which the figure of 

twelve points A^ Bg is invariant. We do not enter into 

full detail here but trust that the reader will be able to prove all 
cases of the theorem if we restrict ourselves to showing that the 
theorem holds when the selected triangles are, say, C^CgCg and 
BiBgBg. 

The collineation which transforms Cj, Cg, Cg, B^ into A^, 
Ag, Ag, Bg respoctively has the equations 

x' : y' '.z' = to{<ox 4- y -f z) : (* -h ojy -f z) : (* 4- y a»z). 
This colhneation, of period 4, transforms the points 

A-i, Ag, Ag, B]^, Bg, Bg, Cj, Cg, Cg, Bj, Bg, Dg 


I 
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into the points 

Cx, C3, C^t D\, Dit Dit A^t Af, Bx, B^, B^ 


respectively. The theorem now follows from the fact that the 

relation between the trian- 


gles A^A^A^, B^B^B^ is in- 
variant under a coUineation. 

Observing that the lines 
BxB^, B^Bi, B^B^ have co- 
ordinates (1, 1, 1), (Cl>, (l>^, 1), 
(a»®, 10 , 1) respectively, theo- 
rem (8) comes imm^ately 
by application of the corre- 
lation (polarity, in fact) 

V : m' . n' = X : y : z. 

On account of the com- 
plex numbers involved it is 
2 -A-a not possible to represent the 

Fio. 100 -Rkpmsbstatiov op a Co». mcidences in the configura- 
nousATioK OF TwicLvii Points tion by means 01 an ordi- 
nary real diagram. But a 
representation may be effected as in Fig. 100, provided that we 
agree to regard the three points marked B^ as identical and like- 
wise the tluee points marked B,. 

The following table, incomplete as regards the full content 
of theorem (y), may be helpful in displaying the centres and axes 
of perspective in relation to the pairs of triangles to which they 
correspond. 
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Ex. 1. The coUineation, of period 3, 


*' : 

y': 


toX 

:y: 

z 


transforms the points 







•d-i, A^, A3, Bi, 

1 Bg, 

Eg, 

Cl, 

Cg, 

Gg, 

El, Dg, Dg 

into the pomts 







Alt A^t Ag, Dy, 

Da. 

Dg, 

El, 

Eg, 

Eg, 

Cl, Cg, Cg 


respectively. 

Ex. 2. The colhneation, of period 4, 

x' : y' : z' = + y + z) . (a; + a>®y + z) : (* + y + nth) 

transforms the points 

^a» ^a> ^a> ^a 

into the points 

^a> ^a> ^a> ^i> ^a> ^a> •^i> •^s 

lespectively. 

56. Statement on the position now reached. The projective plane. 

It IS now time to pause and look back over the whole ground 
which we have covered. 

The outstanding feature is that we have developed a theory 
of the projective transformations of a line or plane (the term 
“ coUineation ” being used in regard to a plane) which corresponds 
to the algebraic theory of homogeneous linear substitutions in- 
volving three complex variables. And, in accordance with this, 
the properties of configurations of points, lines and conics on 
which we have concentrated have been those which are invariant 
under projective transformations. These studies, so far as they 
go, constitute the projective geometry of the plane. 

A particular aspect of the theory has been the treatment of 
the metrical geometry of the plane as a branch of projective 
geometry in which special significance is attached to two jioints, 
which we have named the circular points 

The whole projective theory may evidently be applied to any 
aggregate of entities which are in (1, 1) correspondence, without 
exception, with the tersets [*, y, z], excludmg the terset [0, 0, 0], 
where x, y, z belong to the field of complex numbers, if we agree 
to generalise the meaning of certain words in the followmg manner. 
By “ point ” we mean one of these entities, and by “ co-ordinates 
of the point ” we mean a corresponding triad {x, y, z). By “ line ’’ 
we mean the set of “ jioints ” whose co-ordinates satisfy a homo- 
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geneouB linear equation ; by “ conic ” the set of “ points ” whose 
co-ordinates satisfy a homogeneous quadratic equation; and so 
on. Such an aggregate of entities is called a projective “ plane," 
relative to the field of complex numbers. And, by taking n 1 
complex variables instead of three, we may de^e in a similar 
a, projective space of n dimensions, relative to the field of complex 
numbers. 

As examples of this procedure, we may mention the following 
cases. First, let “ point ” be the aggregate of all proportional 
triads of complex numbers, (0, 0, 0) being excluded. The 
aggregate of these “ points ” is a projective plane. Secondly, let 
“ point ” refer to a tangent to a come, as already defined; the 
aggregate of these “ points ” is a projective line. 

For a detailed discussion of the circumstances in which an 
aggregate of entities constitutes a projective space, the reader is 
referred to H. F. Baker’s Principles of Geometry (Cambridge), 
where further references to the hterature may be found. And 
for the general theory of projective space of n dimensions, there 
is E. Bertmi’s Introduzione alia Geometna proiettiva degli Iperspazi 
(Messina) 

We have spoken of a “ projective space, relative to the field 
of complex numbers.” It is not necessary to consider only the 
algebra of complex numbers; we may consider instead the 
algebra of other fields of numbers Without needing to enter 
into all the questions involved, we illustrate these remarks by an 
interesting example ; Fano’s “ plane ” of seven “ points.” 

It may be proved that there exist ” finite projective planes,” 
that is : “ planes ” which contain only a fimte number of 

“ points the number of such “ points ” is necessarily of the 
form 1 -f p" -f p^, where p is a prime number , there are 1 + P" 
“ points ” on every ” hne ” and 1 -)- p" ” lines ” through every 
“ point.” Taking p = 2, n=\, we get Fano’s “ plane.” 
Taking A, B, G, D, E, F, G to denote the “ points,” the “ lines ” 
are given by the columns m the array 

A B C D E F Q 

B C D E F 0 A 

D E F G A B C. 

Algebraically, Fano’s ” plane ” may be represented as follows. 
The “ points ” are all triads of integers {x, y, z), where each of 
X, p, 2 is 0 or 1, but all are not 0. Tliree “ points ” are in “ line ” 
when the sums of the corresponding co-ordinates, taken modulo 
2, of two of the “ points ” give the co-ordinates of the third 
“ point.” For example, the “ points ” (1, 0, 0), (1, 1, 0), (0, 1, 0) 
are m “ line.” 

The order of the group of “ projective collineations ” in a 
” plane ” of 1 + p" p*" “ points ” is p®"(p®" — l)(p®" — 1). 
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Hence, by a theorem due to Cauchy, there is a " projective 
eoUineation ” with period equal to any prime factor of this 'ftrder ; 
and, in any case, there is one of period 1 + If « = 1, 

every “ collineation ’’ is necessary projective. 

In the case of Fano’s “ plane,’’ we may therefore look for a 
“ coUineation ” of period 7. In the first representation, this 
corresponds to the transformation which shifts each letter cyclically 
one step to the right. Algebraically, it may easily be verified 


A 



Fro. 101. — Bepkesentatioit of Fano’s “ Plane ” of Seven “Points ’’ 

that, multiplication being modulo 2, the equations z = z', 
y = a:' + 2 ', z — y' represent a “ collineation ” of period 7. 

[In regard to this example, it may be helpful to “ represent ” 
the “ plane ” by points of a real euclidean plane as follows. Let 
ABC be a triangle and lot F be a point off the sides. AF, HF, 
CF meet BC, CA, AB respectively in E, 0, D. The “ lines ” of 
the Fano “ plane ” are then represented by the lines already 
mentioned, together with the come touching the sides of the 
triangle at E, 0, D (Fig. 101).] 

The reader who is interested in finite projective geometry 
should begin by turning to Veblen and Bussey, “ Finite projective 
geometries,” Trans. Amer. Math. 80 c , 7 (1906), 241-259. 


CHAPTEB Vn 

RATIONAL CURVES 

67. Geometry on a rational curve. Multiple correspondences. 

(i) Regular parameterisation of a rational curve. — We suppose 
from now on that we are dealing with a general projective plane 
relative to the field of complex numbers. 

Let 

Xi = i = 1, 2, 3, 

be parametric equations of a rational curve C of order n. We 
have remarked, in section 27, and prove, in section 58, that it is 
always possible to choose the parameter t so that, for all but a 
finite number of points, there is one value of t corresponding to 
each point of the curve and vice versa. We say that C is then 
regularly paramelerised and call I a regular parameter (or representa- 
tive parameter, according to Baker). 

(li) Multiple points. — C beii^ regularly parameterised, let P 
be a point at which t takes r distmet values ,tt. Then 

The equation of a line L through P has the form 

Xi Xg Xj K 0 

Oi(«i) OzC^i) (hih) 

ii I 2 Ig 

and it meets C in the points whose parameters are given by the 
equation of degree n in f 

<^(<) s ai(t) Oglt) ag(t) = 0. 

®l(tl) ®2{ti) * 3 (^ 1 ) 

h ^3 

This equation clearly has ti, tg, tr as roots ; let these occur 

to multiplicities s^, Sg, a, respectively for general values of 

li, Ig, Ig. Then P has the property that a general line through the 
point meets C there -f- Sj + • • • + times and meets C else- 
where n — -f- + • ■ • + Sr) times. We therefore say that 
C has a point of multiplicity aj Sg . -j- a, at P. 

(ill) Branch of a curve. — ^Representing the complex parameter 

t on an Argand diagram, the values ti,tg U oit correspond 

' 244 
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I 

to r distinct points in the diagram. (Perhaps we should emphasise 
that “ point ” in the Argand diagram has a different sens^ from 
“ point ” in the projective plane.) Consider any domain of which 
the Argand point U is an interior point and which does not contain 
any other of the particular set of Argand points. The points of 
C which arise from the values of t in this domain are said to 
constitute a branch of C at P. For ordinary purposes, all branches 
of C at P arising from all domains chosen, as described, about 
U are regarded as equivalent ; and we therefore speak of the branch 
of C at P which corresponds to 6. It is evident that a general 
line through P meets the branch times at P; therefore we 
say that the branch has a point of multiplicity St at P. The 
curve C has, then, r branches at P, these having multiplicities a-i, 
« 2 > . • • , at the point. 

It is to be noticed that the multiplicity of P for C is greater 
than or equal to the number of branches of C at P. 

Ex. 1. The cubic curve = x^(x — z) is parameterised 
regularly by the equations a: : y : z = 1 + <* : < + : 1. It has 

two branches at the point (0, 0, 1). This point has multiplicity 
1 for each branch and multiplicity 2 for the curve. 

Ex. 2. The cubic curve has the regular parameter- 

isation x : y : z = t^ : fl : 1. It has a single branch at the point 
(0, 0, 1) which has multiplicity 2 both for the branch and for the 
curve. 

(Iv) The Idea of geometry on a curve. — The theory of the 
structure of multiple points on an algebraic curve, of which an 
indication has just been given, is developed in more detail later 
in this chapter. For the present we ne^ only to bear in mind 
the following remarks. 

The multiplicity of the point P for C comes into prominence 
only when we consider the curve in relation to the containing 
plane and may therefore be described as a notion belonging to 
the geometry of the plane. However, if we restrict attention to 
just those points which belong to the curve, we are led to the idea 
that, corresponding to the values . . . , ^ of t at P, C has 
at P a set of r places (to use Bakers word), one on each branch 
there. Relative to continuous variation of the parameter t, each 
place is distinct ; ‘ but, relative to the plane, each place coincides 
with the same point in the plane. The idea of place, then, 
belongs to the geometry an the curve. 

(v) Multiple correspondences.— Let A, p be variables con 
nected by a relation of the form A(A, p) = 0, whore 

A{X, ;*) s S S ajjAy ; 

i-O jmO 
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f 

which may be rewritten in the form 

% 

A[(A, fi) s agfi” + a,/t" ~ ^ + . . . + a«, 
where the o< are polynomials of order m in A ; or in the form 

^(A, fi) s fioA” + 6iA" - 1 + . . . + 6m, 

where the 6< are polynomials of order n in ja. 

Each value of A determmes n values of /i, in general distinct 
and variable with A; and each value of fi detei mines m values 
of A, in general distinct and variable with /i. If, then, A and ja 
are the non-homogeneous parameters of places P and Q re- 
spectively on a regularly parameterised rational curve C, there is 
set up on C a correspondence between the places. Each place P 
gives rise to n corresponding places Q, in general distinct and 
variable with P ; and each place Q inversely gives rise to m places 
P, in general distinct and variable with Q The correspondence 
is called an algebraic muUiph, more particularly an (m, n), 
correspondence, and m, n are called its indices. 

If By, JSj, . . , Bn are the positions on the curve of Q which 
arise from the position A of P, we say that A corresponds directly 
to By, By, , . . , Bn, and symbolise this by writing 

T{A) = By 4- ^^2 -t- . . . -f- Bn> 

If we wish only to indicate that B, is a particular place arising 
from A, we symbolise this by writing T(A) D B,. 

For a particular value of A, the resulting equation in p has 
repeated roots. If such a root occurs r times, the place B,, 
whose parameter has this value, is to be counted r times in the 
set of places to which A corresponds directly We write 
T{A) Z^rBj. 

Similarly, if Ay, Ay, . . . , Am are the positions of P on the 
curve which arise from the position B of Q, we say that B 
corresponds inversely to Ay, Ay, . . . , Am, and symbolise this by 
writing 

T~^B) = Ay Ay -^m, 

T-HB)oA,; 

and, as just indicated, it may be necessary, for particular positions 
of B, to count a corresponding place A, more than once. 

It is clear that T{Ai) 3 B, and T-\B,) D A,' 

The correspondence is said to be reducible when the polynomial 
.4 (A, p) factorises ; otherwise it is said to be irreducible. 

The particular correspondence, represented by the equation 
A = /i, is called the identical correspondence. For this the letter 
I is used in place of T. It is clear that is the same as I. 

It is useful to remark that a non-singular bilinear change of 
parameter on the curve gives a new regidar parameter and does 
not alter the indices of the correspondence. 
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Thus if 

A = (ijA' + q)l{rX' + a), ft = + 9)l{rp-’ + «), * 

with pa + qr, so that to each place corresponds one value of the 
new parameter, and vice versa, the equation ^1(A, ft) = 0 becomes 

S S dtjipX' + qy(rX' + 8)”'-'(pp' + q^rp' + a)" = 0, 

t»0 jt»0 

which may be rearranged in the form 

^'(A'.ft')^ S 2 au'AV' = 0; 

k-O 2=0 

and to each factor of A(A, /t) corresponds a factor of A'(A', p'), 
and wee veraa. 

Ex. 3. An irreducible (1, 1) correspondence is a projectivity. 
Ex. 4. An (m, n) correspondence is determined by 
mn + m + « pairs of corresponding places P, Q 

Ex. 6. If T(P) contains a fixed place, with parameter b, the 
correspondence is reducible, and ft — 6 divides A(A, ft). And if 
T-^Q) contains a fixed place, with parameter a, the correspondence 
IS reducible, and A — a divides A(X, ft). 

(vi) United places of a correspondence. Chasles’ formula. — 

If T{P) 3 P, then also T-\P) D P. We say that P is a united 
place of the correspondence. The united places are determined 
by the equation 

A(A, A) = 0, 

which is of order m + to in A. Therefore the number u of united 
places is given, in general, by 

TO = wi + TO. 

This is Chasles’ formula. 

Exceptionally it may happen that the equation A (A, A) = 0 
has repeated roots In order to preserve Chasles’ formula, we 
decide that, if a root (which may be oo ) occurs to multiplicity r, 
the place whose parameter has this value is to count r times in 
the set of united places. 

Or it may happen that the equation A (A, A) — 0 is satisfied 
identically by all values of A. This is a necessary and sufficient 
condition for A — fi to divide A (A, fi). The correspondence is then 
reducible, unless it is I itself, and every place is a united place. 

In order to investigate the behaviour of the correspondence in 
regard to a particular place on the curve it is sometimes con- 
venient to rely on the result at the end of part (v) and, if necessary, 
effect a preliminary linear change of parameter so that at the 
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partioi^r place the new parameter takes an assigned value, say 
0. With this in mind, it is easy to prove the following statements. 

Ex. 7. If T{P) "^rP, f ^ 1, then P counts, in general, just 
once m the set of luiited places. 

Ex 8. If P(P)3rP. and T-HP)OsP, with r>2,s>2, 
tuen P counts, in general, just twiVie in the set of united places. 

Ex. 9. If T{P) 3 rB, where B is fixed, then B counts r times 
in the set of united places. 


* Branch places of a correspondence. Zeuthen’s formula.— 

Although, m general, the places in the set P(P) are distinct, there 
are p^itions of P for which two or more places of the set T(P) 
comcide. Such a position of P is called a branch place of the 
transformation T. If only two places in the set T{P) coincide 
the brMch place P is said to be simple-, and the place which is 
counted twice in P{P) is called a double place of T. 

The parameters of the branch places of T are obtained by 
ehmmatmg p, from the equations 


Orfi." + Oi/i* -1 + ... 4- a, = 0, 

norft"-! + (m - Dfflj;*"-* 4. . . . + p 0. 

The rwultant is of order 2(m - 1) in the coefficients o,, and there- 
r — 1) in A If, as occurs in general, the roots 

r ^ a™ distinct, the number v’ of branch places 

01 T IS therefore given by ^ 


v' = 2m{n — 1). 


Simi^rly, there is a set of branch places associated with the 
inverse transformation P-i; and the number v of these is given 
m general, by ® ’ 

V = 2ra(m — 1), 

Combinmg the two equations just obtained, we have 


V — V 


= 2{m — n), 


a formula due to Zeuthen 

Zeuthen’s and Chasles’ formulae are capable of generalisation 
wth si»cifio modifications to the theory of multiple correspon- 
dences between irrational curves, and are of fundamental imW- 
tance m that theory. ^ 


(vIU) Symmetrical correspondences.— A correspondence is said 
to be symmetnml if m = n and = ou for all i, j. Such a 

correspondence IS determined by im(n» + 3) pairs of corresponding 

pla^. It ^ the property that, if T(P) 3 Q, then TIQ) 
Conversely we prove that, if an irreducible correspondence has 
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the properties that m — n and that, for all positions of P, 
T(P) D Q implies T{Q) 3 P, then the correspondence ^ sym- 
metncal or el^ is the identical correspondence. 

The identical correspondence clearly satisfies the conditions of 
the hypothesis. Apart from this case, the h 3 rpothesis of irre- 
ducibUity implies that at lea^t one place on the curve is not a 
united place. Choosing such a place, we may suppose that a 
non-singular bilinear change of parameter has been effected, if 
necessary, so that the parameter of the place has the value oo ; 
then Omm 0. 

When A takes the value c, let the corresponding values of /x 
be d^, d^, , dm. Then, when /x takes the value c, the correspond- 
ing values of A will be dj^, d^, ..., dm The equation in /x 

ao(cK + + • . • + flm(c) = 0 

has therefore the same roots as the equation in A 

6o(c)A’" -f 6i(c)A“-i + ... + bm(c) = 0. 

Therefore 

Q^o(c) Qi(c) am(c) , 

bo(c)~b,(c) 6„(c)’ 

and these equalities hold for all values of c. 

Expressing the ffl„ 6, m terms of the ctij, it follows that 

Sa,jC‘ SahnC* 

I k 

that is 

S (a,jam* — + * = 0, for all c, j ; 

•. * 

and therefore 

s {a^jOLmt — ot^oLkm) = 0, for all j. 

i + confltant 

In particular, by taking i k = 2m, we have 

— 0, for all ] J 

whence, smcfe Omm + 0, 

, ou, = 0 ^, for all j. 

The rest follows by the principle of finite induction. Let us 
suppose that we have proved that, for all j, ctij = o^, for » > r ; 
we have to prove that Orj = «jr for all j. Now 

S (a^On* — OjiXtm) — 0; 

<+t-f + m 

therefore 

t + t = r+ I7> 
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• 

where the dash indicates that i, k are not to take the values r, m 
respectively. Since = atm, as already proved, the expression 
on the right may be rewritten as 

— S' a„,i{a,j — 0^,). 

t4 

In this summation the pairs of values available for i, k are r + 1, 
m — 1; r + 2, m — 2; m, m —r\ and, for each of these 

available values of t, we have a,j = ct^. Therefore the sum 
S' IS zero, and Orj = o^. Thus, for all values of », j, ol,j = Ojt. 

Ex. 10. In a symmetrical correspondence, if T{P) D rP, 
r ^ 2, then P counts, in general, twice in the set of united places. 
Conversely, if P counts twice in the set of united places, 
T{P) 3 rP, with r ^ 2. 

Ex. 11. If a symmetrical (m, m) correspondence has more 
than 2m united places, each united place being counted with its 
appropriate multiplicity, the correspondence is reducible and its 
equation may be expressed in the form (A — /i)*B(A, fi) = 0, where 
B{X, /x) = 0 is the equation of a symmetrical (m — 2, m — 2) 
correspondence, or a constant in the case m = 2. 

[We may usefully remark on the proof of this statement. Let 
the equation of the corremondence be Sa,jA'/*^ = 0 , and put 
X + =s 2x, X — n = 2y. The equation then becomes f{x, y) — 0, 
where 

/(x, y) = Sa,^(x + y)'{pc - yy. 

Since = o^„ /(x, y) = /(x, — y). The polynomial /{x, y) 
therefore contains only even powers of y. And since there are 
more than 2m united places (which are given by y = 0), we have, 
identically, f(x, 0) = 0. Therefore y* divides the polynomial /(x, y). 
The remainder of the proof follows from the proceeding text.] 

(ix) Involutions. 

(a) Let A be any place on the curve, and let T(A) = 5j-f- 
B 2 + ... + Bm, the correspondence being supposed irreducible. 
Then it may happen, as in the case of an ordinary involution of 
pairs of places, that, for all positions of A and for all values of i, 
T{Bt) — A Bi -|-. . + + + i + Bm. The corre- 

spondence, which is then necessarily S3nnmetric£ll, is said to be 
involvlory, and the aggregate of the sets of places A, B^, . . . , 
Bm is called an involution of order m -f 1 ; each place on the 
curve belongs to just one such set. 

We prove that the sets of the involution are determined by 
an equation of the form 

+ PlT" + . . . +Pm + i) 

+ v(got" + ' -f ?i7« + ... + + = 0, 

there being one value of a for each set. « 
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Let the equation of the correspondence be given in the form 

- 1 + . - + am(A) = 0, 

where the a< are polynomials of order m in A, with no common 
factor, and at least one of them has a non-zero term in A™. Then 
let m -f- 1 polynomials Ct(A) defined by the identity in [i 

^ ^ “1“ ®i(AV“ + • • • "i" Cm + j(A) 

= (/* — A)(Oo(A)/i’" + ffli(A)/t““ 1 Om(A)). 

The pol 3 momials Ci(A) are connected with the a<(A) by the 
relations 

c,(A) s tn(A) — Aa<_i(A), i = 1, 2, . . m, 

Cm + i(A) = ^m(A)* 

From these it follows that at least one polynomial Ci(X) has a 
non-zero term in A’"'^^. 

Next, let $1, 6^, ... ,dn be the values of fi corresponding to the 
value 6 of A. Smce the correspondence is irreducible, 6 differs 
from each of 6^, 6^, . . . , except for particular values of 0. 
Moreover, two of the numbers 0., 0^, . . . ,0^ are equal if and only 
if 0 is the parameter of one of tne Wte number of branch places 
of the correspondence. Thus, except for a finite number of sets, 
the numbers 0, 0z, 0m are distinct. 

We now observe that 


^ ^ + . . . + Cm , ,(0) 

S a^{9) . (ji — 0)(ji — 0i) . . . (jl — 0m) , 
and, by the involutory hypothesis, that 

+ CilW + . . . + Cm + ,(0i) 

= Oo(0i) . 0* — — 0j)...{li— 0m). 

Therefore 


c<(g) ^ 

Ci(0-y) Oo(^l)' 


I = 1, 2, . . . , m -j- 


1 . 


Replacing 0^ hy 02, ... , 0m io turn, we have 


Ci(0) ^ Ci(0i) 
Oo(^) “o(^i) 



m 1. 


Let c,(t) have a non-zoro term in t”* + and let a, = — Cr(0)/ao(0) 
Then the polynomial in t, of order m + 1, 


Cf(T) -I- ff/lo('^) 

vanishes for the m -1- 1 distinct values 0,0^ flm of t. That ^ 

is to say, the sets of the involution are determined by the equation * 


c,(t) -f VOoCt) = 0, 


eachfSet corresponding to a particular value of a. 
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It is to be noted that, if ci(r) has a zero term in t” S then 
Ctir) +^t<Oo(t), where at ?= — c,{9)lao{0), is identically zero, being 
a polynomial with more zeros than its order. Further, if e,(r) 
is another polynomial with a non-zero term in t" there is an 
identity of the form c,(t) -|- a/toir) = k„{c,{T) -f ff,.ao(T)), since 
each side is proportional to (t — d%T — di) . . . {t — 6m). 

Ex. 12. Show that 

Oo(<>)/1’» + 1 + C^{e)fL” + ... + Cm^ r(6) = ao(6)A(fi) + Cr(e)C0i). 

where 

A(fi) S fj,”‘ * ^ S (kifffr — C(fJ.)= S 

»-l 1=1 

(6) Conversely, let a, p be any two different values of t which 
satisfy, for some value of a, the equation 

P(t) -1- aQ(r) = 0, 

where the polynomials 

P(t) = 1 -f JPiT™ + . . , -j- Pm + 1, 

G{t) = ^ + . . . + g« + 1 

have no common factor. 

Then, smce 

P(a) + ffG(a) = 0 = P(P) -f aQO), 

we have 

P(a)(2(p) - P(P)(2(a) = 0. 

Thus the equation 

^(A,ri.£WCW,-^WW)..0 

A fJL 

is satisfied by A = a, p = p. 

This equation represents a symmetrical (m, m) correspondence 
between A, fi Regarding A as any one root of the equation 

P(t) -f- (7Q{t) = 0, 

for the value — P(A)/Q(A) of v, the remaining roots of this equation 
in T are the values of /i given by .4(A, /*) = 0. The (m, m) corre- 
spondence is therefore involutory. 

(x) Extensions of the theory. — Just as in the case of projective 
tran^ormations, it is clear that the algebra of this section may 
be used to develop, in an obvious way, a theory of multiple 
correspondences between the places of two rational curves, 
between the lines (using the term in the same sense as “ place ”) 
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of two rational envelopes, and between the places of a rational 
curve and the lines of a rational envelope. In the oaoe of a 
multiple correspondence between the elements of two different 
rational aggregates, there is no place for the notion of united 
element ; but the notion of branch element continues to apply, with 
fundamental importance. 

If, then, we regard o as a regular parameter on a rational 
curve C', the theorem of part (ix) asserts that there is an (m + 1, 
1) correspondence between the places on the curve C, containing 
the involution, and the places on C', such that the sets of the 
involution correspond to the points of C'. We say that the places 
on C' map or represent the sets of the involution ; and, since C' 
is rational, we say that the involution is rational. 

The theorem of part (ix) may thus be expressed in the terms : 
every involution on a rational curve is rational. This is a theorem 
of considerable importance in algebraic geometry. 

68 . Liiroth’s theorem. 

Let C be a curve, defined by the equations 

*1 • ~ fti^) • fii^) ’ faWf 

where the /< are polynomials which have no common factor in- 
volving 6 and are not all constants We prove that there exists, 
and show how to find, a regular parameter, expressible as a 
rational function of 9. 

First, a necessary and sufficient condition that C should be 
a line is that constants a^, Uj, 03, not all zero, exist so that 

®i/i(®) ■!* “I" 

In this case suppose that Og a 0 ; fi{9) and /^{O) cannot both be 
zero, so suppose f^{d) A 0 and define a by the equation 
/i(^) = if/i(fl)+ 0, and by/gCff) = if/i(0) a 0. 

The equations of C then take either the form 

*1 ! ®2 ■ *3 ~ ®3® ' ®3 • — ®1® — ®g» 

or else ^ = 0 :1 :a. 

Thus (7 is a regular parameter. 

Now let us suppose that C is not a line. Then the /< are 
linearly independent ; in particular, no two are proportions. 

Let (^i) be a general point on the curve. The equations 

= 0. »,y = l,2, 3, ifj, 

have a certain number m of distinct roots 6 fin, in 

common. If m = 1, 0 is a regular parameter, and vice versa; we 
suppose therefore that m > 1 and then we have 

fiiOi) : ■ f3(^i) = M^i) ■ », J = 1, . . . , TO. 
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None of t^e numbers 8, is fixed ; for then the f{{d) would be 
propovtional to constants, which is excluded. Nor is any Bt a 
multiple root for all the equations; for then the equations 

would have a common root, and (^,), instead of being a ^neral 
point on C, would be at one of tne intersections of C with the 
curve 

Replacing ft by it follows from these remarks that 

M{0, Br), the greatest common divisor of the polynomials. 

m)m - m)A{ 6 ). ». i = i. 2. 3. i =*= j, 

is given by 

M{8, Br) = k{8 - Bi)(8 B„). 

where k is independent of B. 

Now let us take any line L and denote by A, fi values of a 
regular parameter on this line. Then the equation 

has coefiScients which are expressible rationally in terms of the 
coefficients of f^, Uh and determines a symmetncal (w — 1, 
TO — 1) correspondence on L. Regarding fi as any one of the set 
of numbers 6^, B^, .... Bm arising from the point (f,) = (/i(/*)), 
the corresponding values of A given by A{X, fj,) = 0 are the 
remainder of this set of numbers. The (to — 1, to — 1) corre- 
spondence is therefore involutory. 

Writing if (A, /*) (= (/x — X)A{X,n)) in the form 

^ "I" ' • • 4" Cm(A), 

we have seen (section 67 (ix)) that, if c,{X) has a non-zero term 
in A™ (and this occurs for some value of s), then Bm 

are the roots of the equation 

c,{B) -}- (7Oo(0) = 0, 

for a definite value of a. There is thus one valtie of a for every 
point {^i), and vice versa. 

The polynomial in B 

vanishes for B = B^, B^, . . . , B^ and is therefore divisible by 
c,{0) -J- aaQ{B). Expressing the fact that the remainder, which is 
hnear in and rational in a, is identicaUy zero, we obtain the 
ratio as the ratio of two polynomials in a. Performing this 
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operation for all values of i, j, we derive equations for C with or 
as a regular parameter. ^ 

Ex. 1. Discuss the parameterisation of the curve 

: *2 : *8 = 6(0* + 1 ) : ( 0 * - l){e* + 1 ) : 

[Here M(X, ft) = + /i(l —•A*) — A. We therefore form the 

expression (1 — -|- aO, and divide it into each of the expressions 

- 1) - xSiO* + 1), 
x,e^ - x^e(e* + 1); 

but clearly the process will give the same ultimate result if instead 
we divide mto 

Xi(0‘ — 1 ) — 

— Xi(0* + 1). 

The remainders are respectively 
0(oX^ ^2^) 

(ad + l)(Xi — (2 + a^)x^). 

Smce these vanish identically, we have 

*1 : *2 : *3 = (2 + o*) : cr{2 + a*) : 1 

as the required regular parametric equations, with a = (0* — 

Ex. 2. Show that the ordinary equation of this curve is 
x^^x^ = — 2x3), that the curve has a double point at 

(0, 0, 1), there being two branches there. 


69. Algebraic ( 2 , 2) eorrespondenees. 

In the previous two sections we have been concerned with 
geometry on any rational curve. It is worth while now to 
illustrate the theory by reference to (2, 2) correspondences ; and, 
we shall see, there are interesting aspects of geometry in the plane 
associated with the particular ration^ curve selected for discussion. 

(i) Symmetric (2, 2) correspondence on a conic. — ^We choose 
for consideration an irreducible conic C, which we may take to 
have the regular parametric equations x :y : z = t* :t : 1; here 
“ point ” and “ place ” have the same significance. On C we 
consider the general symmetric (2, 2) correspondence ; the 
equation of the correspondence may be put in the form 

A*(a^* + hft + g) + + bn -f /) + (p/t* -\-fn + c) = 0, 

which may also be written as 

aA®/a* -j- 6A^ -|- c -\-f(X -i" /a) -j" p((A -j- /*)* — 2^) “h AA^(A /t) = 0. 
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In the first form the equation shows that a necessary and 
suffi^ent condition for two points on C to correspond under T is 
that they should be conjugate relative to the conic S whose 
equation is 

ax* 4- hy* + cz* + 2fyz + 2gzx + 2hxy = 0; 

and, in the second form, the equation shows that another necessary 
and sufficient condition is that the line joining the two points (a 
tangent to C when the points coincide) should belong to the conic- 
envelope S given by 

on* + brd + cl* —flm 4- g(in* — 2rU) — hmn — 0. 

The united points of T are the points common to C, S ; these 
are also the points of contact of the tangents to C which belong 
to 2. The harmomc conic-envelope of C, S is 2. 

Ex. 1. A necessary and sufficient condition that the points 
corresponding directly to any point P on C should be the points 
corresponding directly and inversely to P under a projectivity is 
that the conic associated with 2 should have double contact with 
C. 

[It is enough to remark that when this double contact occurs 
the equation of 2 takes the form 

{pi qm rn)* = k{m* — 4ral), 
and the equation of T is then 

{P — + /*) + — y.)*. 

This equation may be written as 

{p — 3(A + y) + r\i — ¥(X — fi)}{p - g{A + y) + rXy 

4* i:*{A — y)} = 0. 

Each factor on the left, equated to zero, represents a projectivity ; 
and each projectivity is the inverse of the other.] 

Ex. 2. A necessary and sufficient condition that the points 
which correspond under T to P should be the mqtes of P in a 
pair of involutory projectivities is that 2 should consist of two 
pencils of hnes. 

(11) A theorem due to Poneelet. — Let C be an irreducible conic 
and 2 be an irreducible conic-envelope such that there is a 

polygon A 1^2 . . . (n^ 3) whose vertices Aj, Aj, , An lie 

on C and whose sides A^Aj, AjAj AnA^ belong to 2. We 

prove that there is an iMnity of such polygons. 

This theorem has already been considered from another point 
of view in the cases n = 3, 4 in sections 22, 43 respectively. 
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Let Pj be a general point on C. Through P^ pass two lines 
of 2 ; we choose one and let this meet C again at P, ; through 
Pj passes one more line of £ which meets C again at a point P, ; 
. . . ; through P» passes one more line of S whioh meets C again 
at a point P» + 1 (Fig. 102). We have to prove that P« + 1 is P^. 

Suppose that this is not 
the case. Then, in virtue of 
the choice available at the 
outset in this construction, 

Pi, P« + 1 are corresponding 
pomts in a symmetric (2, 2) 
correspondence, which is 
clearly algebraic. Now if we 
take Pi at any one of the 
points .A 1, .dj, ..., dnboth 
of the corresponding posi- 
tions of Pn + 1 coincide with 
P,. Hence, by the result 
of Ex. 10 of section 67 
(viii), each of the points Ai, A^, . . . , An counts twice in the set 
of united places of the correspondence. The correspondende thus 
has 6) united places , it is therefore the identity corre- 

spondence taken twice by Ex. 11 of section 67 (viii). This 
contradicts the assumption which is therefore false. 

Hence P„ + 1 is P^ ; and the theorem follows. 



Fio. 102 . — Foncelkt’b Theobxh nr the 
Cask n = 4 


Ex. 3 Referring to the text, show that, in general, if there 
18 no polygon such as djdj . . A„, then P]P» belongs to a conic- 
envelope S' , and C belongs to the pencil of conics determined by 
the conics associated with S, S'. 


(ill) The involutory ease. — Yfe now enquire into the case where 
T is involutory. Each point on C is then one of a triad of points 
which are the vertices of a triangle self-polar relative to S and 
whose sides belong to S. Therefore C is outpolar to S and S is 
inpolar to S. A necessary and sufficient condition for this relation- 
ship is the vanishing of a relative invariant of C, S, whioh is 
here expressed by 

' ea — g* = hf — bg. 

This condition, together with other information, may also be 
reached by direct algebra €» follows. In the notation of section 
57, we form the expression (/a — A)d.(A, /i), which here is 

/**(oA* hX -}* g) -}“ /**((AA* -f- 6A f) — A(fflA* -f- AA g)) -|- 
p((gA« -t-/A -f- c) - A(AA» + bX +f)) + (- A(gA« +fX + c)); 

this is the polynomud + M*Ci(^) + l^tiX) + c^iX) in the 
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general notation. We have next to express the fact that, given 
anyeiumber o, there exist numbers a\ a", k\ k" such that 

Ci(A) — <7 'oo(A) = *'(c 3(A) — oOo(A)), 

CaCA) - <7"ao(A) ^ k'^c^iX) — ctOo(A)). 

The arithmetic is straightforward and leads to the necessary and 
sufficient condition ca — = hf — bg. 

The sets of the involution are then determined by any one of 
the equations c<(A) — dao(A) = 0, in which 0 varies from one set 
to another. For example, the triads are determmed by the 
equation 

— A(3A® + /a -|- c) — 6{a\* + AA + ff) = 0 i 

therefore each set consists of the points common to C and a conic 
of the pencil 

+f^ + + ^(02* + hyz + jrz*) = 0 , 

excluding the fixed common point (1, 0, 0). 

Ex. 4. P, Q, R and P', Q', R' are two triads of the involution ; 
A is any fixed point on C. An arbitrary conic through P, Q, 
R, A meets an arbitrary conic through P', Q', R\ A in t^ee 
points B, C, D besides A. Prove that the sets of the mvolution 
are the sets cut on C, apart from A, by the conics of the pencil 
through A, B, C, D. 

60. Remarks on algebraic curves In general, with particular 
references to rational curves. 

In this chapter we are primarily concerned with rational curves. 
It is desirable at this stage to make some elementary observations 
which apply to all algebraic curves m a plane and, on the basis of 
these observations, to gam further insight into the structure of 
rational curves. 

(1) Linear conditions. — ^We consider first the linear system of 
all curves of order n. The number of homogeneous products of 
degree n in three variables is \{n + l)(7i + 2); in the equation 
of a curve only the ratios of the coefficients of these terms are 
significant; the system is therefore 00 *"^" + *^ or of freedom 
in(n + 3). 

To constrain a curve to pass through a given point is one 
linear condition on the coefficients in the equation of the curve. 
There is therefore just one curve of order n which can be put 
through \n(n + 3) given points, provided that these present 
independent conditions : that this is the case if the points are 
in sufficiently general positions we now prove. Let us suppose 
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that it has been proved that r points can be found to present 
independent linear conditions, with r < + 3) ; we havtf just 

seen that 1. Taking r such points, the curves of order n 
through these form a linear system of freedom + 3) — r. 
These curves may, as examples to follow will show, contain other 
fixed points in consequence of passing through the r assigned 
points. An (r + l)th point, different from any of the fixed common 
points, will then impose one more independent linear condition. 
Proceeding inductively, we may thus select, in many ways, 
\n{n + 3) points of sufficient generality to present independent 
linear conditions and so to belong to just one curve of order n. 


Ex. 1. The pencil of cubic curves + Xv^v^v^ — 0, 

where the tti = 0, vj = 0 are lines, no three of which are con- 
current, contain the nine points given by = 0, i,j = 1, 2, 

3. The mne points therefore present eight, or fewer, independent 
linear conditions to cubic curves. Prove that, in fact, they present 
precisely eight independent conditions. 


(ii) Intersections of a curve and a line. — Let (y,), {zt) be two 
different points in the plane of the curve C, determined by the 
vanishing of a homogeneous polynomial /(x^, x^, Xg) of degree n. 
Every point on the line joining the two pomts has co-ordinates 
of the form (Ay, -f- ju,z,). The ratios of A, fj. for the points on the 
line which belong also to C are given by the equation 

/(Ayi -f /xzj, Ayg + (tz^, Ayg + fiz^) = 0. 

This equation may be expressed as 
y*. Vs) + V/(yi, yg, yg) 

+ ^2^ y2> ys) + • • . = 0, 

where 

T7- 3 . 0 , 9 

If this equation is satisfied identically, the curve is reducible 
and consists of fhe hne together with a curve of order n — 1. 
Otherwise, it follows that the curve meets the hne in precisely n 
points, some of which may coincide or be infinitely near, accordmg 
to the conventional language adopted ; this we have remarked on 
in an earlier section. 

More generally, a similar argument proves that a curve of 
order n meets a rational curve of order m in nm places, some of 
which may be infinitely near on the rational curve, or else contains 
the curve as one component, for which necessary and sufficient 
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conditions are m <.n and that there should be at least wm 1 
plao6d of intersection. It follows that mn + »■ 1) plaoM on 

the rational curve present just mn + 1 independent linear 
conditions to curves of order n. 

Ex. 2. A set of » + r (r > 1) points on a line presents just 
n + 1 independent linear conditions to curves of order n. 


(Ill) Simple and multiple points.— If /{yi, y*. yt) =f 0 but 
yf(Fi> Fa) “ ^ 0 * identically zero, the ^int (y<) is said to be 
on C. Then every Ime through the point has n — 1 
intersections with C, different from (y<) except in the case of the 
line 

_ Vit Vi) I y( yi» ys> Fa) _L ^ y(yi» ys> y») _ n 

which has at least two intersections with 
C at (tfi). 

This line is called the tangent to C at 
(y {) ; if C meets it more than twice at the 
point, the point is called an inflexion and 

FIO. lOa-SiMPusPomr the tangent is called an 

AKD Tangent In g6n6ZMy & simplo point IS not inlloxion&l 
(Fig. 103). 

Before continumg, it is desirable to quote Euler’s theorem for 
a homogeneous polynomial. We require this in the forms 





nf. 


ga + » -t-e -f ir 


ga + a + y 

9yi%a*3y8*’ 


where / stands for f{yi, y,, y,) and is of degree n. 

By Euler’s theorem, if all the (r — l)th partial derivatives of 
f(yi> Vi) Vs) vanish, so do all those of less order and so does 
f lvv ya> Fa)- Suppose that this is the case but that at least one 
rth partial derivative does not vanish. The equation in A, ft. 
becomes 


^'V7(yi, y^, Vi) + 


T 


In - r ~ l,,r + 1 ^ 

— V' + V{Fi. Fa. Fa) + . • . = 0. 


Every line through (y<) is met by C in » — r points different from 
{jfi), except in the case of the r hnes (some of which may comcide), 
given by 
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That the last equation does represent a set of lines is easily proved 
by remarking that if ( 2 <) satisfies the equation, so does (9y< + > 

Euler’s theorem is involved here. 

Each of the r lines is met at least r 1 times by C at (y<) and 
is called a tangent at the point. The point {yt) is said to have 
muMplicity r, or to be r-pte, for C ; and is caUed ordinary when 
the r tangents are distinct. For r = 2, 3 we speak of dovble 
and triple points respectively; a double point with distinct 
tangents is called a node, one with coincident tangents a cusp 
(Mg. 104). A curve with only simple points is non-singular. 

The number of (r — l)th partial derivatives of /(yj, y^, y,) is 
Ar(r +1). Therefore in constraining curves of order n (^r) to 
have a given point to multiplicity r, |r(r +1) independent linear 



Node Cusp 

Fio. 104. — ^Node with its Two Tanoents, and Cusp with its 
ONE Tangent. 


conditions are imposed. If the r-ple point has to be of a particular 
type or have assigned tangents, further conditions are imposed 
which may or may not be linear. 

Ex. 3. To examine the nature of a particular multiple point 
it is often convenient to take a triangle of reference with one 
vertex, say (0, 0, 1), at the point. If the point is r-ple, prove 
that the equation of the curve takes the form 

-f- + . . . -f ttn = 0, 

where u, is a homogeneous polynomial in x, y of degree s. The 
tangents at tlfe multiple point are given by m, = 0. 

In particular, if the point is an ordinary double point, the 
equation may be 'taken in the form 

and if it is a cusp, the equation may be taken to be 

+ *"■ + ••* + “» = 0 . 

Ex. 4. The multiplicity of a point is a projective invariant 
of the curve. 
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(Iv) Monoids. — curve of order n which has an (» — l)-ple 
point 0 is called a monoid. It is clear that a necessary and 
sufficient condition for a monoid to be irreducible is that there 
should be no other multiple point. We prove that an irreducible 
monoid is rational. 

Note, first of all, that a variable line through O meets the curve 
in one other point ; the points ol the curve are thus, except for 
0, in (1, 1) correspondence with the parameters of the lines tlmough 
0 ; we have to prove that the co-ordinates of a point on the curve 
are proportion^ to rational functions of the corresponding para- 
meter. 

Taking 0 to be (0, 0, 1), the equation of the monoid has the , 
form 

2Mn-i + Mn = 0, 

Tin _ 1 and Un having no common factor. Put y = Xe; then 
_ i(l. A) -t- xu„(l, A) = 0. 

The curve therefore has the regular parametric equations 

X .y:z = Un- i(l, X) :Xun. ,( 1 , A) : — A). 

A particular case is that a cubic curve with just one double 
point is irreducible and rational. 

(v) Order and rank of a branch. — ^We must now refer in more 
detail to the notion of branch, mtroduced at the beginning of 
section 67 . For the moment we confine attention to an irreducible 
rational curve C. 

Consider a point P (^<) on the curve at which tQ is one of the 
values taken by the regular parameter t. The equations of the 
curve may be expressed in the form 

= ®fi i(^ — ^o) + "h • • ' "H »{^ — *o)"i 

t = 1, 2, 3. 

For values of t within a certain domain A including fg, the equations 
represent the branch at the place tg , this place is called the origin 
of the branch 

The equation of a line through P has the foiptn 

®i = 0- 

^^1 ^2 ^3 

^1 \ ^3 

It meets the branch at places given by the equation 

— (^^2^3 ^3^)(®1. l{^ — ^o) "I" • • ■ “f* — ^o)") "t" 

two similar expressions. 



1*60 RATIONAL CURVES 263 

For general values of A^, A,, the polynomial on the right hand 
side of this equation involves t — tg to a certain lowest poii^er s. 
We call a the order of the branch, this having an s-ple point at 
P\ if a = 1 we say that the branch is linear 

The coefficient, of this term in {t — t^y is linear in A,, Ag, Ag. 
If we choose A^, Ag, Ag so that this coefficient is zero, the poly- 
nomial will involve t — to a* new lowest power a -f- tfj ; and, 
corresponding to this restriction on A^, Ag, Ag, we have a single 
line through P which meets the branch a + a^ times at the place 
tg and is the only line through P to meet the branch more than 
a times at the place. We call a^ the rank of the branch and this 
single line the tangent to the branch at P. 

The preceding definitions require modification if the regular 
parameter t takes the value oo at the origin of the branch. In this 
case we choose a new parameter t' = 1 /( and frame the definitions 
relative to this new parameter, the origm of the branch being 
given now by t' = 0. 

Ex. 6. Show that the quartic monoid zx{x -h y)* = ** + ¥* 
has the parametric equations x .y :z = (1 + 0* : *(1 4* 0* ^ 

The point (0, 0, 1) is a tnple point at which t takes the values 
— 1, 00 . The branch with origin at <= — 1 is of order 2, rank 
1, and has x + y = 0 as tangent; the branch with origin at 
t = 00 IS linear, of rank 1, and has « = 0 as tangent. 

Ex. 6. At a simple point of C there is just one branch and 
this is linear 

Ex. 7 The order, rank and tangent of a branch are invariant 
relative to a projective change of parameter. 

Ex 8. The order and rank of a branch are invariant relative 
to a projective transformation of the plane If, then, we choose 
a triangle of reference so that P has co-oidmates (0, 0, 1) and the 
tangent has the equation Xg = 0, the equations of the branch take 
the form 

*i = ^o)' "f" • • • “I" «(^ — ^o)"* 

Xg = + ijf ^o)’ ^ “t” • • • 4" &s, ^o)"* 

“ ^3, 0 4" ^3, l{^ — ^o) ~t" ^3, — ^o)* 4" • • ' 4" “ ^o)*» 

with \ „ &j, , + ,,, 6j_ g all different from zero. 

(vl) Quadratic plane transformations. Analysis of multiple 
points. 

(a) The next step is to introduce a new kind of transformation, 
called quadratic on account of the quadratic polynomials involved ; 
it gives considerable insight into the structure of multiple points. 

Let X, y, z be co-orcffnates in a plane rr and x’, y', z' be co- 
ordinates in a plane ir'. The planes may coincide, and then also 
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the two systems of tefetenoe may oomoide. The transfoimatioo 

T in question is given by 

% 

x' y' iz’ — yz : zx : xy. 

These equations are reversible and lead to the inverse trans- 
formation T-^ given by 

x:y\z = y'z‘: z'x ' : x'y', 

which equations are of the same form as those of T. 

Let ABC, A'B'C be the triangles of reference in w, it' 
respectively. To every point in w, not on the sides of ABC, 
corresponds a unique jioint in ir' not on any side of A'B’C, and 
vice versa; in this sense the transformation is said to be (1, 1). 
On the other hand A corresponds to the whole line B'C in T, 
and every point on B'C corresponds to .d in T~^. Similar remarks 
apply to the other vertices and sides of the two triangles. We 
say that J. is a fundamental point of T, that B'C is & fundamental 
line of T-^, and so on. 

Now consider a line L through A, which we fix by joining A 
to the point F (0, b, c) on BC. Every point P on L has co- 
ordinates of the form (A, b, c); the corresponding point P' has 
the co-ordinates {be, cX, bX), and varies on the line L' joining A' 
to F' (0, e, b). A, as a point of L, corresponds to F' on L', and 
vice versa. In this way, the points on B'C correspond projectively 
with the directions of the lines through A, We therefore widen 
the meaning of the word point and call the direction of AF at A 
a neighbouring point of A , the aggregate of these new points at 
A is called the (first) neighbourly^ of A, which we denote by 
[.4]. B'C may then be regarded as the transform of [A] by T. 

(b) Let C be a curve of order n in it, having points of multi- 
plicities r, 8, t at A, B, C respectively. Its equation may be 
arranged, first of all, in the form 

*) + + 2) + ••■ + «n(y. *) = 0, 

where neither y nor z divides Ur-p-j. The points in it' which 
correspond to the points of C, other than those on the triangle 
ABC, are those, not on A'B'C, whose co-ordinatfcs satisfy the 
equation 

(y’z')» - ^{z'x'Y{x'y’Yx'' -p- tUr-p^{z', y') -f 

{y'z'Y - - ^x'^ + + ,(z', y') + • • • + y') = 0, 

and vice versa. The left hand side of this equation contains the 
factor x'*’; by rearranging the form of the equation of C, this 
new equation is seen also to contain the factors y’’, z'*. The 
equation may therefore be written as 

y\ *') = 0. 
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The points in question in ir' are therefore just those which belong 
to the curve C', whose equation is 9(9, _ r _ , _ i(®', y', z') = 0, but 
do not lie on A'B'C. We call C' the reduced transform of C' rela- 
tive to T. 

The equation of C' can clearly be written in the form 
_ ,(z', y') -f . -f Wj, y') = 0, 

and in two similar forms. Hence, C' is a curve of order 
2n —r — 8 —t having points of multiplicities n — a — t, 
n — t — r, n — r — a&tA', B', C respectively. 

From the identity 

r*. _ r - . - «{2', y') ■ J/'* ‘ + '«r - p - y'), 

we see that C' meets B'G' in 2n — r — a — t points, of which 
n — r — t + p coincide at B’, n — r — a + q coincide at C, and 
there are r — p — q other mtersections (some of which may 
coincide) given by x' = 0, tt, _ p _ j(z', y') = 0. The r — p —q 
points correspond to the r — p — q points of [.4] defined by the 
tangents Ur-p- z) = 0 at .4 to C, each point being counted 
as often as the corresponding tangent. Of the n — r ~ t p 
points at B', p correspond to the p coincident points of [yl] 
defined by the tangents yP = 0 at 4. to C ; the other n — r — t 
correspond to the intersections of C with y = 0 other than A, 0 ; 
and B'C being a tangent to C' at if p > 0. 

If B, G are chosen in general positions relative to C, we have 
p = q = 8 = t — 0. The r tangents at A then give rise to r 
points on B'G', not at B' or G'. If, at one of these, C' has a point 
of multiplicity r^, we say that C has an r^-ple point at the corre- 
raonding point of [A]. Clearly Srj r. The mtiltiple points of 
C. on [4] are independent of the particular quadratic transforma- 
tion of this type ; they depend only on C. 

Ex. 9. The multiple points of C on [4] are projective in- 
variants of C. 

Ex. 10. The curve 

* at* ~ = 0 

has a double point at 4, both tangents 
coinciding with Wj = 0. Prove that the 
curve has a double point on [4], at the 
point associated with = 0, if and only if 

^vides u^. In this case the point 4 is 
owed a taonode (Fig. 105). Fio. los.— T aovodb. 

(vli) Properties of a branch. — Now let C be irreducible and 
rational. The equations of a particular branch B, of order a and 
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rank Si, at A, with tangent y — 6z {6 =¥ 0, co), have the 
form^ 

® = 1 + o(« - to) + b(t - to)* + • • • + c(< - <o)". 
y = {d(t- to)' + « + ... + e(t-to)»} 

+ W - toY + ...+g(t- ton, 
z=^f(t-toY + ...+g{t-ton , 

with (2 4= 0, / 4 0, and t in some domain A including to. 

The reduced transform B' of B has the equations 

*' = df(t — to)' + higher powers of (t — to), 

y f “I" ,, ,, ,, ,, , 

a I 


B' therefore meets B'C a times at the point F' (0, 1, 6), which is 
the origin of B'. 

If however B has jt = 0 as tangent at A, the equations of B' 
are 

x' = df{t — toY + " + higher powers of (t — to), 
jt “ i "1“ »» >» »> >> » 

z! — d(t — to)" + ,, „ „ „ 

B' then meets B'C' « + tfj times at B', and B'A ' times at B ’ ; 
hence B' has an a^-ple point at B'. A similar result is obtained 
if 3 = 0 is the tangent at A to B. 

If, then, C has h branches at A, of orders s'^, . . . , all 
with y = 0z as tangent, C' meets B’C . -f times at 

F'. Therefore, if the equation of C is written in the form 

- V + l + ... + Tt„ = 0, 

y — 6z occurs precisely +... + «* times as a factor of Ur. 

And, if C has h branches at A, of orders (x'l’ a**’ and 

ranks . . . , all with y = 0 as tangent, C' has a point 
of multiplicity + . . . + ai® at B', and has + • • + 
further mtersections with B'C at B'. Again, therefore, y occurs 
precisely + ... + a'*’ times as a factor of Mr. A similar 
statement applies when z = 0 is a tangent to C at A. 


Ex. 11. Verify these results in the cases of the curves 
mentioned in Exs. 5, 10. 

Ex. 12. At an ordinary multiple point of c. rational curve 
every branch is linear. 

Ex. 13. C, D are two curves, possibly reducible but with no 
common component, of orders m, n respectively The common 

points are Oj 0/,; at 0{ C, D have multiplicities u, Si 

respectively, but the tangents to C are different from the tangents 
to D thm. Prove that, if all the components of C are rational, 
0 meets' C in mn places, of which uSi coincide at ; so that 
mn = Sr(«(. 
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61. Some enumeratlve properties of rational curves. 

(1) The class. — ^Let C be an iireducible rational curve of'order 
n. We seek a formula for the number m of tangents -which pass 
through a general point 0 , this number is the class of the envelope 
of tangents to C. 

It 18 clear that, since 0 is In general position, each tangent 
through O has its point of contact at a simple point of C and meets 
C just twice there, and none touches C twice. 

The equations of C being = /,({), the equation of the tangent 
at a simple point with parameter r is 


X, 




/i(-) AW 

/i'(r) A'(t) 


Mr) 

Mir) 


= 0 . 


Therefore, if ... ,tm are the parameters of the points of contact 
of the tangents from O (yt), the equation in t, 




Vi Vt Vi 

Mt) Mt) Mt) 
Mit) Mit) Mit) 


= 0 , 


has distinct roots t^, . . . , tm each occurring to multiplicity 1 ; 
and no other root corresponds to a simple point of C, 

Now lot .4 be a point at which C has a branch B of order s. 
We may suppose, without loss of generality, that the co-ordinate 
system has been chosen so that the equations of B are those given 
in part (vii) of section 60, with 0 = 0. Then <f>{t) may be expressed 
as 


Vi 

1 + 0(( — <o) -f- . . . 

o -J- . • . 

Vi 



Vi 

fit - <o)‘ + . • • 

+ . . . 


where the dots in each place denote higher powers of (f — Iq). 
Thus 4{t) is expressible as a poljmomial in {t — <o)i the lowest 
power being s — 1. Therefore is a root of multiplicity a — 1 
for <f){t) = 0 <• Since <l>{t) is of degree 2» — 2 in t (it needs to be 
verified that the order is not 2n — 1 as might appear at first 
sight) we therefbre have 

271 — 2 = m -f S(« — 1), 

the summation being extended over all places on C which are 
the origins of non-linear branches. 


Ex. 1. The class of a nodal cubic curve is 4, of a cuspidal 
cubic is 3. 
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Ex. 2. 


Prove that the quartio curve given by 


® 4 . 

a;a f ^2 "r 2* ya j® ay 


= 0 


is rational and has, in general, nbdes at the vertices A, B, C of 
the triangle of reference. Its class is 6. 

In the particular case where the equation takes the form 

~ y* ‘ 2* yz zx xy ’ 

the curve has cusps eA, A, B, G, the tangents there being con- 
current. The class is 3. 

Ex. 3. Referring again to a general rational curve C, a 
symmetric algebraic (n — 1, » — 1) correspondence is seen to be 
set up on C by making two points correspond when they are in 
line with 0. By considering the umted places of this correspon- 
dence, evaluate m. These considerations are, in fact, another 
way o^ interpreting the algebra already used to evaluate m. 

Ex. 4. The number of tangents which can be drawn through 
a general point of C to touch the curve elsewhere is m — 2. 

Ex. 6. If C has only ordinary multiple points, its class is 
2?i — 2 , and the number of tangents which can be drawn from 
an r-ple point, at which each branch has rank 1, to touch the 
curve elsewhere is 2» — 2 — 2r. 


(11) Properties of a rational envelope.— The analysis of the 
structure of a curve may be apphed dually to an envelope of lines. 
Consider then the envelope C consisting of the tangents to C; 
C is also rational. Defining a “ branch ” B in an obvious manner, 
its “ origin ” is a line L such that, of the lines of C through any 
point of L, i coincide with L, save for one position of the point 
for which » + coincide with L. The characters! t, ii are dual 
to 8, 8^ and are called respectively the class and ranh of B. 

Consider now the “ branch ” B constituted b;J^ the tangents to 
the branch B referred to in part (i) of this section ; the “ origin ” 
of B is the tangent to B at its origin. 

The line-equations of B are easily seen to be 



— /dsi(< — tg)' + -f higher powers of (1 — Iq), 

-/« + 99 99 99 9 

d{8 + 8i){t - g- + „ „ „ „ . 


99 


99 
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The " origin ” of 6 is the line = 0; a general point on this 
has_a set of co-ordinates (1, 0, a). The parameters of the’lines 
of B which pass through this point are given by 

- to)* ^ + «.{d(a -f «i)(f - g- + ...} = 0. 

This equation in t has to as an e^-ple root ; therefore i = a^. If, 
however, a = 0, the point then being the origin of B, the equation 
has to as an (s -)- Si)-ple root ; hence = s. 

The dual of the class m of C is the number of points on a general 
line through each of which pass two coincident “ placea ” of C ; these 
points are the intersections of the line with C and therefore are 
n in number. 

Dualising the formula for the class of C, we thus obtain 

» = 2m — 2 — S(» — 1) 

= 2m — 2 — 2(^1 — 1), 

the summation being extended over all branches of C of rank 
greater than 1. 

Ex, 6. Prove that 

3(« — m) = 2(a — s^), 3(n — 2) = S{2« -t* Si — 3), 
the siunmations being extended over all branches. 

(ill) Inflexions. — An inflexion on a 
rational curve is defined to be the origin 
of a branch for which a = 1, > 1. If 

a. = 2, the inflexion is called simple 
(Fig. 106). For a rational curve this 
definition extends that given in part iob-Simpm Intuixion. 
(iii) of section 60 to cover the possibi- 
lity of the place being at a multiple point of the curve. 

Ex. 7. Suppose that a rational curve has, as its only multiple 
points, S nodes and k cusps (each of rank 1), and further that 
its inflexions are all simple and i in number. Then we have the 
simple formulae ’ 

m = 2n — 2 — K, 
n — 2m — 2 — i, 

which ore equivalent to 

3(m — n) = i — K, 

3(«. — 2) = 2>c -f i, 

3(m — 2) = 2i K. 
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Ex. 8. A nodal cubic has three inflexions. The equation 
of *he cubic may be taken as aa? + 36a:*y + + dy® 

= Zyxz. If 5 = (o/d)* and « is a complex cube root of — 1, 
prove that the inflexions are at the points (1, — 0, b — c6), 
U, to6, b + and), (1, coW, b + cu>^6). These three points lie on the 
hne bx + cy — z. By taking a new triangle of reference with this 
line as 2 = 0, the equation of th4 curve simplifies to oa® + dy* = 
3ayz or, if the unit point is chosen suitably, to a® + y® = 3xyz. 

Ex. 9. A cuspidal cubic has one inflexion. Show that its 
equation may be put m the form a® = yh. The cusp is at 
(0, 0, 1) and the tangent is y = 0; the ii^exion is at (0, 1, 0) 
and its tangent is z = 0. 


(Iv) First polar corves. — ^Let C be a rational or irrational 
irreducible curve, represented by the vanishing of the homogeneous 
polynomial /(a, y, z), of degree ». O{xo, yg, Zg) is a fixed point. 
The curve whose equation is 






eo3a+ 2^0 0^+ 


?-=0 


is called the first polar curve of 0 with respect to C ; let us denote 
it by C'. 

Suppose that 0 is in general position. Then the simple points 
of C which belong to C' are the points of contact of the m tangents 
from O to C, where m is the class of C, defined for an irrational 
curve in the same way as for a rational curve. 

C' also passes through the multiple points of C; we now 
investigate in what manner. 

First it is desirable to show that if a non-singular linear sub- 
stitution is made m the co-ordinates, so that /(x, y, z) becomes 
F(X, Y, Z), and {xg, y^, Zg) becomes (Xg, Yg, Zg), then 

5/ , 3/ , U .gr dF , „ dF , „ dF 

®®0X ^®0y "*■ ^"02 ^“07 ^°dZ’ 

Since, for all values of A, p, the triad (Ax -f- pXg, Ay -f- pyg, 
Az + fiZg) is transformed into (AZ + fiXg, AT + pYg, AZ -f pZ^, 
we have 


/(Ax -f- jiiXo, Ay + pyg, Az + pzg) s jF(AZ + pXg, XY + 

pYg, XZ -|- pZg). 

Expanding both polynomials and equating coefficients of A” ~ ^p, 
we have the required result. 

An interpretation of this lemma is that C' is a projective 
covariant of the pair of entities, C, O. 

To investigate the behaviour of C' at a multiple point A of 
C, we change the triangle of reference so that A becomes the point 
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(1, 0, 0). If the multiplicity of ^ is r, the equation of C takes 
the form 

' af'-^Uriy, z) + z) + . . . + «„(y, z) = 0. 

According to the lemma, the equation of C' is 


®o[(» - ~ " “ z) + ... + Un. i{y, z)] 



Thus C', of order n — 1, has an (r — L)*ple point at A. 

If itr factorises into {b^y + c^z)'** . . . (64^ + CiZ)''*, where 
+ . . . + /Lt* = r, we have 

, , . 011, , 3u, 

= + CtZo)(6i2/ + CiZ)i^ . . (b,y + ea)»-^ . . , (64^ + c^Yk 

The tangents to C' at A are given by ^ _ i(y, z) = 0. Since 0 
is in general position, these tangents are b-^ + CjZ = 0, counted 
y.i~ I times, . . . ,bi,y + Cifl = 0, counted m — I times, together 
with i: — 1 other lines not .coincident with any of the fost set. 

Now restrict C to be rational. Then if A is an ordinary 
multiple point on C, we have = . . . = /i4 = 1, and the tangents 
to C' at A are all different from the tangents to C there. Hence 
C' meets C in exactly r(r — 1) places at A. If, however, A is 
not an ordinary multiple point of C, at least one of the /if > 1, 
and C' meets C in more than r(r — 1) places at A, 

C' meets C in n(n — 1) places altogether, hence 

n(7i — 1) = m + Sr(r — 1) + c, 

where « ^ 0, equality holding if and only if all the multiple points 
of C are ordinary. 

Limiting qurselves further to the case where the only multiple 
points of C are S nodes and k cusps (each of rank 1), it is clear 
that C' meets C>in two places at each node and in thine at each 
cusp. Therefore 

n(n — 1) = m -1- 28 + 3/c, 

and here e — k. 

Ex. 10. By dual considerations, prove that if the only 
“ multiple lines ” of the tangent envelope C are ^ bitangents of 
C and the tangents at i simple inflexions, then m(m — 1) = 
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n + 2^ + 3(. A bitangent of C is a line which touches the curve 
at t^o different places (Fig. 107). 

Ex. 11. Prove that, if the only multiple points of C are 8 

nodes and k cusps (of rank 1), 

J(» — 1)(» — 2) = 8 + #c; 
an^ if the only “ mtdtiple lines ” 
of C are ^ bitangents and i simple 
inflexional tangents, 

J(m — l)(m — 2) = p + t 

62. Some general remarks and indications of further 
developments. 

The main purpose of this chapter has been to describe a part 
of the theory of plane algebraic curves which is a natural sequel 
to the ideas which we have considered in some detail in regard 
to the geometry of lines and conics. Further, the aspects of 
geometry, which we have just dealt with, illustrate in a preUminary 
fashion the technique wMch is applied to the study of algebraic 
curves in general. 

(1) The Intersections of any two curves. — One of the principal 
advantages of limiting a discussion of general methods to the 
study of rational curves lies in the fact that it is a comparatively 
simple matter to attach a meaning to the term “ intersections of 
a curve with a rational curve.” It will have been apparent that 
much more could have been said about a general algebraic curve 
if we had settled the problems of how to interpret the “ inter- 
sections of any two curves, rational or irrational ” and of how to 
count the number of these intersections. 

The success of the methods used here in regard to a rational 
curve depends upon the fact that the curve is representable by 
a set of parametric equations in which each value of the parameter 
is associated with one place on the curve, and vice versa. 

It is important therefore to appreciate that the idea of para- 
metric equations can be extended to any irreducible algebraic 
curve /(x, y, x) = 0. The essence of the matter is that, if (a, 6, c) 
is an r-ple point of the curve, it is possible to find a set of equations 
of the form 

y = b + t’.it + bu,f + ..., 
z = c, 

i = 1, 2, . . . , fc, 

such that, for |<| small enough, the series for y is convergent and 
the points given by each group of equations belong to the curve. 
The set of points thus arising from any one group of equations 
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is called a branch or cycU of the curve at (a, b, e). The initial 
terms of the series for y are the most important in regard 
to the structure of the multiple point. We have moreover 
+ . . , + a* = f ; at a simple point of the curve » = «* = !. 

We can thus, with small modifications, adapt to the general 
curve all that we have said about the branches of a rational 
curve and interpret and count ih an obvious manner the “ inter- 
sections ” of another curve with the branch, and so with the whole 
of the curve /(*, y, z) = 0. 

The results may be summed up for the moment by the limited 
statement that two curves of orders m, n, with no common 
component, have mn intersections ; at a common point, r-ple for 
one and s-ple for the other, at which the two curves have different 
tangents, there are rs of the intersections ; but if the two curves 
have at least one common tangent at the point then there are 
more than ra intersections there. 

(11) Cremona transformations. 

(a) The quadratic transformation considered in section 60 (vi) 
IS a particular exa^le of a type of transformation called 
after Cremona (see H. P. Hudson’s Cremona TranaformaUona 
(Cambridge)). 

Briefly, let 

* 3 ) "f" ®2> * 3 ) “t" *2> * 3 ) ~ ® 

be the equation of an oo® linear system (a net) of curves such that, 
two curves of the system have just one variable common point. 
Put 

Vi ■ yt-ye = ^i- <f>2 ^s. 

(y,) being the co-ordinates in another or the same plane. 

To the curves of the net m the (a;)-plane correspond the lines 
in the (t/)-plano, and vice versa ; and the variable point common 
to two curves of the net corresponds to the variable point common 
to the corresponding lines. There is thus determmed a (1, 1) 
correspondence between the points of the two planes, except for 
a finite number of fundamental points, which are common to all 
the curves of the net, and a finite number of fundamental curves, 
each of which ha£ only fixed intersections with the curves of the 
net. 

The equations of the correspondence are reversible in the form 
I *2 • ®3 ~ *Piiyi> y^’ y^ • yz> yz) • yz> ys)» 

where 

+ ^'Pz — 0 

is the equation of a similar net (such a net is called homaloidal) 
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of curves, with which is associated a set of fundamental curves ahd 
poin(^ in the second plane. 

(6) The s^tem of circles, in a modified complex euclidean 
plane, given by the equation 

Xjpa + Ajya + + y*) = 0, 

where A^, Aj, Aj are parameters and r( + 0, oo ) is a constant, form 
a homaloidal net whose fundamental points are at 0 (0, 0, 1) and 
the circular points I (1, i, 0), J (1, — i, 0) and whose fundamental 
curves are the lines 01, OJ, IJ. The net determines the quadratic 
transformation 


x' :y' :z‘ = xz:yz: r-\x‘ + y»), 
these equations being reversed by 


X :y :z = x'z' : yV : r-*(a:'® + y'*). 

If we suppose {x, y, z) and (x', y\ z') to be co-ordinates of 
points P, P' in the same plane and referred to the same frame, 
the equations of the transformation assert that P' is the point 
common to the line OP and to the polar line of P with regard to 
the circle C 

X* -}- y* = r®2*; 


and, by symmetry, P is derived in the same way from P'. 

The points P, P' are said to be inverse with regard to C ; and 
the quadratic transformation is described as inversion relative to C. 

The curve F' which corre- 
sponds under this transforma- 
tion to the curve F 

/(*, y.z) = o 
has the equation 
f(xz, yz, r-2(a:* + y®)) = 0. 

The reduced transform of F 
consists of the part of F' which 
remains after removing any 
fundamental components and 
its equation is obtained by removing from the list equation any 
factors of the form (x + iy)”‘, {x — iyY, z«. This reduced 
transform of F is called the inverse curve of F with regard to C 

(Fig. 108). 



Fio. 108 — Inverse Curves. 


Ex. 1. The inverse of a general line is a circle through O. 
Ex. 2. The inverse of a general hne through 0 is the line itself. 
Ex. 3. The inverse of a general conic is a quartic curve (a 
bicircular quartic) having nodes at 0, I, J. 
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Ex. 4. The inverse of a general circle K is another circle 
belonging to the pencil determined by K, C. , 

Ex. 5. A circle orthogonal to C is its own inverse. 

Ex. 6. A circle K through O inverts into the common chord 
of K, C. * 

Ex. 7. If two curves have r-point contact at a non-funda> 
mental point P, the inverse ctfl*ves have r-point contact at the 
corresponding point P'. 

Ex. 8. The angles between two hnes are equal to the angles 
of intersection of their inverse circles. Deduce that the angles 
between two curves at a common point P are equal to the angles 
between their inverses at the corresponding point P'. 

Ex. 9. The inverse of a pencil of hnes, with vertex V different 
from 0, is a system of coaxal circles. The sjrstem of circles with 
centre at V inverts into the orthogonal coaxal system. 

Ex. 10. The inverse of a general coaxal system of circles 
and of its orthogonal system is another coaxal system and its 
orthogonal system. 

(Ill) Neighbourhoods of a point Clustered multiple points. — 
An important property of quadratic transformations is that by 
means of a fimte number of these it is possible to transform a 
given curve into one having only ordinary multiple points, in 
particular into one having only nodes for multiple points. 

The essence of the proof is at each stage to take one funda- 
mental point A at one of the non-ordinary multiple points and 
the other two fundamental points B, C in general positions. This 
series of operations leads, moreover, to a characteristic description 
of the structure of any multiple point, which we indicate briefly. 

Let A be an r-ple point of the curve C. Effecting a quadratic 
transformation as described, the corresponding reduced curve C' 
may have a set of pomts A^', ... of multiphcities r^, fj, . . . 
on B'C but not at B', C. Then Sr, -^r. We have already 
decided to say that then C has multiple points Aj, ... of 
multiplicities r^, r*, ... in the first neighbourhood of A. Now 
take a new quadratic transformation with A^' as a fundamental 
point. It thea turns out that, in the first neighbourhood of A^', 
C' has a set of multiple pomts A^', A^g', ... of multiplicities 

r„, fij witH Srn r^. We say that C has points A^, A^, 

... of multiplicities rj^, fjg, ... in the first neighbourhood of Aj, 
which is also called the second neighbourhood of A relative to A^. 
Similar considerations apply to Ag, Ag 

Proceeding step by step we reach the idea of a cluster of multiple 
points in successive neighbourhoods of A; the operations are 
terminated when only simple points are reached. This cluster 
has the important property that for certain enumerative purposes, 
for example in counting the intersections of two curves, the 



270 


THE ALQEBBAIC GEOMETRY OF A PLANE 


S62 

origintJ multiple point at A may be regarded as replaceable by 
the fluster of multiple points each of which (including an ordinary 
r-ple point at A) may be regarded as an ordinary multiple point. 

As an example of this, it may easily be verified that a curve 
C, which passes simply through a taonode of a second curve D 
and has the same tangent there, has four intersections with D at 
the point. ' 

(Iv) The genus of a curve. — Suppose now that C is an irreducible 
curve of order n and that its midtiple points have been replaced 
by equivalent clusters. Let r be the multiphcity of a typical 
multiple point. The number p, called the genus of C and defined 
by 

P = — 1)(« — 2) — Sir(r — 1), 

plays a basic part in the general theory regarding C. It is an 
integer, positive or zero. Not only is it a projective invariant 
of C, an invariant of C under Cremona transformations, but it 
is also invariant with respect to any birational transformation of C. 

The last expression requires explanation. Two curves C, D 
are said to be in birationcd correspondence when their points are 
in (1, 1) correspondence in such a way that the co-ordinates of a 
general point of C are expressible (with the help of the equations 
of the two curves) as rational functions of the co-ordinates of the 
corresponding point on D, and vice versa. And in this respect, 
with suitable extensions of the definitions, the theorem of the 
invariance of p applies to curves in spaces of any number of 
dimensions. 

The genus p thus serves to classify curves with respect to the 
wide class of birational transformations. In connection with the 
subject matter of this chapter, an especially interestmg fact is 
that p = 0 is a necessary and sufiicient condition for an irreducible 
curve to be rational The necessity may be proved in regard to a 
curve having only ordmary multiple points as follows. 

By section 61 (i), we have for such a curve 

2n — 2 = w ; 

and by section 61 (iv), * 

n{n — Sr(r — 1). ' 

Eliminating m, we have the required result at once. 

The theory of the birational invariants of curves, surfaces and 
loci of higher dimension in space of any number of dimensions is 
fascinating. The literature is extensive; for a start, the reader 
who is interested should consult F. Severi, Trattato di geometria 
algebnca, Vol I, part 1, and H. F. Baker, Principles of Oeometry, 
Vol. V. 



MISCELLANEOUS EXERCISES 

The {ollowmg exeroises are taken* from examination papers set by the 
University of London. 

The reader is asked to note these points : 

(а) The cross-ratio symbol (A, B, C, D) usually means the same as our 
symbol {A, C ; B, D). 

( б ) Reciprocation with remect to a pomt 0 means reciprocation with leqpect 
to some circle with centre at O. 


1. The pairs of pomts Pj, Q^; P„ Q^; P,, Q, on a straight line are given by 
the equations 

St^a^* + 2h^ -f 6, = 0, (i = 1, 2, 3) 


where ic IS a parameter, not necessanly length, definmg the position of a pomt 
Prove that the members of the mvolution defined by the pairs P,, Q, and P„ Q, 
are given by the equation S, ASt — 0, and that the double pomts of the 
mvohition are given by 


a,a; -f h, 
+ fc. 


AfS -I- b. 


= 0. 


Find the condition that the three given pairs should be m mvolution. 

.d, £, C are three given pomts on a straight line ; .d' is the hannomc conjugate 
of A with respect to JB and C, and pomts B', O' are defined similarly. Prove wat 
the pairs A, A', B, S' i C, C' are m mvolution. 


2. If projeotivitiee oi, <■>' on a Ime are called ptrmvUMe when cmu' b* oi'oi, 
prove that products and mverses of projectivities which are permutable with 
<11 are themselves permutable with <ii. 

If r IS a fixed mvolution whose double pomts are M, N, prove that any 
projeotivity which is permutable with r must be either (i) a projectivity w havmg 
df, N as muted points, or (ii) on mvolution q havmg M, iV as a pair of mates. 
To which of these cate^ries do products such as wcu', utu, ao' belong T 


3. Prove that (ABPQ) a (ABQR) if cmd only if 
(P, R)IQ s {A, B)IQ. 

A, B, C are three pomts in Ime. Show that there is a unique projectivity a>i on 
dB which has A for its only united pomt and transforms B mto C 

A second projectivity oi, on AB has C for its only muted pomt and transforms 
A into D. Prove that the projectivity ai^i is mvolutory if oud only if d, B are 
harmomc with respect to B, G. 

4 Six collmear pomts O, Pj, P^, P|, P 4 , P, are given Explain how, with 
the ruler only, ycm would construct the pomt P, on the line so that the cross- 
ratio {OP,PiPt) shall bo equal to the cross-ratio (OPiP,Pi). 

A series of collmear pomts O, Pj, Pg, . . . is such that (OP,Pr+iP,+ t) 
= (OPgPgP,) for all integral values of r. Taking 

iOP PmP 1 ^^1 L 

(OPjPgP p^^ - H. 

prove that 

(OP^P^r) = j-^ - •}. 


5. Prove that the locus of the mterseotion of corre^ondmg rays of two 
projective (homographio) bencils with different vertices is m generiu a oonio, 
and mcplain the nature of the locus when the pencils are m perspective. 

A come 8 touches the sides BC, CA, AB of a triangle dBC at L, Id, N, and a 
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variable tangent to S meets these sides in X, T, Z, respectively. X', T', Z' 
are points on the sides such that B, C ham. X, X'l C, A harm. Y, T'; A, B 
harmtZ, Z'. ^ove that AX', BY', CZ' meet at a pomt whose locus is a straight 
line, which is the polar, with respect to 8, of the mtersection of AL, BM and CN. 

6. ABO is a tnongle inscribed in a come, and an arbitrary Ime I meets the 
Bides BC, CA, AB in pomts P, Q, B respectively. The polar of P with respect 
to the come meets I in P', and pomts Q', B' are defined similarly. D is on 
orbitra^ pomt of the conic, and the Im^s DP', DQ', DB' meet BC, CA, AB m 
pomts F, O, H respectively. Prove that F, O, H are colhnear. 

7. Define the term one-one corrMprmdenae, and state m what way it is special 
for an mvolutum. 

Prove that the straight Imes jommg the pairs of pomts of an mvolution of a 
given come are concurrent 

A, B are two pomts on a come 8, and C, D are two pomts not on or on the 
Ime AB. The lines BC, AD meet the conic m points X, Y respectively, and 
the Imes CA, BD meet the come m pomts L, M respectively. Prove that the 
Imes XY, LM meet on CD. 

8. Two Imes I, mm the plane of a conic k and not chnjugate with regard to k 
meet at a pomt O not on k. If P, Q he on k and OP, OQ are mates m the mvolution 
pencil with double rays I, m, prove that the line PQ always touches a certam 
como «, havmg for tangents 1, m and the tangents to k at its mtersections with 
I and m. 

ABCD IS a simple quadrilateral whose four vertices he on a come t and whose 
sides AB, BC, CD, DA touch another conic s The diagonals AC, BD meet at 
0. Prove that there exists an mfimty of such quadrilaterals A'B'C'D', whose 
diagonals A'C, B'D' meet m the fixed point O, and which are msrribed m ( and 
circumscribed about a. 

9. Tangents are drawn to a conic from three points A, B, C Those from A 
meet BC in D, D' , those from B meet CA m E, E'l and those from C meet 
AB m F, F' Prove that D, D', E, E', F, F' he on a come 

10 A, B, C, D are four fixed points of a given come, and P is a vanable 
pomt of the conic. Prove that the cross-ratio F{A, B, C, D) is constant. 

Prove also that this cross-ratio is equal to that of the four points in which a 
vanable tangent to the come is cut by the tangents bX A, B,G, D 

11 If ai, c are projectivities on a Ime, show that cue is an mvolution if oto is 
an mvolution. If o is on mvolution, prove that cue is an mvolution if and only 
if the muted pomts m <a correspond in a. 

A vanable tnangle PQB, inscribed m a conic a, has the side QB touchmg a 
conic «' which has double contact with a If PQ meets the chord of contact of a, 
a' at a fixed pomt, prove that PB passes through one or other of two fixed pomts 
on the same chord of contact. 

12. Two chords AB, CD of a come k meet at 0-, and I, J are the pomts of 
contact of k with its tangents from O Prove that the como a through B, C, D 
which touches I A at A also touches IB at B , and that k is the locus of pomts 
(P) for which IP, JP ore conjugate for a t 

Hence show that a touches JC, JD at C, D. 

13 Two conicB touch one another at D and from a va&aable point T of the 
common tangent at D the remaining tangents TP, TQ ore drawn Prove that 
the envelope of a Ime TB, such that the cross-ratio of the pencil T(DPQB) has a 
constant value, is m general a come touchmg the other two comes at D, and also 
touchmg their remaimng common tangents 

14. The sides BC, CA, AB of a tnangle are met at D, E, F by the lines joinmg 
a pomt P to the opposite vertices ; and L, M, N are the mtersections of BO, CA, 
AB with EF, FD, DE respectively. The tangential equations m any syst^ of 
homogeneous co-ordinates, of the pomts A, B, C are A = 0, £ = 0, C = 0, so 
adjusted that A+B-^C = 0iB the equation of the pomt P. Fmd, m terms 
of A, B, C, the tangential equations of the pomts D, E, F, L, M, N. 
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Obtain the tangential equation of the conic which touchee AS, AO, PS, PC, 
MN, m the form 

A{A + B + C)- 3BC = 0, • 

and show that the polar of P with respect to this conic passes through L, 

If X, y, Z are the points of conteuit of the line LMN with the three proper 
conics, each of which also touches two sides of the triangle ABG and two of the 
Imes PA, PB, PC, prove that (LMNXYZ) J (MNLYZX). 

16. Two coplanar conics a, t are mft by aline m pairs of pomts A, B and C, D 
respectively Prove that the four points m which the tangents to « at .d, B 
are met by the tangents to t at C, X) he on the same come k of the pencil determined 
by a and ( 

Hence show that if X, Y, Z, T b& any four points of a conic k, and s be a 
come touching XY and ZT at pomts A, B respectively, then YT and ZX ate 
tangents, at their intersections with AB, to the some conic ( of the pencil 
determined by a and k 

State the plane duals of the above theorems 

16. ABC, PQR are two triangles inscribed in a come ; prove that the points 
of intersection (BR, CQ), (CP, AR), (AQ, BP) lie on a lino I (Pascal’s Theorem) 

If A, B, C are fixed, and P, Q, R vary so that AP, BQ, CR meet on a given 
line m, prove that I passes through a fixed pomt 

If A, B, C are fixed, and P, Q, R vary so that AP, BQ, CR meet on a given 
conic Cl through A, B, C, prove that I envelops a come 

17. State and prove Pascal’s theorem concerning a hexagon inscribed m a 
conic 

P is a pomt on the circumcircle of a triangle ABC, and H is any pomt m the 
plane of the triangle. BH, CH out the circumcircle at Y, Z and PY, PZ cut 
CA, AB respectively at V, W Prove that V, H, W are collmear 

Deduce the theorem that the Simson's line of a pomt P on the circumcircle 
of the tnangle ABC bisects the line joining P to the orthocentre. 

18 Two pomts, one on each of two fixed straight Imes, are conjugate with 
respect to a fixed come Show that, m general, the envelope of the straight Ime 
joimng them is a come which touches the given straight Imes and the ta.igents to 
the given conic at its pomts of mtersection with the straight Imes 

Under what circumstances does the envelope degenerate mto two pomts ? 

The chords AA', PP', QQ' of a come are concurrent Prove that PQ, P'Q', 
PQ', P'Q, AA' and the tangents at A and A' touch a come 

19. Show that the conics through four pomts determine an mvolution on a 
general line m their plane. 

A fixed come k passes through one vertex A of a quadrangle ABCD, but not 
through the other three vertices, and is met agam by a variable conic of the 
pencil through A, B,C, D at points X, Y, Z Prove that the sides of the tnangle 
XYZ touch a fixed come inscribed m the tnangle BCD 

What form does this theorem take when C, D are the circular pomts ? 

20 Prove that the Imes joinmg the pomt P(x^, y^, Zj) to the mtersections of 
the conic S = 0 with the line L — Q are given by the equation 
"• = 0 , 
with the usual notation. 

21. Prove that the locus of pomts of contact of the tangents drawn from an 
arbitrary fixed pomt P to the comes circumscribed about a given quadrangle 
ABCD passes through, P, A, B, C, D, through the vertices E, F, O of the diagonal 
triangle of the quadrangle, and through the mtersections of PE, PF, PO with 
FO, OE, EF respectively 

The equations of AB, BC, CD, DA bemg respectively P = 0, 5 = 0, 
T = 0, U = 0, prove that this locus la the cubic curve given by P,/P — Si/S 
+ TJT — UilV = 0, where P„ T,, V-^ are the values of R, S, T, U at P. 
Show also that this locus touches at P the conic ABC DP. 
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22. P< = 0 (t 1, 2, 3, 4, 6, 6) an tangential equatione of six ooplanar 
points. Prove that these six points lie on a oonio if and only if there is an identity 
of the form 

A,P,' + XtP,* + . . . + A,P,* ss 0, 
where (A|) are constants. 

Henee, or otherwise, diow that, if two triangles are msoribed in a oonio, there 
exists a oonio with respect to which they are both self-polar. 

23. (i) Show that the frame of referenbe may be so chosen that two given 
conics with four distinct common pomts have the equations 

xy = a* and kxy = (x -|- y -f- oz)'. 

(ii) The tangents to a como t from a variable pomt P of a oonio a meet « 
agam at Q and B Prove that QR touches a third fixed come k. Show also that 
the tangent to s ^t its second mtersection with the tangent to t at a common 
point of «, ( is a tangent to k ; and that the second tangent to t bom the pomt of 
contact of a with a common tangent of a, t is also a tangent to k. 


24. A triangle is inscribed m a conic a. Prove that there is one 

non-degenerate conic which touches A{Aj, AiAt at Aj, At respectively, and idso 
touches a (t, j, k being any permutation of 1, 2, 3) 

If fii 18 the point of contact of (< with a, show that the three lines [AtBt) 
concur at a point O, and that the polars of O with respect to the three oomos (<«) 
meet m pairs on the lines (A(Bi) 

26 Show that, by a proper choice of general homogeneous co-ordmates, the 
equations of any four straight Imes, m general position, may be taken to be 
® ± » ± 2 = 0 . 

If the conic ox* -f- by* + cz* = 0 touches these lines, prove that any tangent 
to it meets the linos m four pomts whose cross-ratio is the ratio, with the sign 
changed, of two of the three quantities a, b, e 


26. Prove that the equation of the tang^t at the pomt (Xj, Sj) to the 
come whose equation is 

//* + gly + hlz = 0 

can be reduced to the form 


j. W j. ^ 
®.* ^ yi* ^ *1* 


0 . 


A come a is msoribed m the triangle XYZ. Prove that among the proper 
comes which pass through X, Y, Z there is one which has double contapt with a, 
and there are three which touch a and pass through a given point of general 
position in the plane 


27. Prove that the equation of a oonio msenbed m the triangle of reference 
XYZ of general homogeneous co-ordinates can be expressed m the form 
a*x* -t- 6*y* -h c*a* — 26cyz — 2eazx — 2abxy =» 0. 

Prove that the six pomts of contact with the sides of the triangle XYZ of two 
such comes 5,, he on a oom'o which also paem through thfi two pomts of 
contact of the fourth common tsmgent (, of SiSf. 

If t meets the sides YZ, ZX, XY m P,Q, R respectively, prove that the four 
lines which are the polars of X and P with respect to and meet in a pomt 
L ; and that, if two pomts M, N are defined similarly, then XL, YM, Za are 
oonourrent. 


28. If S 0, a = 0, = 0 are the tsmgential equations of a oomo and two 

pomts, mteipret geometrically the equations 

Z + aP <= 0, S -f- a* * 0. 

Each of two conics Si and S, has double contact with a third conic S. Prove 
that two of the points of mtersection of the common tangents of S, and S| he on 
the Ime joimng the poles of the chords of contact of Sj and S| with S, and form 
with them a harmomc range. 
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29. Prove that the projectivity <a, which tranafomiB three real points A, B, O 
of a line I into B, O, A respectively, associates the points of I m tnads permuted 
cyclically <o ; and that there is no real point self-corresponding m ca. * 

Two points V, V are coplcmar with 2, and ib is the come generate by the 
related flat pencils m which the tnad V(ABC) corresponds to V(BCA) ; prove 
that the tnads of successive bomologues m cu are projected from V, or F7 into 
triads of pomts of k which are sots of successive bomologues m a defimte 
projeij^tivity on k, having I for its cross-axis 

30. Pour pomts O, A, B, G are of general position m a plane. Prove that all 
the comes (s), having AB, AO for tangents and BC for ^e polar of O, have two 
other fixed tangents 

Show that a general pomt P m the plane lies on two of these comes («), and 
that the tangents at P to these two comes meet BC at pomts harmonioally 
conjugate with respect to B, C. 

Interpret these results metrically when B and C are the circular point-i 

31. Prove that if four comes have four distinct common pomts, they have just 
one common self -polar triangle, and their common tangents meet m pairs on the 
sides of this triangle 

Two comes a, a' intersect at given pomts A, B and touch two given lines e, d. 
The Ime jommg their other two common pomts meets AB at V, and their other 
two common tangents meet at W. Show that either V, W are m line with 
O = e . d, or else OV, OW are the double rays of the mvolution pencil m which 
(OA, OB) and (e, d) are two pairs ; and that the second case occurs if the poles of 
AB with respect to a and lie on 0 IP. 

State the special form of this theorem for two comes through A and B with a 
common focus O 

32. Prove that the diagonal triangle of a quadrangle ABCD inscribed in a 
come is self polar with respect to the come, and is also the diagonal triangle of 
the quadrilateral of tangents at A, P, C, D, 

If A', B' are mates m the mvolution oij m which (A, B) and (C, D) are pairs, 
and A', C' ore mates m the mvolution tOf m which {A, C) and {B, D) are pairs, 
prove that the mate D' of B’ m ca, is also the mate of C' m wi ; and show that 
(A, D), (B, C), {A'i D'), (B'l O') cue four pairs m mvolution. 

Hence show that if PQ, R8 are two parallel chords of a hyperbola, and the 
parallels to the asymptotes through the pomt PS . QB meet the hyperbola m 
accessible pomts T, U, then TV la parallel to PQ and BS 

33. A, B, C, D ore four pomts m a plane, no three bemg m line. If x, y, z 
are the co-ordinates of any pomt with ABC as triangle of reference and D as unit 
pomt, while X, Y, Z are the co-ordinates of the same pomt with ABD os triangle 
of reference and C as umt pomt, prove that 

X Y • Z = z — X '.z — y.z. 

The conic i hu ABO as a self-polar triangle and Z> as the pole of a given line 
r not passmg through any of A, B, C, D\ and a, h, c are three other comes 
determined m a sirmlor way, by cyclic permutation oi A, B, 0, D. Prove that 
c, d meet twicy on AB, and that a, 6, c, d have m common two pomts on r. 

Interpret these results when D is the orthocentre of the triangle ABO and r is 
the Ime at mflmty. 

34. Discuss the metrical character of a projectivity on a Ime in the cases when 
the point at infimty is (a) one of the two umtM pomts, (b) the only muted point 
m the correspondence. 

A given como a has a fixed diameter AB, and O is a fixed pomt on the tangent 
at A. If a variable chord of s is drawn through O, prove that the lines joining A 
to its extreimties mtercept on the tangent at H a segment whose rmddle pomt is 
lix^. , 

36. Explom how to find the asymptotes of a como when its equation is given 
m areal co-ordinates. 

If P 18 the pomt {X, Y, Z) m areal co-ordmates show that the tangential 
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equation of tbe curve enveloped by the eaymptotee of tbs oonio> through P and 
the vertices of the triangle of reference is 

^ (♦» - n)*l , (m - f)*»i , (1 - m)*n _ „ 

X Y + Z “ 

The projectivity to which transforms A, A", B mto A', A", B' also tranafonas 
£' into B". Prove that the pairs (A, B), (A', B'), (A", B") are in mvolution if, 
and only if. A', B' are harmonio with respect to A, A". 

Show that, wb«i this condition is satisfied, any pair m the mvolution 
determined by (A, B) and {A', B‘) is transformed by a mto a pair in the sanoe 
mvolution. 

36. Prove that the director circles of the comes of a range form a pencil. 

Hmce, or otherwise, show that (i) the middle points of the diagonals of a 

complete quadrilateral are m Ime, (ii) the orthocentre of a tnangle oircumscnbed 
about a parabola is on the directrix. 

37. Prove that the locus of the mtersection of correspondmg rays of two 
homographic (projective) pencils is a come passmg through the vertices of the 
pencils. 

a and b are two fixed diameters of a come. P is any point such that tbe 
tangents from O to the come are harmomcally conjugate with respect to the lines 
through P parallel to a and b. Show that the locus of P is, m general, a hyperbola 
having a and b as asymptotes and passing through the extremities of the diameters 
conjugate to a and 6 ' 

If a and b ere perpendicular, prove that the hyperbola paoses through tbe foci 
of the given come 

38. Any two straight Imes through a fixed pomt O meet a given straight line 
tmP,Q, and P', Q' are tbe mates of P, Q m a given mvolution on t. Prove that 
the straight lines through P' and Q' parallel to OQ and OP respectively meet on 
the line lommg O to the centre of the mvolution. 

L, M are any two pomts on a given chord 1 of a conic. The tangents from 
L and M to the come meet a fixed tangent ( m P, P' and Q, Q' respectively, and 
the tangents at the pomts m which I meets the conic meet i m A and B, 0 is a 
fixed pomt not lying on ( The straight Imes through P' and Q' parallel to OQ 
and OP respectively meet m S. Prove that R lies on the straight Ime joining 
O to the midpoint of AB. 

39. A variable tangent < meets four fixed tangents a, b, e, d of a come S m 
pomts A, B, 0, D respectively. Prove that the cross-ratio {A, B, C, D) is 
mdependent of (. 

The tnangle PQR circumscribes a parabola, and QR is parallel to the polar of 
P. Prove that, if emother tangent of the parabola meets QR, RP, PQ m L, M, 
N respectively, then L is the middle pomt of MN. 

40. A conic t IS circumscnbed about a triangle ABC, and a line p is met by a 

at Q cmd B, and met at J, K, l',_T ^ BO, CA, AB and the tangent at A 
respectively. Prove that [QJKL) {RtLK), and show that, if p moves so 
that {QJKL} hM a given constant value, R remams fixed. , 

Through any pomt Q of e hyperbola a a line p is drawn so that Q bisects the 
segment mtercepted on p by the parallels to the asymptote through a fixed 
pomt A of « I^ve that p always passes through the other extremity of tbe 
diameter through A. 

41. Show that the foci of tbe conic 

S = o®* + 2ha!y + by* + 2g!v + 2/y + e => 0 
are given by the equations 



Conics are drawn having double contact with a given conic at the ends of a 
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fixed chord parallel to one of its axee. Show that their foci lie on the other aaae, 
or on a fixed circle with ita centre on this aria. 

42. Find the condition that the linea y nui, y m'» ahould be parallel to 
conjugate diametera of the (central) conic 

a*’ + 2hxy + hy* + 2gx + 2fy + o = 0. 

If X max + hy + g, Y mhx + by +J, ahow that, for any value of A, the 
equation 

(fcX* - aXY) 4- A{6Xr - hT*) = 0 

repreaenta a pair of conjugate diameters of the come. 

Prove that the equation repreaenta the axes of the come it 

A(A — 6 cos <•) = (ft — a cob a), 
where a is the angle between the axes of co-ordinates. 

43. Prove that the como ax* -f- Zbxy + by* = 1 has the axes 

X* — y* _ xy 
a — b 

Prove also that, if two central comca have their axes parallel, their points of 
interaection are concyolic. 

44 Prove that the straight lines ax* -f Shxy -f- by* — 0 are parallel to 
conjugate diameters of the central como a'x* SA'xy -f b'y* -f Zg'x + 2t'y c' 
= 0 if aft' -f- o'ft = 2ftA'. 

P and Q are two pomta on a come s', whose centre is O, such that OP and OQ 
ore parallel to conjugate diameters of another central conic « Prove that the 
envelope of PQ is, m general, a conic havmg its amrmptotes parallel to those of «. 

If, however, the asymptotes of s' are parallel to conjugate diameters of «, 
prove that PQ is parallel to one of the asymptotes of «. 

46. If P 18 a fixed pomt of a come ft, and Q, R any two pomta of ft such that 
PQ, PR are conjugate with respect to a second come e, prove that QR passes 
through a fixed pomt F ; and that the polar of F with respect to ft mteraecta the 
tangents from P to c m pomts of ft. 

Show also that, if c is a pomt-pair {A, B), the locus of F when P describes ft 
is, m general, a conic which touches ft at its mtersections with the Ime AB 

Hence, or otherwise, show that the locus of the Fr^gier pomts of a parabola 
IS an equal parabola, with the same axis; the distance between the vertices being 
equal to the latus rectum. 

46 If S ~ 0 is the tangential equation of a conic, and a = 0, 0 = 0, y sc 0, 
S 0, ore the equations of pomts, mterpret the equation £ + kafi = 0, 
S -f ka* = 0, o0 + kyS = 0, where ft is constant. 

Pi. Pi. Qi. Qm ore four pomts on an ellipse whose centre is 0 ; Ri and Jf, are 
the poles of the chords PiQi and P^Qi respectively. Prove that the six sides of 
the triangles PiQiRi and P^Q^R, touch a oomc. 

Show also, that if ORi and OR, cue conjugate diameters of the ellipse, this 
come 18 a parabola, and that its axis is parallel to the line jommg 0 to the middle 
pomt of R^R,. ^ 

47. Prove that the lines joining a pomt P to the pairs of opposite vertices 
XX', YY', ZZ' ofV quadrilateral form a pencil m mvolution, whose doable Imes 
pass through the mtersections of ZZ' with the come through X, X', Y, T', and P, 

Two hyperbolas S, S' have pewallel asymptotes. AA'BB' is a parallelonam 
whose sides are parallel to the asymptotes and whose opposite vertices A, B he 
on S, and A', B' on S'. AB meets S' m R', L' and A'B', meets Sin.K,L. Show 
that KK', LL' meet at one mtersection of S and S', and KI/, K'L at the other. 

48 Show that lines joining corresponding points of two projective 
(homographio) ranges on coplonor lines touch a come. 

A vanable line through a fixed pomt O cute a fixed line at P, and PQ is drawn 
makin g a fixed angle (m a given sense) with OP. Prove that PQ touches a 
parabola. ’ 
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Show how to deteimine (i) the direction of the axia of the parabola; (ii) tlip 
tangent at the vertex. 

49. Parabolas are drawn touching the sides of a triangle ABC. Prove that 
the points of contact of tangents to these parabolas that are parallel to a ^ven 
line he on the parabola passing through the vertices of the triangle ABO and 
having its axis parallel to the given line 


60. Prove that the co-ordinates of the centre of curvature of the conio 
at the point (f, i]) are 


- -f = 1 
a + jS 




? - 
/5’ ’ " 

If Cl, Cl ace the contiea of curvature at a point P of the two conics through P 
confocal with the ellipse 

- -t- = 1 

o« + 51 - 


prove that CjCi is a diameter of these comes if and only if P lies on the hyperbola 

a;* — y» sa a* — 6*. 

61. If the Cartesian axes of reference are inclmed at an angle at, find the 
equation of the circle with the points (x^, y,), (x„ y,) as ends of a diameter. 

A chord HK of a hyperbola passes through a ^ed point and the circle on HK 
as diameter meets the hyperbola agam m L and JIf Prove that LM also posses 
through a fixed pomt. 

62. If T = 0 IS the equation of a taneent at a pomt P of a como 8 = 0, and 
L — 0 IS the equation of any other line through P, mterpret the equations 

8 -kT* = Q. 8 - kTL = 0, 8 - hL* = 0, 
where 1; is an arbitrary constant. 

Fmd the locus of the centres of rectangular hyperbolas which have four-point 
contact with a given parabola. 


63. Prove that the pidars of a point P with respect to the conics through 
four pomts meet m a point P', and that, when P describes a line I, P' desenbes a 
come through the vertices of the common self-polar triangle of the cames. Show 
that this come is also the locus of the poles of the line I with respect to the comes 
of the pencil. 

The asymptotes of a come « of the pencil meet the come k which is the locus of 
centres of the comes of the pencil m the centre C of s and m two further points 
X, y Prove that when t vanes m the pencil the Ime XY turns about a fixed 
pomt. 

Prove a similar result for the principal axes of the conic «. 


64. In a system of homogeneous co-ordinates the tangential equation of the 
circular pomts is 

2 B ol* -h -h on* 2/mn -f 2gnl -f 2Wm ' 

A, B, C, F, 0, H tan the first mmors of the corresponding sigaall letters m the 
diroriminant of S. Assummg that none of these first mmors vomsh, show that 
the equation of the line at mfimty is 


-+^+- 


0 . 


Fmd the condition that the come uyz -{- vzx + = 0 should be a rectangular 

hjmerbola, and deduce that the co-ordinates of the orthocentre of the triangle of 
^referettoes are (/“*, g~\ h~^). 

SB. Fmd the equation of the two straight lines through the origin perpendicular 
to the pair of lines ax* ihxg d- iy* = 0. 

Two conics 81 , 8 t are so iMated that the asymptotes of iSF, are perpendicular 
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• MISCELLANEOUS EXERCISES 

to tboBO of 8, (their oentree being in general diatinct). Prove that the looiu of 
the centres of oonios through the four common pomts of iS| la a rectangular 
hyperbola. * 

BE, CF ore two altitudes of a triangle ABO. Prove that two parabolM pass 
through the pomts B, 0, E, F and that their axes are peipendioulw. 

56. Prove that the equation of a proper come can be expressed in the form 
2y = ax* + 2hxy + 6y*. 

Prove that the chords of a conic which subtend a right angle at a given point 
O of the come all pass through a certam fixed pomt F. 

Prove that, if P is the centre of the circle of curvature at 0, then F is also 
the nuddle pomt of the chord of the conic which is normal at O. 

67. Show that the tangential equation, m rectangular Cartesian co-ordinates, 
of any rectangular hyperbola with centre (Xf, y,) can be written m the form 

(te, -f ray, + n)* -1- (I* — ra*) -|- pira =« 0. 

Find necessary and sufficient conditions for the tangents at the points of 
parameters ti, on the parabola k given by » = a<*, y » 2cir to be tangents 

•to a rectangular hyperbola with its centre at the vertex 0 of k. 

If P, Q are opposite vertices of the quadrilateral of common tangents of k and 
a rectangular hyperbola with centre O, prove that PQ is bisected by the airis of 
k, and that P, Q are conjugate pomts with respect to the circle wluoh touches k 
at O and has its centre on the directrix of k. 

68. The four normals at the ends of two chords of a come are concurient at a 
pomt 0. Show that these ends he on a rectangular hyMrbola, passing thiough-f) 
and the centre of the come, whose asymptotes are par^lel to the axes of the come. 

Show that there are two positions of 0 such that one chord passes through a 
given pomt P and the other chord through a given pomt Q. 

Prove that, if P is kept fixed and the two positions of 0 coincide, the loons of 
Qua parabola touching the axes of the come. 

69. Prove that a general pomt m the plane of a conic k, given by the equation 
ax* + by* = 1, lies on four normals to k , and that, if the Ime lx my n 0 
joins the feet of two of these normals, the feet of the other two lie on the bw 

+ 6y/m — 1/n = 0. 

If Q, P, 5 are the feet of the other three normals to k from a variable pomt X 
on the normal at a fixed pomt P, prove that the sides of the triangle QBS are 
tangents to a fixed parabola, which touches the axes of k and the lines joining the 
vertices of k on each axu to the image of P m that axu. 

00. Show that, m general, four normals can be drawn to a central come from 
a point m its plane. 

Show that real parabolcu can be drawn through the feet of the normals from 
a pomt to a real central conic if, and only if, the come u an ellipse, and that m 
thu case the axes of the parabolas are parallel to the equal conjugate diameters 
of the ellipse. 

61. Fmd tl& equation of the normal to the ellipse x*la* + y*lb* n 1 at the 
pomt (a cos a, b sin a). 

Prove that the*loous of the mid-pomts of normal chords of this ellipse is 



62. Prove that the feet of the normals drawn from the point (A, k) to the 
elhpae x*la* 4 - y*lb* 1 lie on the rectangular hyperbola 

(o* — 6*)*y -1- b*kx — a*hy = 0. 

PP' is a diameter of an ellipse whose centre u 0, and T is the foot of the ‘ 
perpendicular from 0 on the tangent at P. A circle through P and F meets the 
ellipse again at Q, B, 8. Prove that the normals at P', Q, R, 8 atn conouireat. 
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63. The nonnals at four pointa on the ellipse s'/a* + ^ 

current at the point (A, k). Snow that the normals at the oorreroonding points 
on an]%confocaI ellipse are also oonourrent, and that, if the oonfoocu ellipse vanes, 
the loous of the point of oonourrence is the curve 

A*o' k*b* . ,, 

®* y* 

(Points (Si, y,), (»„ y,) on the ellipses x'/oi* + y*/6,* = 1, **/o,* + y*/6,* = 1 
correspond if xjoi — x^lOf and yjoi = ) 

64. The normal at the pomt P(ct, e/() of the rectangular hyperbola sy e' 
meets the hyperbola agam m Q, and the circle on PQ as diameter meets the 
hyperbola in the pomt R different from P and Q. Prove that PR is a diameter 
of the hyperbola. 

(i) The Ime QR meets the axes of co-ordinates in pomts Af, N. Prove that, 
if Q and R are the pomts of trisoction of MN, then t* = 

(ii) Prove that, if the circle on QR as diameter touches the axis y = 0, then 
<‘ = J. 

65. Find the equation of the normal to the parabola y* = 4as at the pomt 
(af, 2at) 

Normals ore drawn from the pomt (om', 2am) to the parabola y* := 4az. 
Show that the parameters <i, of their feet (ati', 2a<i), (o(|', 2af,) ore the roots 
of the equation t* + mt 2 = Q 

Show that the product of their lengths is 

4o*(l -f m')»'*. 

66. Show that, if the conic whose trilmear equation is 

Oa* 6)5* "I* Oy* ■(“ -f- 2ffyii 26a)3 =* 0 

IS a rectangular hyperbola, then 

a + b + c — 2/cos A — 2ff cos B — 2h cos 0 = 0, 

where A, B, C are the angles of the triangle of reference 

Show that the locus of the centres of rectangular hyperbolas touching three 
given straight lines is a come 

67. Fmd the condition that the Ime Aa + p)8 -f ry = 0 may touch the 
conic 

oV(/a) ± 6V(?P) ± W{hy) = 0. 

The oo-ordmates bemg trilmear and a, 6, c bemg the lengths of the sides of the 
triangle of reference, prove that, if the conic is a parabola, the pomt at infimty 
on the axis and the focus are respectively!/, g, h) and (1//, 1/y, 1/6) 

68. Obtain the tangential equations m trilmear co-ordmates of all conics 
which have two given pomts as foci. 

A come touches thrm given lines and one real focus lies on another'given Ime 
Show that the locus of the other real focus is a come passing through the mter- 
sections of the three given lines. 

69. Show that the come whose equation m areal co-ordmates*iS 

/•x* j*y' -1- h'z* — 2ghyz — 26/zx — 2/gxy ^ 0. 
is an ellipse + y + A) > 0. 

Detenmne the parts of the plane of a triangle withm which the centre of an 
elli^ touching the sides of the triangle must lie Illustrate your answer by 
means of a diagram, indicating the parts you have determmed by shading. 

70. Prove that the straight line r cos (9 — a) = p touches the parabola 
i/r = 1 + cos 0 if p = }! sec a 

A circle passes through the focus S tmd has its centre on the axis of a fixed 
parabola. An elhpse with 8 as focus and having a tangent to the parabola as 
corresponding directrix meets m the circle m A, B, 0, D. Prove that 

A -f O + iS£» = 2fo/r, 



. miscellaneous exercises i&i 

vrheie a'is the radius of the oiiole, 21 la the latus leotum of tho pioabola, and 21' 
IS the latus leotum of the ellipse. 

71. Prove that the normal to the conic 2/r = 1 + s oos 0 at the point id which 
^ = ata 

e sm a(l/r) (1 + e cos a){sin (9 — a) + « sm 9} 

Show that the locus of the mtersection of the normals at the ends of any f oocd 
chord of a oomo is another come. 

72. Prom the following theorem derive a second theorem by reciprocation 
and a thud by projective generalisation. 

Two parabolas have a common focus (and axes along different lines). The 
locus of the pomt of mtersection of two perpendicular tangents, one to each of 
the parabolas, is a conic. 

Prove any one of the three theorems 

73. If 8 and S' are two given comes, And the envelope of a line which moves 
so that the points in which it intersects 8 hannomcally separate the pomts m 
which it mtersects S'. 

Prove that, if the polar with respect to S' of any one pomt of 8, other than a 
pomt of mtersection of S and S', is divided harmomcally by S and S', then the 
same is true for every pomt of 8. 

74. Show that the envelope of a Ime divided hannomcally by two given 
conics mtersecting m four real distinct pomts is a conic (their “ harmomc 
envelope ”) touchm^ the tangents to the comes at each of the pomts 

The di^onal pomts of a quadrangle are A, B, C. Show that the harmonic 
envelope of a fixed come having ABC as a self-conjugate triangle, and of a 
vanable come through the four vertices of the quadrangle touches four fixed lines. 

75. Prove that the reciprocal of a circle with respect to a point 0 is a oonio 
having a focus at 0 

ABC is the tnangle formed by the common tangents of each pau of three 
parabolas with a common focus. Prove that an infinite number of tnangles 
can be drawn such that each side touches one of the parabolas and each ve^z 
lies on a side of ABO. 

Show also that all the tnangles are similar, and that one such triangle is 
formed by the tangents at the vertices of the parabolas 

70 Show that the reciprocal of a come with respect to a pomt on its director 
circle IS a rectangular hyperbola 

Prove that chords of a rectangular hyperbola which subtend a right angle at 
a pomt O envelope the parabola which has O as focus and the polar of O with 
respect to the hyperbola as directrix. 

77 Prove that tho reciprocal of a conic with respect to a focus is a circle. 

Two given straight lines meet at a pomt O Reciprocate with respect to a 
circle with' centre at O the theorem : tho polars of a fixed pomt, with respect 
to the circles which touch the two given Imes, touch one or other of two parabolas 
whose axes are parallel to the bisectors of the angles between the lines 

78. Prove that the reciproced of a come with respect to a focus is a circle, 
and that the reciprocal of the corresponding directrix is the centre of the oixole. 

p and q are tai^ents to a circle, r is theu chord of contact, and O is any point 
in the plane. Prove that a come can be found havmg O as focus, r as correspond- 
ing du^tnx, havmg its as^ptotes parallel to p and q, and passing throu^ the 
two pomts m which p and q meet the radical axis of the circle and the point- 
circle O. 

79. By reciprocation with respect to the circle ABC, prove that among the 
comes through the points A, B, C there toe three which have a focus at the centreT 
O of the circle ABC ; and that their directrices corresponding to 0 meet in pans 
at the middle pomts of BC, CA, AB. 

Show also that these three comes are hyperbolas ; and that the second foous 
of any one of these lies on three conics through O having two of A. B, C for foci 
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80. From any point 0 on the oinumBoribed circle of a triangle ASO, 
peipendicfilars are draim to the eidea BO, CA, AB, meeting the circle in D, B, 
F tesMotively. Prove that AD, BE and OF ace parallel a^ that the aix linee 
AB, Be, CD, DB, EF, FA touch a conic. 

State the theorem obtained by reciprocation mtb respect to a circle with 
centre at O. 

81. The chord PQ of a parabola passes through the focus 8. Prove that the 
tangents at P and Q intersect at right ang^ on the directrix. 

State the theorem obtained by reciprocating this result with respect to 8, 

82. If AB'OA'BC is a hexagon inscribed in a come, and if Zj, Z,, Z, ore the 
pomts BC' . B'O, OA ‘ . O' A, AB' . A'B respectively, prove that Zj, Z,, Zg are 
colbnear. 

If IB a triangle circumscribing both the triangles ABC, A'B'C, so 

that XfXf, „ XiXt f^l along AA\ SB", CC respectively, and if Fj Fg Fg is the 

triangle inscribed m ABC and A'B'C, so that Fj s BO . B'C', Fg a CA . O' A', 
F, SI AB . A'B', prove that X^X^Xf and YiV^T, are m perspective. 

Prove that the triangles ABO and A'B'Q' are each self-polar with reqieot to 
the umque conic which reciprocates the triangle XjXgXg mto FgFgFg. 

83. Prove that the equation of any non-smgular conic can be expressed m the 
form 

2y = oa!* Utixy H- 6y*. 

Prove that the reciprocal, with respect to a conic 8, of the circle of curvature 
O at a point P of B, is a conic passing through P whose circle of curvature at P 
IS also G. 

84. Obtam the equation of the polar reciprocal of the come pyt -|- qtx + ray >= 0 
with respect to the oomo (abcfghlxyi)* =«; 0 m the form 

p*X* -t- a*F* + - 2jrFZ - ZrpZX - 2pgXr - 0, 

where 

X ^aa + hi/ + gz, Y ^ ha + by +fi, Z ^ga +/y +cz. 

Given a como k m the plane of a triangle ABC, prove that, m general, there 
are four conics through A, B and C whose polar reciprocals with respect to k 
pass through the two points A and B ; but that if A, B are conjugate with respect 
to h there is just one such conic 

Show that the reciprocal of a circle with respect to a rectangular hyperbola is 
also a circle if and only if the circle is concentric with the hyperbola. 

86. If A and B are conjugate pomts with reflect to a circle £, prove that the 
circle on AB as diameter cuts Z orthogonally 

Prove that the locus of the foot of the perpendicular from a given pomt P 
to Its polar with respect to any circle of a coaxal system is the circle of the 
orthogonal system passing through P. 

Reciprocate this result with respect to a circle centre P. 

80. Define the term one-one correspondence, and state m what way it is special 
for an znvohUion '• 

ABCD IS a quadrilateral and the sides BC, AD-, CA, BD; AB, CD meet m 

F, Z respectively. P is any point on BO, and PA, PD tneet FZ m L, M 
respectively Prove that there is m general one position, Pg, of P for which 
A, D Li, M-i ore concyclic, and one position, Pg, of P for which B, O, Bg, My 
are ooncyohe and that the radical axis of these two circles cuts FZ at the middle 
point of the segment of FZ cut off by BO and AD. 

87. Show that two comes of a confooal system pass through any given point, 
one being on ellipse, and the other a hyperbola. 

Fmd the hyperbola confocal with w'/e* + y*lh* » 1 which passes through 
(a COB h sm 4)' 

Show that tfap centre of curvature of the ellipse at this pomii is the pole of the 
tangent to the ellipse with respect to the hyperbola. 
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88. Prove that the loouB of the Mlee of a given atmight line with respect to a 
system of oonfocal oomos is a strai^t line. 

« and «* are the two oonfocal elUpsce which are respectively ciroumslnbed 
and inscribed to a given tnangle ABo. Show that the tangents a,t A, B, C to » 
meet at the centres of the escribed circles of the triangle, and that the conio «' 
touches the three escribed cuoles. 

80. Prove that the polars of a given point P with respect to conics of a 
oonfocal system envelope a parabola Isaving directrix OP, where 0 is the centre 
of the oomos. 

If P describes a straight line, prove that the focus of this parabola describes 
a circle through O. 

90. Prove that the polars of a pomt P, accessible and not on either axis of co- 
ordinates, with regard to the comes of the confooal system 

(a + A)I* + (6 + A)ot* - n« = 0 

envelope a parabola, which touches the axes of oo-ordmates at pomts Q, B. 

Show that when P describes a general Ime the chord of contact QB turns 
about a fixed pomt ; and find the locus which P must describe m order tiiat the 
envelope of QB shall be a circle. 

91. In any system of homogeneous oo-ordinatos the tangential equaticm of a 
certam come is S ac 0, that of the absolute pomts is U = 0, iriiile P n 0 
represents an arbitrary pomt of the plane. Prove that the enveli^ of polar linM 
of P with respect to comes confocal with S is the parabola t whose equation is 

8(S.P.a) . 

8(1. m.n) 

and show that this parabola touches the axes of S and that its directrix joins the 
centre of S to P. 

Prove that k is likewise the envelope of polars of P with respect to comes 
confocal with any member of the pencil of comes touching S at its pomts of 
contact with its tangents from P , and that k is the envelope of axes of conics 
of this pencil. 

92 Show that the feet of the normals from a pomt P to a conic, whose centre 
IB O, he on a hyperbola through P and O having its asymptotes parallel to tiie 
axes of the come. 

A given Ime meets any come of a family of confocal central conics m H and K. 
Show that the line joimng the feet of the other two normals to the come from the 
mtersection of the normals at H and K mivelopes a parabola touching the axes 
of the come, and show that the chord of contact is perpendicular to the given line. 

93. Show that the locus of the centre of the rectangular hyperbola which 
passes through the mtersectiona of a given come and any member of a confocal 
family of comes is a straight Ime when the confocal comes are a system of confooal 
parabolas, and is a circle when they are a system of confocal central comes. 

94 The plsjve tangential equations of the vertices of a tnangle are a ^ 0, 
j3 => 0, y — 0. Interpret the equation y* 0. 

U, V are two opposite mtersections of the four common tangents of a given 
circle centre P and a given come S. Prove that Cf, P he on a come confocal 
with S, and that the tangents to this come at U and V are respectively PU and 
PV. 

95. If X, y, s are tnlmeor point co-ordinates, prove that there exists a conio 
insenbed m the triangle of reference which is confocal with Idie conio 
fyt -f gzx 4- hxy = 0 if , and only if,/* = g* = h*. 

Show that there are, m general, four pain of confooal conics such that one 
of them is inscribed and the other oiraumscnbed to the tnangle of reference, and 
that the centres of the four pain of oomos on at the pomts whose co-onhnates are 
(» — Oj, « — bo> • ~ «•)• ('f * — ««»•— fri)t (s — 6,, e — a,, s), where a«, bg, c, am 
the sides of the triangle of mferenoe and zs • Og -|- bg -)- Og. 
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06. Prove that if two triangles am each self-polar with regard to a conio, 
their vertices lie on a second conic, and conversely. 

A griangle ABO is inscnbed in a conic k and circumscribed about a conic le' ; 
prove that k and k' are polar reciprocals with regard to a come « for which the 
tnantfle ABC is self -polar; and that any pomt of k is one vertex of a triangle 
inscribed m k, circumsenbed about k' and self-polar for «. Show also that the 
vertices of the triangle ABO lie on a conic through the vertices of the common 
aetf^lar triangle of k, k'. 

Taking k, k' to be concentric rectangular h^ierbolas, show that W is the kxsus 
of centres of oircumcucles of triangles inscnbra m k and circumscribed about k’. 

97. Prove that, if two comcB S, Q are so rriated that th«e is one triangle , 
inscnbed in S and circumscribed about fl, then them is an mfimte number of 
such tnangles. 

An eUipse has axes of lengths a, h and the minor axis is BOB', whom O is the 

centre. P is the pomt on 0^3 produced such that OP = kOB, and the tangents 
from P to the ellipse meet the tangent at B' m pomts Q, B. Prove that, if 
b‘(k’ — 1) s, 3a*, tnen the triangle PQB is equilateral, and find the co-ordinates 
of Its circumcentm. 

In the cose k = B, find the angles of the triangle, msenbed in the circiuncirole 
of the triangle POB and circumscribed about the given ellipse, when one side of 
the tnongle is the tangent at JB to the ellipse. 

08. Prove that a circle which is outpolar to a come k is out orthogonally by the 
orthoptic locus of k. 

Prove also that, if a circle is inpolar to a parabola, the diameter of the circle 
which IB peipendiculor to the axis of the parabola cuts the circle and parabola in 
harmonic pairs 

Hence, or otherwise, show that a circle which is both outpolar and inpolar to 
a parabola posses through the focus. 

99. Prove that any come fe which is outpolar to two comes whose tangential 
equations are £ — 0, £' = 0 is outpolar to every come of the range £ -f A£' = 0 , 
and show that each of the three pomt-pairs of this ramge is a conjugate pair with 
respect to k. 

Show that, in general, there are three point-pairs which am conjugate pairs 
with respect to each of four given coplanar comes. 

100. Prove that two comes which have four-pomt contact at a point A 
correspond m a plane perspective with centre A and axis the tangent at A. 

Two comes ki, k, have four-pomt contact at A and are met agam by a Ime 
through A at Bi, B^ respectively. An mtersection Of of kf with the tangent at 
Bi to ki IS joined to A by a Ime meetmg kj agam at C,. Prove that H,Ci is a 
tangent to lb,. 

Show that there is a umque come r which touches kj and kf at A and has 
BjC|, JB|Cj for polars of O,; and that ky, k, are polar reciprocals with respect 
to r 

101. Prove that, if a plane coUmeation has two non-coUmear involutory pairs 
of correspondmg pomts, then it is a harmonic perspective. 

Show that, m general collineation of the plane mto itself, the circles which 
transform mto circles form a coaxal system. 

If a system of coaxal circles (c) is transformed mto itself by a plane coUmeation 
A) m which neither of the two absolute pomts is transformed mto an absolute 
pomt, prove that oi is either (i) a harmomc perspective with one limiting pomt os 
vertex and a Ime through the other as axis, or (ii) one or other of two ooUmeations 
whose squares are each the reflection m the jom of the limiting pomts of (e). 

102. Prove that a plane coUmeation which transforms the vertices A, B,0, D 
of a quadrangle mto B, A, D, O respectively must be a harmomc perspective. 

A coUmeation oi, m which none ol the pomts A, B, O, D is self-corresponding, 
transforms two comes k|, kf of the pencil through A, B, O, D mto conics of the 
some j^cil. Prove that either w or cu* is a hoimomc perspective m which each 
'of Jfcx, Aa 18 self-corre^onding. 
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103. The diagonal points of a quadrangle ABCD are E s AD , BC, 
P m BD . CA, O s CD . AB; and a is the plane oollmeation which tran^omiB 
A, O, S, O into B, D, O, E respectively. Prove that 01 also transforms B, V into 
C, A and that 01 ' is the harmonic perspective with centre P and axis EO. 

Show that every conic through A, B, O, D is mvariant m 01 ', but that only 
one such come is mvanont m 01 , other than the line-pair AC, BD. 

104. Two chords AB, CD of a conic k meet at O. Prove that there are four 

C ie collineations each of which leases O and k mvanant and transforms the 
AB mto CD. Show that two of these collmeations are harmomc percpectives 
whose axes meet at O; and that if 01 ^, 0 >, are the other two, then 01 , 0 * 1 '^ is a 
hannomc perspective with centre O 

106. Show that a collineation can be found to transform a como and any 
pomt into a circle and its centre 

Two conics Si and 8 , meet m A, B, C, D. A chord PQ of St meets the Ime 
CD in H, and the harmonic conjugate of H with respect to P and Q lies on 5,. 
Show that the envelope of the chord is a conic havmg double contact with 81 
and touching the tangents to St at A, B, C, D. 

100. For each of the collmeations 

( 1 ) x' -.y' -z' = y + ztz + x:x + y, 

( 11 ) x' • y" :z' = y — as -f 2y : — 2® -f- 2y -f r, 
write down the equations of the associated line-lme correspondence, and find all 
the united points and united Imes 

Indicate clearly the geometrical character of each of the collmeations. 

107. Fmd the equation of the harmomc locus P of the conics 

S ^ ax* + by* + ez* — 0 and S' e »* -)- y* -f r* = 0, 
and hence mfer the tangential equation of the harmomc envelope ot 8 and 8 ' 
Verify that the pomt equation of can be written m the form 
@'8 + eS' -F = 0. 

where 6, 6’ are the usual relative mvariants of 8, S’. 

Bence show that for the conics F and <If to comcide it is necessary and sufficient 
that triangles can be inscribed m 8 self-polar with respect to 8 ', and vice versa. 

108. If at leent three of the common pomts of two conics are distinct, prove 
that their equations may be taken u 

yr -I- r® -1- jry = 0, fyz + gzx -1- hxy = 0. 

Fmd the condition that the comes may touch each other, m terms of /, ff, h. 
Express this condition also m terms of the mvariants A, @, 0', A' 

109. If two conics passmg through three pomts A, B, C are such that the 
tangents at A are separated harmomcally by AB and AC, prove that 

00' = AA'. 

If the two rectangular hyperbolas 

* 2a!y = k, 2xy 2gx + 2fy + e = 0 

are connected by lihe invariant relation @0' = A A', prove that either (i) the 
tangents at the pomts of mtersection are equally inclined to the axes, or (li) 
c = * +/g. 

110. Prove that the envelope of Imes joining pomts which correspond in a 
symmetneal (2, 2) correspondence on a conic u a second come 

A come k m the plane of a pencil of comes (s) passes through just one base 
point A of (s) and does not touch all members of (s) at A. Prove that, if P, Q 
are pomts of k, other than A, on the same member of (s), then PQ is a tangmt 
to a fixed come (, which touches the Ime joining any two base pomts of (s) 
different from A. 

Determine the tangents from A to ( m the cases when (i) the pencil (s) has 
four base points, (ii) the comes (s) have contact at A. 



2»2 THE ALGEBRAIC GEOMETRY OF A PLANE 

111. If there is a ayminetrioal (2, 2) oorrespondenoe bet^reen points P, P' of a 
oonio S, move that P, P' aie conjugate with ieq)eot to a fixed oonio 9 and that 
PP' touches another conic £. 

Prove that S admits of inscribed quadrilaterals which are circumscribed to 
S if and onlv if 4> is a line-pair, and show that in this case 9 is a pair of tangents 
to S \riiose intersection has the same polar for S as for S. 

112. The co-ordinates of a pomt P on a curve tue given by 

xtytz =/(^:p(*)!M0 

where f{t), g{t), h(t) too polynomials of degree not exceeding n, one of them at 
least being of degm n. Show that, in gene:^, the curve is of order n and possesses 
i(n — l)(n — 2) double points. 

Indicate the type of modification to be made m this theorem when f{t), g(t), 
h{t) can be expressed as polynomiejs m k{t), where k{t) is itself a polynomial, by 
considering the curve x ^ y >= 2i;(<) where k{t) s (' -f- ( -f 1. 

113. Show that the infiexions of the curve 

xtyiz 

are given by the simple roots of the equation 



Find the inflexions and double pomts of the curve 

a . y : * = (t* + -h «>) . (r* -K -I- 1) : <*. 

114. Fmd the real inflexion and double pomt of the curve 

* 

115. Show that a cubic curve drawn through eight fixed points m a plane 
will also pass through a nmth fixed point 

A cubic touches the Ime y-i-s = 0, « + y = 0, at the vertices of 

the tnangle of reference, and the Ime x+y + t — Oat the pomt (a, JS, y). Show 
that it mtersects the last Ime ageun m the fixed point 

(/S’ - y'. y’ - o’, o* - /J*) 

116. Show that the equation of any cuqiidal cubic can, by a suitable choice of 
homogeneous co-ordinates, be written m the form yH = x*. 

Tl^ugh B, the inflexion of a curaidal cubic, are drawn the chords PBP', 
QBQ'. Any come through P, P', Q, Q', meets the cubic agam at B, B'. Prove 
that BB' passes through B, and deduce another theorem about the cuspidal 
cubic by reciprocating this result 

117. Prove that two tangents can be drawn from each node of a tnnodal 
quartic to touch the curve elsewhere and that these six tangents touch a come. 

Show also that the three Imes, each of which joins the pomts of contact of the 
tangents from a node, form a Wangle ooplanar and ooaxal with the triangle 
formed by the nodes (i.e , is m perspective with it). 

* 

118. Show that the tangential equation of a tnnodal quartic con be expressed 

in the form • • 

(00' - 9AA')* = 4(0* - 3A0')(©'’ - SA'B) 
where A, 0, 0', A' are the invanants of the two oonios 

8 3 2 (ly 2 -f rmx nxy) 

S' s ax‘ -i- by* + ec* + 2fyt + 2gzx + 2hxy, 
the pomt equation of the quartic being 

aiy*z* + bz*x* + ex*y* 2xyz{Jx -h gy -f hr) 0. 

Show that the six inflexional tangents, the six nodal tangents, and the six 
tangents from the nodes all touch the class quartic 

0(0'* - 4A'0) + 3AA'@' = 0. 
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' 119. A triangle ABO ia inseribed m a oonio », and P la a variable point auoh 
that the hannanio oonjiwate of PA with rei^ot to PB, PC is a tangent to a. 
Prove that the looua of P ia a quartio curve naviiw cuqia at A, B, O wit^ oon- 
ourrent tangenta, and touching a at a fourth point Q. 

Stow also that the tangenta to a at the three pointa (Q) determined m thia 
manner when A, B, C are permuted cychcally form a triangle m perspective with 
the triangle ABO. 

120. Show that the mverse of the cucular cuhic xy + {x* + y*){ox hy) — 0 
with reapect to the circle x* + y* = t*i8 a certain rectan^lai hy]^bola passing 
through the ongm O. 

The two oimlea, which osculate at O the two branohea of the cubic curve, 
meet again at O ; ^e line OO meets the curve agam at P ; and the tangent at P 
meets the curve again at Q. Deduce from tto properties of the rectangular 
hyperbola that (i) P bisects 00, (ii) the bisectors of the angles between OQ and 
the real asymptote of the cubic curve are parallel to the bisectors of the angles 
between tto two tangents at 0. 

121. The diagonals AC and BD of a quadrangle ABOD mtersect at nght 
angles at O. Tto perpendiculars from O to AB, BO, CD, DA meet these sides 
at P, Q, R, 8 respMtively, and the opposite stdm at P', Q', R’, S'. Prove, by 
inversion or otherwise, that 

(i) P, Q, R, iS he on a circle Z : 

(ii) P" also lies on Z ; 

(ill) P'Q'R'S' 18 a rectangle with its aides parallel to AC and BD. 

122. A and B are mverse pomts wiUi respect to a circle K, and A', B', K' are 
the mverses of A, B, K with respect to any other circle Prove that A', B' are 
mverse with respect to K'. 

Two circles K^, are exterior to one another, A is any pomt outside both, 
and A,, Ai are its mverses with respect to Ki, K, respectively Prove that four 
real circles can be drawn through A to touch both Ki and K^, that two of their 
SIX mtersections (other than A) he on tto circle AA,A„ and that the remaining 
four mtersections he on the circle through Aj, A| orthogonal to the circle AAjA(. 

123. Two non-mtersecting circles, centres A and B, each touch internally a 
circle centre O inside which they he, and a circle centre C, lymg entirely inside tto 
circle centre 0, touches each of the first two circles externally The pomt 0 
lies outside ecuih of the three circles centres A, B, 0. Two circles S^, 8^ are 
drawn through O; the first cuts the circles centres A, 0 orthogonally and the 
second cute the circles centres B, 0 orthogonally. By inversion with respect to 
the circle centre O, or otherwise, prove that a circle can be drawn to touch OA, 
OB and tdso to touch externally each of the circles S-i, 8^. 

124. Discuss the curve obtamed from the come /(x, y,t) = Q by the trans- 
formation X = IK, y = 1 / 17 , r = I/{. 

Show that this transformation changes a cubic curve passing through two 
vertices of the triangle of reference and having a node at the third vertex mto a 
come through the third vertex. 

126. A and B are two given pomts; P is a pomt which moves so that tto 
pencils PA, PB are m a general (p, q) correspondence. Pmd the Plilcker’s 
numbers n, m, S, r, 1 of the locus of P 

Find the correspondmg numbers when the line AB corresponds to itself m tto 
two pencils. 
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theorem, 173 
Associated 
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pairs in a cross-ratio, bl 
Asymptotes, 134 
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angle between, 3 
formulae for change of, XT'iff 
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Birational transformation, 270 
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element of a correspondence, 253 
place of a correspondence, 248 
Branches of a hyperbola, 158, 161 167 
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Cauchy, A. L., 243 
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of a conic, 134 
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of perspective, 59, 75, 201 
Centres, Ime of, 181, 183 
Ceva, G , 174 
Characteristic 
determinant, 231 
equation, 217, 231 
matrix, 217, 231 
Chasles, M , 247 
Circle, 41, 42, 133, 169, 170 
auxiliary, 146 
director, 139 
improper, 133 

rune-pomt, of a triangle, 140 
of curvature, 152 
point-, 41, 133 
proper, 133 

Circles, coaxal, 180, 191 
Circular pomts, 41 
Class of an envelope, 42, 267 
Cluster of multiple points, 275 
Collmeation, 197J^ 
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attached to a correlation, 225 
equations of a, 207 
identity, 198 

invariant pomts of, 200, 210 ff i 
modulus of, 230 
non -projective, 198 
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Collinflation eonttnwed. 
pro‘eottv«, 197, 199 
Bimiilitade, 212 

gimjAfled forms of the equation, 211 
uniqueness tiieorem, 206 
CoUmeations 

algebraic classiflcation, 217 
gmeral, 210 
group property of, 200 
non-qwoial, 220, 221, 227 
product of two, 200 
projective equivalence of, 223 
special, 220, 222, 228 
von Staudt’s theorem for, 208 
Commutative group, 34 
Conoychc points, 161, 160, 163 
Conditians, linear, 113, 268 
Confocal 
conics, 183 
co-ordinates, 187 
Como, 41 
central, 134 
director, 177 
eleven point, 120 
baimomc, 179 
irreducible or proper, 90 
outpolar, 192 
parabolic, 133 
real, 142 

rectangular, 133, 171 
reducible or degenerate, 90 
Como -envelope, 42 
harmonic, 192 
(f, J). 170 
inpolar, 192 
irreducible, 96 
reducible, 06 
Comes 

confocal, 183 
reciprocal, 160 
similar, 237 
Conjugate 
harmonic, 63 
hyperbolas, 169 

Imes with respect to a conic- 
envelope, 96 

points and lines m £«, 24 
pomts with respect to a conic, 94 
Conormal points, 142, 160, 160, 163 
Contact 

of two conics, 116 
point of, of a tangent, 93 
Cimtmuous function, 161 
Co-ordinates 
algebraic, 16 
areal, 74 
axes of, 1 
confocal, 187 
distance, 2 
homogeneous, 29 
• modifiM, 27 

of a line m Sm, 7 ; m Ea, 22 ; m Em, 
29 

polar, 166 


Co-ordinates comtmaed. 
tangential, 40 
trilinear, 74, 169 
Correlation, 189, 224 
attached collmeation, 226 
equations of, 226 

its incidence conic and oonic- 
enveli^, 226 
polarity, 228 
projective, 226 

projective mvanants of its attached 
oollineation, 227 
umqueness tliMrem, 226 
Correlations, classification of, 227 
Correspondence 
algebraic, 246 
algebraic (2, 2), 266 
birational, 276 
branch plrces of a, 248 
direct, ^6 
identical, 246 
indices of a, 246 
mverse, 246 
mvolutory, 260 

mvolutory (2, 2) on a come, 267 
one-one, 1 
symmetncal, 248 
symmetrical (2, 2) on a come, 255 
united places of a, 247 
Corre^onding pomts on an ellipse and 
its auxihai^ circle, 147 
Covering of one plane or line by 
another, 21, 27 
Cnmona, L,, 273 
Cross-axis, 86, 127 
Cross-ratio, 32 
equianharmomc, 63 
harmomc, 63 
m relation to angles, 67 
of four elements, 61 
of four Imes, 66 
of four numbers, 61 
of four points on a conic, 107 
Cubic, discriminating, 231 
Cubic-envelopo or class cubic, 42 
Curve 

algebraic, 41 
covanant, 236 
cubic, 41 
first polar, 270 
irreducible, 41 ' 

order of an algebraic, 41 
rational or imicurss&, 123 
reducible, 41 
Cjmle, 273 
C^lic subgroup, 64 

Deaargves, O., 76, 120, 131, 172 
Determinant, 6 
oharaotenstio, 231 
Diagonal 

pomts of a quadrangle, 81 
of a quadrilateral, 81 
Diagrams, 176 
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Diameten 
conjugate, 136, 148 
of a conic, 136, 136 
principal, 136 
Dilatation, 204, 212 
Director 

circle of a central conic, 130 
conic, 177 

line of a parabola, 139 
locus, 139 * 

Directrix, 140 
Distance 

as an invariant, 18 
between two points, 2 
oo-ordinates, 2 
function, 26 
of a point from a Ime, 8 
sensed, 3 
Double 

place of a conespondence, 2^8 
pomt of a curve, 261 
pomts m an mvolution, 55 
Duality, principle of, 42 

Eccentric angle, 147 
Eccentricity, 164, 100, 104, 105 A 
Elation, 201 
equations of an, 203 
Element 
identity, 34 
mverse, 36 
reciprocal, 36 
unit, 36 
unreal, 20 
zero, 36 

Eleven point conic, 120 
Ellipse, 146 j9' 

Elliptic functions, 124 
Embeddmg of one plane in emother, 21, 
27 

Envelope, algebraic, 42 
clews of an, 42 
contravanant, 237 
irreducible and reducible, 42 
rational, 124 
Equal, 31 
Equation 
bilinear, 46 
oharactenstic, 217 
of a come, 90 
of a hyperlibla, 166 
of a line, 6, 7 ,28 
of an ellipse, 145 
of a real parabola, 162 
polar, of a real come, 167 
tangential, 40 

Equations, fundamental, of a collmoa- 
tion, 217 

Emiations, parametno 
tor Imes tnrough a point, 31 
for points on a come, 106, 106 
for pomts on a hyperbola, 168, 169, 
161 

for points on a line, 30 


Equations, parametric, continued 
for pomts on an clli^, 147 » 
for points on a monoid, 262 
for points on a real parsbolaf 162 
Equiaoharmomo croas<ratio, 63 
Eqmvalence 
between fields, 37 
between groups, 34 
of unreal elements attached to Em, 
21 

projective, of ooUmeations, 223 
Euler, L., 260 
Evolute, 163 
Extension of a field, 37 
Exterior 
pomt, 143 
chord, 144 

Eano, Q., 242 
Field, 36 

Fmite geometry, 44 
Foci 

of a come, 137, 138, 164, 160 
of a hyperbola, 160 
of an eUipse, 154 

opposite or associated or correspond 
ing, 137 

Focus of a real parabola, 164 
Frame of reference, 71 
formulae for change of, 73 
Freedom of a hnear syst^, 113, 268 
Frigwr, 142 
Function 
elliptic, 124 
holomorpbic, 194 
rational, 124 

Fundamental theorem of algebra, 20 

Oatktn, T , 194 
General collineatiun, 210 
Genus of a curve, 276 
Geometry 
euclidean, 172 
fimte, 44 
on a curve, 246 
projective, 241 
Gradient of a Ime, 10 
Group, 31 

abelian or commutative, 34 

(ulditive, 34 

fimte, 33 

infinite, 33 

similonty, 216 

Harmonic 
come, 177 
conic-envelope, 179 
conjugate, 63, 79 
cross-ratio, 63 
homology, 204 

Earmomo pole and polar , 

relative to a come, 93, 04, 96, 08 
relative to a tnangle, 80 
Bette, L. 0., 101, 104 
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Heaguui TOint and line, 103 
HomiUoiw net of ourves, 273 
Homossneous oo-ordmates, 29 
generalued, IQff 
Homogeneous parameters, 30 
Homography, 197 
Homofopy, 201 
equatrau of a, 202 
hormomc, 202 
homothetio, 204 
Hudtcn, H. P , 273 
Hyperbola, 146, ISOjfl^ 
conjugate, 160 
its brmohes, 168, 161, 167 
rectangular, of Apollonius, 160 

Identity 
collineation, 198 
element of a group, 34 
projectivity, 61 

Inaccessible pomta and line, 27 
Incidence 

condition of, for a point and line, 29 
come and conic -envelope of a 
correlation, 226 
Indeterminate, 38 
Indices of a correspondonco, 246 
Infimty 

pomta and Ime at, 40 
the number, 38 
Inflexion, 260, 269 
simple, 269 
tangent at an, 260 
Inpolor comc-envelope, 192 
Interior 
chord, 144 
pomt, 143 
Intersections 
of a come and a line, 00 
of a curve and a Ime, 269 
of two conics, 116 
of two curves, 272, 276 
Interval from one line to another, 68 
Intervals 

bisectors of the, between two lines, 70 
with the same or opposite senses, 68, 
69 

Invariant 

distance as an, 18 
pomts of a coUineation, 200 
Invariants, projective, 60, 219, 230 
fundamental, of a pair of comes, 231 
of a ^roup of transformations, 44, 60 
relat^e and absolute, 230 
Inverse 
curve, 274 

element of a group, 38 
pomts, 274 

projectivity on a line, 47, 61 
Inversion, 274 
'Involution, 

of pairs of points on a oomc, 126 
of sets of pomts on a curve, 260 
orthogonsd, 136 


Involutoiw pair of a correlation, 226 
Irreducible 

algebraic curves and envelopes, 41 
comes, 90 
conic-envelopes, 96 
Isomorphism, simple, 31 
Isotropic lines, 26, 41 

Jtaehtmttal, P , 5, 22 


Liimting pomts, 180 
Line 

-at-iniimty, 40 
fundamental, 264 
m Eo, 21 
in Eji, 27 
m Ej,, 6jjr 
inaccessible, 27 
of centres, 181, 183 
point equation of a, 29 
polar, 80, 93, 148, 168 
real, 24 

tangent, 91, 93, 261 
unit, 71 
unreal, 24 
Lmear 
branch, 263 
conditions, 113, 258 
dependence, 113 
system of conics, 112 
Lines 

isotropic, 26, 41 
perpendicular, 12, 24, 41, 69 
Lurom, J , 67, 263 


Map of the sets of an mvolution, 263 
Mates m an mvolution, 65 
Matrix, characteristic, 217, 231 
Median, 132 
Menelaus, 174 
Mid point 

of two accessible pomts, 66 
of a diagonal of a quadrilateral, 83 
Miguel, A , 165 
Modified 

co-ordinates, 27 
number systems, 39 
plane, 27 , 

MmuIus of a colhneation, 230 
Monoid, 262 • 

Multiple 

correspondence, 245 ff 
pomt, 124, 244, 260, 261 
Multiphcation, 30 
Multiphcity, virtual^ 220 


Neighbourhood, 264, 276 
Nine pomt circle, 140 
Node, 261 

Non-smgular curve, 261 
Normals to a come, 141, 160, 163 
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Opposite 

tool of a oonio, 137 
sides of a qua^angle, 81 
vertices of a quadrilateral, 81 
Order 

of a branch, 263 
of a fimte group, 33 
of an algebraic curve, 41 
of an involution, 250 ^ 

Origin of co-ordinates, 2 
Orthocentre, 133 
Orthogonal 
circles, 180 
involution, 136 

property of confooal conics, 185 
systems of curves, 196 
Orthoptic locus, 139 
Outpolar come, 192 

Fair, associated m cross-ratio, 61 
Pappus, 76, 131 
Parabola, 133 
improper, 133 
real, 145 if. 

Parallel Imes, 9, 23 
Parallelogram, 130 

Parameter, non-homogeneous, 40, 105 
regular or representative, 244 
Parameters, homogeneous, 30 
Parametric equations (see equations) 
Pascal, B , 108 
Pencil of comes, 113, 116 
base pomts of a, 117 
Pencil of Imes, 12, 23, 30 
Period of a projectivity, 54 
Perpendicular Imes, 12, 24, 41, 69 
Perspective 

collineation, 201 
projectivity, 69 
space-, 206 
Place, 245 
branch, 248 
double, 248 
simple, 248 
umted, 247 
Plane 

complex euclidean Ec, 19 ff 
modified euclidean (real or complex) 
Em. Ziff 

real euclidefn Eb, 1 
Pomt <1 

accessible, 27 
-at-miimty, 40 
cuspidal, 261 
double, 261 
exterior, 143 
Fr4gier, 142 
fundamental, 264 
inaccessible, 27 
inflexional, 200 
mtenor, 143 
invariant, 200 
linn-eniiation of, 20 


Point, continued 
mid, 60, 83 
Miquel, 166 
multiple, 124, 260 
nodal, 261 
ordinary, 201, 276 
real, 21 
simple, 260 
tacnodal, 206 
triple, 261 
unit, 71 
unit^, 62 
unreal, 20 
variant, 200 
Pomts, limiting, 180 
Polar 

co-brdinates, 165 ff. 
curve, first, 270 
. Ime, 80, 93, 148, 168 
quadrangle, 194 
triangles, 101 
Pole, 80, 96 
Poneelet, J. V., 187, 188, 266 
Power of a projectivity, 63 
Principal angle, 9 ff. 

Product, 36, 40, 200 
Projective 

aspect of a metrical theorem, 173 
collmeation, 33, 197^ 
eqmvalence of coUineations, 223 
equivalence of configurations, 230 
generation of a come, 104 
generation of a come -envelope, 106 
geometry, 241 
group, 33 

invariant, 60, 219, 230 
plane, 33, 242 
space, 33, 242 

transformation of a collmeation, 219 
transformati >n on a Ime, 47 
Projectivities 

between lines and pencils, 68 
between rational curves and 
envelopes, 126 
Projectivity, 47, 68 
group property, 49 
incidence, 68 
induced, 197 
mvolutory, 6iff, 69 
on a conic, 126 
parabolic, 62 
periodic, 64 
jiersjiective, 69 
umtM pomts of, 62 

Quadrangle, 81 
polar, 194 
Quadratic 

fundamental for a conic, 90 
fundamental for a comc-envelope, 
96 

transformation, 263, 274 
Quadrilateral, 81 
Quartic curve, 41, 263, 268 
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Radical axis 

o<ta ooaxal system of circles, 180, 

of mro oirclee, 1S2 
Radius of curvature, 162 
Rohm of conio-euvelopes, 121 
RaiUE of a branch, 263 
Rational 
curve, 123, 244 
envelope, 124, 268 
function, 124 

Rationality of on involution on a 
rational curve, 263 
Real 

conic, 142 
Ime in Ec, 24 
parabola, 146 
RMiprocal 
comes, 160, 189, 100 
element in a field, 36 
flfpires, 189 
Reciprocation, 180 
Rectangle, 130 
Rectangular come, 133 
Reduced transform, 265 
Reducible 

algebraic curves and envelopes, 41 
come, 90, 92 
oomc-envelope, 96 
Reflection 
m a line, 206 
m a point, 204 

Regular, or representative, parameter, 
244 

Relative invariants, 230 jQ'. 
Representation of the sets of on 
involution, 253 
Rhombus, 130 

Rotations, negative and positive, 2 

Scale of measurement, 16 
Self-polar or sell-conjugate triangle, 69 
Seven, F., 276 
Similar 

configurations, 69 
comes, 237 

Similarity group, 216, 238 
Similitude, 216 
contra-, 214 
direct, 213 
Simple 
inflexion, 269 
place, 248 
pomt, 260 

Simply mvariant line or pencil, 201 
Stmeon, S., 174 
Squaib, 130 

Staudt, von, K. O. C., 167, 208 
Steiner, J., 164 
Stretch, umform, 206 
.Sturm, C., 120 
Subfold, 37 
Subgroup, 32 
cychc, 64 


Subnormal, 163 
Successive pomts, 8 
Summation convaatiaa, 199 
Supplemental chords, 149 
System, modified, of real or complex 
numbers, 39 

Syaygy. « 

Inonode, 266 

Tangent, 91, 93, 148, 169, 162, 167, 260 
inflexional, 260 
Terset 
affine, 7 
complex, 22 
real, 7 

Totally mvariant line or pencil, 200 
Transform 

of one bilinear equation by another, 
47 

reduced, 264 
Transformation 
birational, 276 
Cremona, 273 
mverse projective, 47 
negative, 19 
positive, 19 
projective, 32 

projective, of a collineation, 219 
quadratic, 263 
Translation, 206 
Triangle, 43 

diagonal, of a quadrangle, 81 
diagonal, of a quadrilateral, 81 
fundamental, or of reference, 71 
self-polar or self-conjugate, 99 
Triangles, polar, 101 
Twelve points, configpiration of, 238 

Umcursal curve, 123 
Uniqueness, theorem of, 206 
Unit 

element m a fold, 36 
pomt and line, 71 
Umted 
element, 263 
lines, 68 

place of a correspondence, 247 
pomts m a collineation, 200 
pomts m a projectivity, 62 
Unreal 

element attached tr £ji, 20 
line, 24 
pomt, 21 


Vanaat point, 200 
VAUrn, O., 243 
Vertex 

of a parabola, 142 
of a pencil, 12 

Zero element of a group, 36 
Zeulhen, H. 0., 248 




